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PREFACE 


This book is the outgrowth of fifteen years of experience in the 
teaching of Mathematics to Evening School Engineering students—men 
who need sound training in Mathematics, but who must get this training 
in the shortest time consistent with a thorough understanding of the 
subject. 

For this earnest type of student, whether in day or evening school, 
the so-called practical mathematics textbook is not satisfactory even 
though it be filled with the “‘ practical problems,” common to such books. 
The student preparing for Engineering needs a more thorough knowledge 
of Mathematics than such a book offers. On the other hand because he 
has no time to lose, it is not reasonable to expect him to spend any time in 
the study of mathematical principles or processes not directly essential to 
his further education in Engineering. For this reason the more lengthy 
and involved textbooks used in many colleges are not applicable. 

What zs needed is a book that covers the middle ground between the 
practical mathematical treatise on the one hand and the more elaborate 
college text on the other. Seeing the growing need for such a book, 
the Drexel Evening School executives have taken a very broad and helpful 
attitude in the preparation of this treatise. As a result, it has been 
worked out along rather unique, as well as logical, lines. 

First, the book was completely written by the three authors with the 
assistance of the heads of the various Engineering Departments of the 
Evening School. These men, each with from ten to twenty instructors 
under him, furnished many of the engineering problems, and to a large 
extent determined the policy of the book by making sure that its contents 
were such as to prepare students properly for their advanced engineering 
classes. 

Second, the book was put into mimeograph form and used by more 
than twenty instructors in Mathematics, experienced in the teaching of 
men whose time was valuable as well as limited. While teaching from the 
book, these instructors held frequent meetings with the authors, giving 
valuable suggestions and reports on the progress of the students using the 
book, as compared with the progress of similar students using former text- 
books. At the end of this probation period the authors completely 
revised the book for publication. ; 

This thorough organization of the book thus represents the composite 
efforts of over thirty men actively interested in its preparation. Each 
of these men had just one point in view—the preparation of the busy | 
student for a thorough Engineering Course. Without the co-operation 
of the Drexel Evening School executives such a comprehensive plan could 


not have been carried out 
Vv 
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The earlier chapters of the book form a natural transition from 
Arithmetic to Secondary Mathematics. The authors have found that 
such a transition gives the student a much clearer conception of algebraic 
processes, resulting in more rapid progress than is possible through the 
usual method of treating Algebra as an entirely separate subject. 

In the succeeding chapters the material is so arranged as to corre- 
late the algebraic, geometric, and trigonometric ideas which are too often 
treated separately. For example, throughout the book, algebraic proces- 
ses have been developed to the point where they may be used naturally 
in solving geometric and trigonometric problems. This makes it easier 
for the student to grasp the various geometric and trigonometric rela- 
tions, and not only facilitates considerably his understanding, but is an 
incentive to the study of Algebra itself. Classroom practice has proved 
that this added incentive and interest on the part of the student is much 
more vital to progress than is generally recognized. 

The authors have not lost sight of the fact that the student preparing 
for Engineering must take more advance Mathematics than is covered 
by this book. With this in mind, they have selected problems of 
such a type as to furnish a logical transition from Secondary to Higher 
Mathematics. 

To summarize—this book covers all the Mathematics essential to 
engineering preparation between Arithmetic and Analytical Geometry. 
Numerous problems have been included, because it is a commonly 
accepted fact that the problem solving method is the best known method 
of teaching Mathematics. Many of the more practical problems may be 
omitted at the discretion of the teacher without affecting the continuity of 
development of the subject. 

The authors wish to express their appreciation of the invaluable sug- 
gestions and the enthusiasm of Mr. W. T. Spivey, Director of the Drexel 
Evening School and consulting engineer. They appreciate also the 
co-operation extended them by the Drexel Evening School management 
and the Heads of the Engineering Departments. 

The authors are further indebted to their associate instructors in 
the Mathematics Department for valuable criticism, and to the skill of 
Mr. Wm. R. Miller, instructor in Mathematics, who made the drawings for 
all cuts used in the book. 
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ENGINEERING MATHEMATICS 


CHAPTER I 
GRAPHIC REPRESENTATION 


1. Related Values Shown Graphically.—Any set of related numerical 
facts may be conveniently shown on a diagram. Such a diagram appeals 
to the eye more readily than a set of tabulated figures. 

Each pair of related values locates one point. When a sufficient 
number of points has been located, a line drawn through the series of 
points shows at a glance the corresponding changes in the two related 
values compared. This diagram is commonly called a graph. 

The graph is usually drawn on paper ruled in squares, known as 
coordinate paper. Two principal lines at right angles to each other 
are chosen as axes of reference. The point of intersection of the axes 
is called the origin. From the origin each point is located by measuring 
each pair of values along the horizontal and vertical axes respectively. 

Illustrations. 1.—The record of the temperature in Philadelphia for 
April 9th, 1922, is as follows: 

UNS GM (oa 8 9° 10- If Neon 2.2 «3 4 6S Gy ies 
pLemperavure...:-.-..-. 62 66 70 76 78 80 82 838 82-80 78 77 76 

To every hour there corresponds a temperature. These together 
give a pair of values for which we locate a point. (For every pair of values 
there will be one point.) 

Let the origin represent 8 A. M., 
and 50° of temperature. Let each 
division on the horizontal axis rep- 
resent one hour, and each division 
on the vertical axis represent 5°. 
Thus 10 A. M. is located two divisions 
to the right along the horizontal axis, 
and 70° is located four divisions up 
along the vertical axis. The point 
representing this pair of values is 
located by the intersection of the vertical line through 10 A. M. and the 
horizontal line through 70°. 

Smooth Curve.—When a point is located for each pair of values, a 
smooth curve is drawn through all the points. A smooth curve is used 
because the change in temperature is gradual from hour to hour. 

From the graph answer the following: Estimate the temperature at 
9:30; at 10:15; at 12:45; at 5:30. When was the temperature highest? 

1 


Temperature 
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When lowest? Between what hours was the greatest rise? The greatest 
fall? The least rise? The least fall? 

2. Let us consider a stream 120 feet wide, across which a dam is to be 
built. The engineer must compute the amount of material and labor 
required before he can submit an estimate of the cost. To do this it will 
be necessary for him to know the depth of the stream at different inter- 
vals. He measures the depth of the water at intervals of 10 feet from the 
left bank. The depths are found to be as follows: : 


0, 4, 8, 19, 20, 18, 15, 10, 7, 5, 3, 1, 0 feet. 


These figures mean much more to the engineer after he has drawn a graph 
representing a section of the bed of the stream. This graph is known asa 
profile and is plotted as follows: Using coordinate paper we take a 
horizontal line as representing the 
surface of the water and measure 
depths vertically below this line at 
intervals of 10’. Each division repre- 
sents 10 feet for width and 5 feet for 

fe depth. To every horizontal distance 
there corresponds a depth. These 
together give a pair of values for 
which we locate a point. Next a line is drawn connecting all of the 
above points. This line is the profile of the bed of the stream. What 
is the greatest depth? Estimate the depth 15 feet from the left bank, 
2b eGo), 4b 800... 001, 100. 

Between what points does the depth change most rapidly? Where 
least? 

3. Again consider the mass of figures giving the population of the 
U. S. from 1790 to 1920 inclusive to the nearest hundred. 


Distance in Feet 
0 20 40 60 80 100 120 


Depth in Feet 


| \| | 
| | 


Year | Population | Year | Population 

1790 3,929,200 1860 31,443 , 300 
1800 5,308, 500 1870 38 , 558 ,400 
1810 7,239,900 1880 50,155,800 
1820 9 ,638 , 500 1890 62 ,947 ,800 
1830 12,860,700 1900 75,994,600 
1840 17,063 , 400 | 1910 91,972,300 
1850 23,191,900 1920 105,710,600 

et ee eee 


Represent the above statistics by a graph. On the horizontal axis 
let each division represent 5 years and on the vertical axis let each 
division represent 5 millions of population. 

By looking at the resulting graph we see at a glance the change in the 
population for the entire period covered and visualize the change far 
better than by studying the tabulated values. The real meaning and 
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value of such data as is tabulated in the above illustration is lost sight 
of in the mass of figures, whereas the graphical representation, although 
not giving the exact numerical values, 
enables one to readily visualize the whole .& 
range of relations. fq 100 
2. Increasing Use of Graphs.—When- 
ever two related quantities are to be com- 
pared through a series of values, the graph 
may be used. Thus the broker may trace 
the rise and fall of stocks. The manu- 
facturer can compare his gross earnings, 
his expenses, and net earnings on one 
sheet by using three different lines. The 
{ Weather Bureau shows variations of temperature, wind, etc., on a graph. 
The nurse indicates the variation of the patient’s taperatare on a 
chart, and the physician can follow it at a glance. The engineer uses 
the graph constantly. Text-books, newspapers, magazines, and trade 
journals use it freely. A little thought will convince the student that 
many of his daily activities depend on each other and that these relations 
may be shown graphically. 
3. The Broken-line Graph.—The broken-line graph is made up of a 
series of connected straight lines. It is the graph used to a large extent 
by business firms to show the change in expenditures, costs etc. 


\ SSE RRREGSRRE 

-. _ SESE EBaSes 

_ SRR Zee 
3) Ea oe 


Population in M 


600 


Expenditure In Dollars 


200 
100 
o > F » 3 
Ay 5 = 2 a % 5 % 
= > 5 < nn o Z _ 
Months 


Illustration.—A firm spends a certain amount of money for advertis- 
ing each month from May to December inclusive as shown by the 
following table. 

SLGGYE TH the 5 May June July Aug. Sept. Oct. Nov. Dec. 
ESTROUIIR, © Gogic AOC en teen $350 $300 $150 $50 $200 $250 $400 $500 
Here the cost is summed up for an entire month and there is a distinct 
jump from one amount to the next during the intervals of time. This 
graph is made up of a series of connected straight lines. 

The temperature graph is a smooth curve because the change is gradual 
from one hour to the next. 
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What does each space on the horizontal axis represent? What does 
each space on the vertical axis represent? 

Note.—Remember that the smooth curve graph and the broken-line 
graph may be used to show different values of the same thing at different 
definite intervals. : 

4. Bar Graphs.—An interesting variation from the above line graph 

Average Annual Number of Deaths From Accidents per Million of Population 
0 0 


5 2 300 400 | 450 500 550 600 650 700 750. 800 850 
UNITED STATES [am 560) 


2 A OE SS A PE SSS 
0 


SWITZERLAND 
(et a SS RS Fs SS eS 
SWEDEN 


] oe 
SCOTLAND 575 
Se SS Ses RR NT RS RS RS SS PS SD) OY Se, SS 


HUNGARY 


0, 
(DH EE CS a CW al 


NETHERLANDS 


TORTUGA ans: Annual Accident Statistics of 
P| Several Countries, 1906-1910 


is known as the bar graph. This type of graph is used mainly to show 
relative quantities by lengths or heights of bars when the relation is in one 
direction only. The bars may be drawn either horizontally or vertically. 

5. Circle Graphs.—The circle graph is used when it is desired to 
show the relation between several quantities and the total of which 
these quantities are a part. The circle divided into sectors offers the 
most convenient method of visualizing these relations. 

Illustrations. 


Machine Operators—-7192 or 22.7% 
_ All Others—8403 or 26.6% 


/Utility—754 or 2.4% 


Under 15/ Over 45 


Machinists—3002 or 9.5% 


Bench Workers—1276 or 4.1% 


Laborers—1 
Fatal Accidents From All Causes a ae 


Ages at Death Accidents by Occupation 


The graphs in articles 4 and 5 are used by courtesy of The Prudential Insurance 
Company of America. 
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PROBLEMS 


1, Draw a graph of the average temperature at Liverpool on the first of each 
month from the following data. Let each space on the vertical axis represent 1° and 
each space on the horizontal one month. 


PRET pl st i me OS ac EH AS JT hiro aes ak 632) -Octaleeeos. 55° 
SS 2 cio MLW vad En Ate AUIS ee oe Gt2)) Novenle ccc 48° 
1M Eola Ue ede ee eo) onal ea SS Sept lS 6 ih a. GOS Dec: deere 40°. 


2. Draw a profile of a river bed from the following data. Discuss the graph. 


Distance from left bank........... 0’, 10’, 20’, 25’, 30’, 40’, 45’, 50’, 55’, 60’, 65’. 

Pinata meernber..... .. on caspian «x 5’, 9’, 15’, 18’, 23’, 25’, 27’, 32’, 27’ 20’, 10’. 
3. Plot a profile from the following data: 

LURE Gs aes age a OF 25), %5, +100), 20055 3800's 1373/,. 400’, 

PE AIA OUIN © ois co vos so 00 «2 100’, 103.9’, 106.4’, 106.6’, 108.6’, 110.0’, 110.2’, 110.9’, 

TDISTIDI Dak Sen eae er 500’, 600’, 700’, - 800’, 900’, 1000’, 1025’. 

PL OMALIOIE 3 Ws. c 5s dis Soe vs 114.5’, 120:5/ j:115.1/, 121.3/,.128.1') 129.85 12923’. 


Let each space equal 10 feet for horizontal distance and 1 foot for elevation. 
4, Trace the pressure on a steam gauge from the following data: 


Time A. M..... Ces, 0,10," Tat Po ae, or Sec Oe 
Lbs., pressure... 100, 105, 115, 125, 128,125, 127, 125, 130, 128, 120, 122, 130. 
Plot time on the horizontal axis and pressure on the vertical axis. 


S— 5. Show the comparative value of the iron and steel products of several states for 
one year. Values are given to the nearest millions of dollars. 


Vit 5 WVIRCONSIN. 2. «cfc nteassks 11 wAlabamany....e tees 22 
Sengiesseet - 2... - + - 6 West Virginia........ 1S. New Yorkann seco. 30 
Michigam....2........- 8 RG aMA SA) oes ac bie 19 Wilinoist eocpeaactieres 90 
MarVIAN 22 ci- d+. say 8.5 New Jersey.......... 22° “ObIot owes eee 155 

Pennsylvania........ 475 


Use the bar graph. 

6. Represent graphically how the German U-Boats failed in six months of 1917 
from the following data. Represent time on the horizontal axis and number of 
ships sunk on the vertical axis. 


en 


No. No., No., No., 
ews “3 paw aig . ships eg : ships nee i ships 
ending tak ending ae ending ae ending ee 

Mar. 31 31 May 261...5- 19 ubyi22 ese 24° || Sept. 1622... 28 
Apr. 7. 19° \| June 2..... ASo i July 20eee 21 i Sept, 23a an 13 
Apr. 14. OSr sune | 9 2.7... B20 ty Auge ovens 23 «|| Sept. 30..... i) 
Apr. 21. 55 June 16.2... oe Agee aaa. 16 OcteMieen 16 
Apr. 28. 51 ‘|| June 23..... 28) \AugelOs oc. 28 || Octrgbase sy... 18 
May 5...| 47 ||July 1..... DOP AMER 2 Geom. 23) || Oct. 2ieeaper 25 
May 12...| 23 || July 8..... 17. || Sept. 2.:...| 28 || Oct. '28...... 18 
May 19...| 27 || July 15..... 43 || Sept. 9..:.%.) “fe | Nov.” 4B. 12 

i Nova Lr see 6 

| | | 
| 
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7 Tension Test on Tool Steel Dia. 0.5’, Gauge Length 2”. Plot elongations on 
the horizontal axis and loads on the vertical axis. \ 


Unit | L _ Unit 

s oads, 1 en 

ibs. elongations, lbs. , e pace . 
inches inches 
0 0 7500 0020 
1000 0001 8000 0021 
1500 0002 8500 0022 
2000 0003 9000 0024 
2500 0004 * 9500 0026 
3000 0005 10000 0028 
3500 0007 10500 0030 
4000 0009 11000 0031 
4500 0011 11500 0033 
5000 0012 12000 0034 
5500 0014 12500 0036 
6000 0016 13000 0088 
6500 0017 13500 0041 

7000 0018 


8. Plot the curve of cooling for Acetamide. Time intervals are 1 minute. Take 
time intervals on the horizontal axis and temperature on the vertical axis. 


a 


Aion Temperature ee Temperature 
1 100.0° 21: 66.0° 
3 $152 23 64.4 
5 72.9 25 62.1 
6 69.2 26 60.9 
7 66.1 27 59.5 
8 63.9 28 57 5 
9 62.1 29 55.6 
10 60.9 30 53.8 
11 60.3 3] 51.9 
12 60.1 32 50.3 
13 59.7 33 ia 
14 59.4 34 475 
15 59.0 35 re 
Ne a 36 45.5 
17 58.1 37 oa 
Gi56 38 42..7 
19 67.4 39 41.2 

20 £ 66.7 40 Aas 


Note the peculiarity of the curve between the 17th and 18th time intervals. 
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9. Plot pressure on the horizontal axis and volume on the vertical axis. P and V 
are both given in cm. of length in a tube. 


Data SHEET or Boytz’'s Law 
eee eee ae ie SS ee ee ee eB 
; 


Vol. of air | Total pressure, | Vol. of air | Total pressure, 
in em, | em., mercury in em. | cm., mercury 
34.83 83.08 30.75 | 101.79 
34.47 85.57 rf 29.93 | 105.91 
34.13 : 86.17 29.06 111.07 
33.85 | 87.43 | 27.59 118.51 
32.39 | 89.45 25.84 134.06 
32.87 91.76 2.13 134.75 
32.23 94.98 | 24.24 138.98 
31.44 / 98.77 

‘| | 


10. Graph the following comparative statistics of building and engineering opera- 
tions of Philadelphia, Baltimore and Washington as published in a Philadelphia 
newspaper. Values are given in millions of dollars for each month of 1918. 


Cs rr GOP CADIAaace sc: Li Dae Uby eee ect 265—0 Ochre ere 370 
IM: See ete Nae yee Se. TOO WPAUG sack ce 2950 (NOVA Eoeece 380 
WG a aerate i1Pas Subies saewomer 2208 Sepia eee. 340 @ Deck. ies vecoe 405 


“/DEE ve ne ERC PE LT eee Scere ener Heh, Bios Pose sano ax 90 Oct seen ‘gog ABS 
DG. SU) UN 7 See 65) SAMs asta TAO SUNG Vee eee 145 
Minas so'3.- AE COTE 1-2). = 2.21 80) Septi. «..cecmer 120) 2 Decker 155 


11. The gross earnings of a manufacturing firm in thousands of dollars from 1910 
to 1918 inclusive are: 


ICES Renn Dae ~--- 1910 1911 1912 1913 1914 1915 1916 1917 1918 
Thousands of dollars. . ADF Onn O10) 1708 LO0De soo mL LOO m3 5Omeloo0 


The balances after deducting operating expenses and taxes for the same period are: 


VARI GG oO ROR 1910 1911 1912 1913 1914 1915 1916 1917 1918 
' Thousands of dollars.. 190 205 250 325 375 400 450 500 610 
The balances after deducting interest are: 


. 1910 1911 1912 1913 1914 1915 1916 1917 1918 
Thousands of dollars. . 150 160 175 165 150 165 185 190 250 
Plot the three sets of data on the same figure; discuss the value of these three 


graphs. : 
12, Measurement of the Motion of a Falling Body. 


The time interval is one-twenty-seventh of a second. The velocity is given in 
em. per sy of a second. Plot time intervals on the horizontal axis and velocity on 


the vertical axis. 


Number of time intervals.........------- 1a 2. ome e, 5; 6, op. 
Velocity at end of interval............--- 5.28, 6.62, 7.92, 9.30, 10.73, 12.11, 13.54, 
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13. Graph the purchasing value of gold based upon 22 commodities from 1860 
to 1919 inclusive from the following data, compiled by the U. 8. Department of 
Labor Bureau of Labor Statistics. 100 is the base value of the commodities. 


WAU sos od ore O4C3 0 LS TOrnee er U9 4 LB OU ae TLOVOM GOD eaten 114.9 
DSO Wcceysciere aes OFS lee LOmOnarrtrEs rey Wiehe cone PLO IO) SEQOG Rise caer: 108.7 
USO2 resins or SPAMO) ANEW s ad care eiia/e  BhsOPihod oot SIs CUO Ala cle are 103.1 
USGS Reece... « HO ROMmLS (owen ricer idk MBs obec ac 12656) L908 0 eee 108.7 
RG Age reser ec ADE DESC Oke letters TODOS LSS: s ve erera 138.9 1900 re. 105.3 
SG gegen A5 tO) S80) ee een QOLOR LS9d steer 142.9. “19000. ene 101.0 
TS66. 2% 46.56) isiliots, akelod Bae 93.59 USSG. sce 1493. LOMAE oer 104.2 
US Tce raytate aie Dil) VL OOuiac cis OU LOO aerate 149.3.- 19927 rec 100.0 
USGS erin ieekte) Gllistsi)e ane Go. Of a1 pLSOS eames 14429 19US i. ieee 99.0 
TS69) cei Sane oe 60.2 1884....... HOT Oe SOO Sere 1ST. Oo es 100.0 
ISYADS oi cee o ot Gi cOnmeSoorerccer s UA S L900 ooreeerrere 120/55" “OLB 99.0 
NS Wile eereryexcteyors (OMY Mess Gonte HAT. Owe LOO feructerte 123.5)" 1916s eee 87.7 
LS i2iratsidtsse t- WOVE ISS 7 vices fae Ome LOOZ erat TTS. OF LOU ie eee 68.5 
IBY Oss adoo or COMORES S Si: vere 113.6 1903 2ae222 LAT cGe LOLS eer 59.5 
eye bees oo b (ESAOL Mckee Son 6 LIV.) 9 LO04 ce st ne 119 0 1919 sees 54.5 


14. In the experiment of problem 12 the distance from rest was also measured. 
Plot time interval on the horizontal axis and distance on the vertical axis. 


Number of time intervals....... 1, 2, 3, 4, 5; 6, ts 8. 
Distance from rest............. 9.50, 15.44, 22.25, 29.89, 41.35, 52.76, 65.58, 80.85. 


4- 15. Show the following report on a circle graph. A firm expended its gross reve- 
nue as follows: 50% for salaries and wages, 20% for interest and dividends, 20% for 
material, rent, etc., 5% for taxes and 5% for surplus. 

16, Show the following expenditures on a circle graph. ‘The cost of a $20,000 
building was as follows: Excavation and stone work $7000, iron work $1200, lumber 
and mill work $5000, carpenter work, etc. $4000, painting, glazing and hardware 
$950, heating and plumbing $1850. 

17. The following is an estimate of the number of fatal industrial accidents for 
each 1000 male employees for one year in several of the U. S. industries. 


MViocaleiminin ee gee ae et koe rds ee 3. 410 ThMbenINGuUstry scotia ee 1.50 
SGaAlrminM eee, ie synth a sistence es eee 3,030 (Ore ldressing. acs. acne eee 1.38 
IISIVETLOSe eel 47 ei icte) Seder oe coe 3.00 Building and construction......... 1.25 
Navy and Marine Corps.......... 2:00) Oreismelting wa: «ee: aa: .82 
Soldiers Was, “Army tcc ae cae oe 2.00 Agricultural pursuits.............. ‘85 


QUART VIN Ry. -\evets oui sie viene wees ere 1.90 Manufacturing (general).......... .25 


CHAPTER II 
TRANSITION FROM ARITHMETIC TO ALGEBRA 


6. Numbers Represented by Letters—Literal Numbers.—In the 
development of mathematics beyond arithmetic it is advantageous to 
represent numbers by letters. To illustrate: The area of a rectangle 
is equal to the length multiplied by the width. This rule was used in the 
study of arithmetic and was stated in words as above. It may be abbre- 
viated, however, by representing area by the letter A, length by 1, and 
width by w, and the result is a shortened statement or formula thus, 
A =Ilw. The multiplication sign is not necessary. This is the algebraic 
method of stating an arithmetical law. 

7. Formula.—A formula is an expression of a rule by symbols. 
The symbols used in the above formula are the letters A, w, and1land the 
sign of equality. The use of letters to represent numbers is one of the 
distinctive features of algebra as compared with arithmetic. 

Again, the interest earned by a sum of money is found by multiplying 
the principal by the rate per cent and that result by the time. Express- 
ing this by letters we have the formula i = p r t, where the interest is 
represented by i, the principal by p, the rate per cent by r and the time 
byt. Thus a formula is the short-hand method of writing a mathematical 
rule. 

Caution.—In arithmetic, the number 35 means 30 + 5, but in algebra 
when letters are written together as p r t, they indicate a product, 2.e., 
p times r times t. 


PROBLEMS 

Using the formula for the area of a rectangle A = lw, find A when: 
Per 12> “wb = 9: Dee FL I NG). 

3. 1 = 52.6, w = 31.4, 4 1 = 31.7, w = 19:8. 

Using the formula for the area of a triangle A = 3bh, find A when: 
SO 4, = 20. 6. 6 = 5.5, h = 37. 
7.b=81, h =17. 8b =7.2, h = 2.3. 

9. 6b = 1.92, h = 2.4. 10; 6 ="3:22-h, = 10:5: 
116=b, h=a 12,.b=n, h=m. 
13.b6=y h=2 144.b6=d h=c. 
15.6b6=q h=pD 16. 6 = 1, h-='8. 

Using the formula i = pr t, find i when: 

17. p = 500, r = .06, ¢t =7. 20 pi— SOO} 71— 004, 6 — of. 
18. p = 720, r=.05, ¢=6. 21. p = 1800, r = .043, ¢ = 43. 
19. p = 1020, r = .044, t= 5. 228 — 2100). 7. ——.074,0.— 30 
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8. Algebraic Expression.—An algebraic expression is a symbol or 
a combination of symbols used to express a number or a quantity. 
Thus z?, a? + b?, and 2a* — 3x7y + y® are algebraic expressions. 


ADDITION AND SUBTRACTION 


9. Addition.—In arithmetic 16 +5 = 21. In algebra we can not add 
two different literal numbers and say that n + r = f unless we know that 
the sum of the numerical values of n and r equals the numerical value of 
t, n and r being like units. : 

Illustrations.—1. If one firm has 7 trucks and a second has 8 trucks, 
then together they have 15 trucks. This is arithmetic addition. 

2. If we say one firm has b trucks and a second firm has k trucks, then 
together they have 6 trucks + & trucks which is written (6 + k) trucks. 
This is indicated or algebraic addition. 

10. Subtraction.—In arithmetic 25 — 9 = 16. In algebra we can- 
not subtract two literal numbers except by indicating the result as 
Pp — 4. 

Illustrations.—1. If a man has 11 pumps and sells 7 pumps, he will 
have remaining 4 pumps. This is arithmetic subtraction. 

2. If a firm manufactures b pumps one month and sells ¢ pumps 
the same month, they have remaining in stock (b — c) pumps. This 
is algebraic subtraction. 

Summary.—The sum of two or more literal numbers is indicated by 
the plus signs. The difference between two literal numbers is indicated 
by the minus sign. 

11. Like and Unlike Numbers.—When we add 7 trucks and 8 trucks 
we get 15 trucks. If, however, we attempt to add 7 trucks and 8 wagons, 
which are unlike things, we cannot combine these numbers and get 15 
things of the same kind. The only possible statement is 7 trucks + 
8 wagons. 

Similarly we cannot subtract 3 dollars from 9 chairs. The only thing 
we can say is 9 chairs — 3 dollars. 

In both arithmetic and in algebra unlike numbers cannot actually be 
combined by addition or subtraction but their sum or difference is indi- 
cated by the use of the plus or minus sign. 

Note.—Problems 17 to 19 inclusive, §7, show that unlike numbers may 
be multiplied. Thus p rt is a product of principal, rate, and time which 
are three unlike numbers. 


PROBLEMS 


1. A floor is h feet long and k feet wide. Find its perimeter. (Perimeter 
: ; e 
the sum of all the sides.) Draw a figure. by 
2. There are g books in one pile and d books in a second pile. Find the total 
number of books. 


3. One bin contains v tons of coal, a second t tons, a third w tons. How many 
tons are there in the three bins? 
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4. In problem (8), if v = 4,t = 5 andw = 7, how many tons would there be in 
all three bins? 
5. A truck is carrying a load of k lbs. of coal, and delivers m lbs. at the first 
house. How many lbs. remain to be delivered? Ans, (k — m) lbs. 
6. If a man has x sheep and loses n sheep, how many remain? 
7. A train is composed of 1 cars and k cars are taken off, how many remain? 
Indicate: 
8. What number is 6 more than b? 
9. What number is 7 less than k? 
10. What number is q more than x? 
11. What number is 12 less than d? 


12. Division.—In algebra, the process of division is the same as in 
arithmetic. 

Iflustrations.—1. Suppose 5 dozen pencils cost 50 cents. How much 
does one dozen cost? 

In arithmetic 50 cents + 5 = the cost of one dozen, or 10 cents a 
dozen. 

In algebra we follow the same practice in the use of literal numbers. 


2. If m books cost t dollars, then one book will cost t dollars + m or < 


dollars a book. Thus in division as in multiplication unlike numbers can 


be divided. 
PROBLEMS 


1. If m bolts weigh n lbs., what will one bolt weigh? 
2. If b horses can pull a load of t tons, how many tons can one horse pull? 
3. If a man walks s miles in t hours, how far can he walk in one hour? What is 


his rate per hour? ae 
4. If the area of a rectangle is m square inches and the width is r inches. Find 


the length. é 
5. A man divides b dollars equally among c men, how many dollars will each 


man receive? ; ’ 
6. How many hours will it take a man to walk x miles at the rate of y miles per 


hour? 


13. Symbols Used to Indicate Multiplication.—Several symbols 
are used to indicate the products of algebraic numbers. 

Illustrations.—1. b X b = b?.. Thus b? means that b is multiplied 
by b. 

2. 3? = 3 X 3. 

3. 6} =bxXbxX 0b. 

4,3?3=3X3 X38. 


Sea Xb X bX Ob. 
Thus, b? is read “‘b squared,” and b’, “‘b cubed,” and b*, “b fourth.’ 


Then if b= 2, b®>=2xX2X2=8 and if c=3, *=3X3xX 
3X 3 = 81. (ee 

The dot - is also used to indicate multiplication: Thus 3-3 = 9. 
Notice that the dot is written higher up than in the case of a decimal 
point as used in arithmetic, for example 3.3 means 375° 
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PROBLEMS 
Find the value of the following: 
1. ifs =3 6. yb if y = 2. 11. bf if b = 5. 
2 tite = 2. 7 kAifk = 3, | 12. a if a = 7. 
3. ctifis = 1. 8 ri ifr = 4. 13. clife =m. 
4, m?if m = 6 9. st ifs =9. 14. reifr =a. 
5. ifn =5 10. ®ift =6. > 15. Bift =b. 


14. Factors.—The numbers multiplied together to form a product 
are the factors of that product. Thus; 2 and 3 are the factors of 6; 2, 3, 
and 5 are the factors of 30; 2, a, a and 6 are the factors of 2a7b. 

15. Exponent.—An exponent is the little number written to the 
right and above another number to indicate how many times that number 
is used as a factor. ~ 

The expression 2b3 means 2°b'b-b. : 

Note carefully that the exponent 3 affects only the b and not the 2. 

16. Coefficient—A coefficient is a number which shows how many 


times an expression is added. Thus 2b? means b* + b', 2is the coefficient _ 


of 6%, Again, 3ab is a product in which 3, a, and .b are the factors. 
Each of these factors is a coefficient of the other factors, but 3 is the 
numerical while a and b are the literal coefficients. 

17. Base.—In the expression 2b?, b is called the base. Remember 
this picture; 


cooficient 3 2s Cen 


<— base 
2 
The expression se means 8 XaXa-+4. 
Thus if a = 2 we have BxKix = 3. 
PROBLEMS 


Find the value of the following: 


1. abif a = 2 and 6b =3. 
2e+y—zife =3,y =4andz = 5. 
3.m—n+p+o0-—Q,ifm =12,n = 5, p = 8,0 =2,q = 10. ; 
4, ab if a = 3 and b = 2. Ans. 18. 
4 4 
5, Bite =5andy = 4. Ans. 40. 
6. a-a-b if a = 5 and b = 4. 
b. 
7, 2F ita =5,b=9,r=7,5=5. 
8. 38be — 2krifb = 7,c =2,k = 3,7 = 2. 
9. 4m?n? if m = 2,n = 3. 
atb,r-—s. 
10. 3a trae ab a8 ge Sr 10,08 ae Ans! 23. 


18. Laws of Exponents and Coefficients.—1. When the bases are 


the same add the exponents of the factors to obtain the exponent of the 


product. 

Thus a? X a> = a and m’ X m® = m?®, 

2. The coefficient of the product is equal to the product of the 
coefficients of its factors. Thus, 2a? x 3a* = 6a5, 
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3. The product of two or more numbers involving several bases, is 
equal to the product of all the numerical coefficients and all the literal 
factors found in the different terms, each base having for its exponent 
the sum of the exponents of that base in the several factors. Thus, 
2a*b? X 5a%b® X 3ab2c = 30a. 


: PROBLEMS 
Find the product of the following: 
1. xy-ry?. ; 2. 3ab? X 2a°b3, 3 mn? X mnp. 
4, 3rst? X 5risp?. _ | 5. 6m%o X 7m?o!. 6. 5abe X 6abed. ‘i 
7. 10ryz X 122?. 8. 9bed X 8a. 9. 5ac X 2be. 
10. 6fg X Tfrw. 11. 5p*q-3pq?. 12, 7ab-cd?. 


19. Unit Exponent.—When the exponent is not’ expressed the unit 
1 is understood. Thus a means a to the first power and a X a = a? 
means a! X a! = a?. The law of exponents is seen to apply here since 
~ the sum of the exponents 1 and 1 equals 2. 
_ 20. Parentheses.—Parentheses, ( ) are used as symbols of grouping 
to indicate that all the numbers inclosed by them are to be treated 
as a single number. Thus 3(4 + 5) means that the sum of 4 and 5 is 
‘to be multiplied by 3; (6 — 2)(4 + 1) means 4 multiplied by 5; (a + 6) 
-(c + d) means that the sum of a and b is to be multiplied by the sum 
of c and d. 


PROBLEMS 
Find the value of the following: 
,  1.-2(4'+ 6). 2. 3(6 + 5). 3. 4(5 + 2). 
4. 7(9 — 2). 5. 3(6 + 4). 6. #(12 — 3). 
7. 4(9 — 7). 8. 3(3 +5 +8). 9. 622 +3 —1): 
. 10. 719 +2 — 8). 1l. 3(2 + y? + 23) when te = 2, y = 3,2 = 4. 


12, 4(m? — n* + p) when m = 5, n = 3, p = 8. 

13. 5(r + s? — v) whenr = 6,8 = 5,0 = 9. 

14, 10(k2? —722+ p+) whenk =5,1=3,p =7,t =9. 
15, S@ F249 when a = 3,5 =4,d =7. 


16, SEF OTM whend =7,¢=2f = 3. 
_ - 17. p'(p +047) when p = 3,0 =4,7r = 6. 
~ 18, x(a —c +d) whenz = 6,c =2,d = 5. 
19. r(b +k? +7) when r = 2,b =7,k = 10. 
~ 20. k(k? + s+ a) when k = 4,8 =2,a =6. 
s 21. a(a? —b +c) whena = 2,6 =3,c¢=5 


22. m?(m2 — n + p) when m = 3, n = 8, p = 9. 

21. Terms.—The parts of-an algebraic expression which are separated 
by + or — signs are the terms of the expression. Thus 3a + 5b — 7cis 
an expression of three terms; 3a, 5b, and 7c are the terms. 

22. Monomial.—A monomial is an algebraic expression of one term, 
‘as x, 2a, 3b, 5d. ; 

23. Binomial.—A binomial is an algebraic expression of two terms, as 

: 2 —a;3 + b;2x — dy. 


14 ENGINEERING MATHEMATICS 


24. Trinomial.—A trinomial is an algebraic expression of three terms; 
as 2a — b + 3c; 4a + 5y — 92. 

25. Polynomial.—A polynomial is a general name for an algebraic 
expression of two or more terms. 


ORAL PROBLEMS 


Express in algebraic form and tell the kind of algebraic expression. 
1. The sum of the squares of x and y. 
2. The difference of the cubes of p andr. (Two results.) 
3. The sum of the square of a and the cube of y. 
4, The difference of the cube of k and m. 
5. One-half of the sum of a and 2b. 
6. The square of the sum of a and b. Thus (a + b)2, 
7. The square of the difference of x and v. 
8. One-third of the product of 4a and x. 
9. The cube of the sum of m and n. 
10. The sum of x and y diminished by z. 
11. The number that is p less than q. 
12. The number that is 8 more than d. 
13. The result of adding r times s to t. 
14. The difference of the squares of mn and pq. 
15. If a, b, and c are the sides of a triangle, find the perimeter. (Draw figure.) 
16. If lis ihe length and w the width of a room, find the distance around. (Draw 


POSITIVE AND NEGATIVE NUMBERS—SIGNED NUMBERS 


26. Symbols.—In arithmetic the symbols + and — indicate addition 
and subtraction only. We will now use them in algebra for still another 
purpose without losing any of their value as signs of addition and sub- 
traction. In algebra we speak of ‘“‘positive and negative numbers.”’ 
A term preceded by a plus sign, as (+3) or (+0), is a positive number. 
If preceded by a minus sign, as (—4) or (—7), it is a negative number. 

Read the following and tell which are positive and which are negative: 
(+5), (—7), (—11), (+27), (+0), (—k), (—s). Notice that as we pro- 
ceed we will meet with terms which have neither a plus nor a minus sign 
preceding them. In that case we agree to consider the plus sign as under- 
stood. ‘That is b is a positive number just the same asif it were written 
+b. If anumber is negative it must always be preceded by a minus sign. 

Tell which of the following are negative and which positive: (+a), 
(b), (—e), (k), (+f), (—m), (—0), (p), (—7), (—n), (+9), @). 

From the above list make two columns, one containing only positive 
and the other only negative numbers. Now you have classified them in 
groups having like signs. : 

27. Absolute Value.—The absolute value of a number is the value of 
that number without regard to the sign. Thus lal means that the sign of a 
is not considered. 

28. Quality of Numbers.—The terms positive and negative are 
used to show the opposite nature or quality of numbers. 

Illustrations.—1. We usually say the temperature is 6 degrees above 
zero. We could say the temperature is +6°. If the temperature is 3° 
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- below zero we could say —3°. Notice that the temperature must rise 9° 
from —3° to +6°. 

2. Consider now, money on hand as against money owed. A man 
has $50 in bank, that is +$50 or assets and he owes $20 to his creditors 
that is —$20 or liabilities. Here the opposite nature is again shown and 
when he pays his indebtedness he will have only $30 in bank, 7.e., +$30. 

3. We speak of 10 miles east as being +10 miles and 15 miles west 


=o +10 
K O 


as —15 miles. If we start at point O, and travel east to point B, +10 
miles and turn in the opposite direction then travel west to point K, 
—15 miles from B, we would have reached the same point by traveling 
—5 miles (7.e., west from QO) in the first place. 

29. Addition of Signed Numbers. Illustrations——Money gained is 
designated (+) and money lost (—). 

1. Find the sum of +8 and +7, 7.e., a gain of 8 plus a gain of 7 = a 
gain of 15. «. (+8) + (+7) = +15. 

2. ao the sum of —5 and —9, 7.e., a loss of 5 plus a loss of 9 = a loss 
of 14. .. (—5) + (-9) = —14. 

3. Find the sum of (—7) ae (+2), z.e., a loss of 7 plus a gain of 2 
is equivalent to a net loss of 5. “. (—7) + (+2) = 

4, Find the sum (+7) and ic 2), 7.€., @ gain on i ae a loss of 2 is 
equivalent to a net gain of 5. «. (+7) + (—2) = 

Hence, the rule for ae eed numbers is in aot parts, one to 
apply when the signs are alike, 7.e., both minus or both plus and the other 
when one sign is plus and the oS minus. Therefore: 

‘1. When the signs are alike add as in arithmetic and prefix the com- 
mon sign to the result. 

2. When the signs are unlike subtract the smaller number from the 
larger as in arithmetic and prefix the sign of the larger number. 

Test these rules on the above illustrations. 


PROBLEMS 
Add the following: 
1 42 Perot P84 9° Bee oe) A gees 
£7 Lett —6 oy ms =9 a 
8. 421 gee 40. — 9 Ui. +12. 12418 18547) 149 
22 44 16 st 10 =G 47 
210 16. +9 17. -12 18. 418 19-6 20. 9p 21. 3 
13 12 on ae +18 —Tp —5e 
22. —8r 23. 12 24. 8m 25.9b 26. 101v 27. —230n 
—6r —12i —8m 6b — 82v 1187 


= . 119% 33. —25p9 
28. —121c 29. 89d 30. 125ab 31. —8lmn 32. 1 
—111c —89d — 78ab 2%mn —121k —~79pq 
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Note.—Before going further these simple problems in addition must be 
thoroughly mastered. 

30. Addition of Three or More Terms.—To add a column containing 
three or more similar terms with unlike signs, first find the sum of the 
positive terms and negative terms separately and then add their results. 


Illustration. 
3ab |The sum of 3ab and 10ab is 13ab. 
— 4ab | Now add —4ab to 13ab and we have 9ab. | 
10ab 


Jab Result. 


31. Addition of Polynomials——To add polynomial expressions, first 
arrange similar terms in vertical columns and proceed as in §30. 

Illustrations.—1. Add 12x — 15y + 7z, —5a + 4y — 22 and —3z + 
10y — 142. 


Solution. 122 — 15y + 72 
— ba + 4y— 22 
— 3x + 10y — 14z 


4r — yw 92 Result. 


2. Add ax + by, bx — cy, and cx + dy. 
Check ifa = 1,6 = 2,c=3,d = 4,2 = 5andy = 2. 


Solution. Check 
ax + by 15+22= 9 
bx — cy 25—32= 4 
cx + dy 3°5 + 4-2 = 23 


(atbt+ecz+(b—et+dy (1+243)54+ (2-34.42 = 36 


In (2) we add the coefficients of x and y as before, but since they are 
literal numbers their sum can only be indicated. The parentheses must 
be used to show that the sum of a, b, and ¢ is the coefficient of x and that 
the sum of b, —c, and d is the coefficient of y. To write a + b + cx 
means that c alone is the coefficient of x. 


PROBLEMS 


Find the sum of the following, check results. Do not use a value of 1 for any 
letter raised to a power. It will not check the exponent. 


aoe 2. —7m 3. sry? 4. —7x%y 5. Spq 6. mn 
5a 2m 6ry? Sx2y — pq 7Tm'n 
8x —3m —S8zry? —22%y + pq —Sm2n 
re — 8. 8rst 9 2a@—y) 10. 4(a? — ) 
Tx*y2z 5rst 3(x — y) 5(a? — b) 


—10x2yz —Srst —6(x — y) —7(a? — b) 


_ 
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ll. 10@--y+2) 12. — 5(m — n)? 13. az 14; aa 
ll(e# —- y +2) 6(m — n)? bx —bx 
—20(¢ — y + 2) —12(m — n)? ae 
15. aa +y) 16. arz Lz) ab 18. km 19. ry 
b(x + y) ary —b pm —sy 
20. 52x 21. bd 22. —5axz 23. my v.24, Ts 
ax —9d bax —3y ps 
25, m(p + q) 26. 3a — 5b 27. 8x — 9y 28. 2ab+ Ob? 
—n(p + gq) 4a + 7b 3a + 2y —38ab — 2h? 
29. a’ — 2ab? ' 30. a%? + 5ab? + 6ab? 31. 8mnp — 3mnq 
3a*b — Tab? 7a5b? + 2ab? — 9ab3 —6mnp + 10mnq 
32. a+ b-—cec+d 33. 3a + $c 34. m — 2n 


2a —3b+c+ad ta — te ; m +3 


35. 3a — 2y + 42, 22 + y — 32z, —z + By — 2. 

36. 2@-+ 36 — 7c, —3a — 2b + 5c, 6a — 2b +. 
37. 3a? — 7b? — 7c, 2a? — b? — c, 5a? + 2b? — 3c. 

38. 322 — y? + 2xy, 4ey — 7x? + y?, y? — zy + 42’. 
39. 2m — 3n? + mn, 3m — mn — 2n?, 4n? — 3m + mn. 


~ 32. Associative Law for Addition——The sum of numbers grouped 
together is the same as the sum of the same numbers when the symbols 
of grouping are ignored. This is known as the ‘‘associative law for addi- 
tion” Thus; 2+34+1=2+80+)=@24+3)+1=6 22+ 
(y+z) =(r@+y) +2, ete. 

33. Commutative Law for Addition—The sum of numbers, positive 
or negative is not affected by a change in the order of the numbers. 
This is known as the “commutative law for addition.” 5+2=2+5 
alsoa+b+c=b+a-+¢, etc. 

34. Subtraction of Signed Numbers. Illustrations.—1. In arith- 
metic when not thinking of positive or negative numbers if we add 7 and 
2 we get 9. Then it follows that the 2 subtracted from the 9 must give 
the 7 back again. Thus: (+7) + (+2) = +9 and (+9) — (42) = 
seth 

2. The same must be true in the case of negative numbers, for 
(+9) + (—5) = +4. Now if we subtract (—5) from (+4) we must 
get 9backagain. Thus: (+4) — (—5) = 1%. 

Therefore, in subtraction of signed numbers think of the sign of the 
lower number, called the subtrahend, as being changed and proceed as 


in addition. 
ORAL PROBLEMS 


Subtract the following: 
1. +7 2. —7 3. —7 4. +7 Osnctnts 6. —8 
+2 =P +2 =u) —7 =9 


2 
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7. +8 8 + 9 9, +17 10. —17 ll. -8 12. +12 
+9 -17 - 9 +9 +8 —12 
13. — 9 14. + 9 15. —21 1L6:- ae 17. —8m 18. 12r 
+11 +11 +21 — 5x —T™ 10r 
19. 10r 20. —1lds 21. +15s 22. +16k 23. —20% 24. 256 
eli +15s —15s +16k +222 —17b 
& 25. —39y 26. —39y — 27. —39y 28. 7a + 3b 
-*. -+-18y 39y —39y —2a— 6 
29. 10x — 9y 30. 8m — 6p 31. 198. % 32. 9k — 10g 
—21xz + 8y —12m F 8p “18t +°100 ~10k + 21q 
33. 19b — 12c 84. 5r— 9a - 35. 3ab+2mce 36. —10a*d — 21f%¥9 
~18b +7 2c. -l6r +°T2a +9ab + 6mc ~15a*d + 18f9 
37. Gry + Oris 38. 22k%m — 9pr 39. —13xyz? + 12kr4z 
4+10zy + 10r’s ~—16k2m +21 pr — 22ryz5 + 10kr4z 
40. 18cd4 + 22rk? 41. —35m2p? — 10w%z3 42. 1081?m — 19p4q3 
~19cd* } 22rk? ~ 35m*p? + 10w%z3 —91l?m +19p4q3 
43. 11322m4 — 18pq? 44. ax 45. ax 46. a 
—1132’m* + 18pq? -bx —bx 
47. mr 48. 3k 49. axy 4 ree m(a + y) 
2r pk bry n(x + ne +4) 


35. Symbols of Grouping.—When it is desired to treat’ a group of 
two or more terms as one term we use symbols of grouping to show it: 
Thus;5 — (3 +1) =1. Here it is understood that we are to add 3 and 1. 
first rich gives 4 and subtract the result from 5. Thus —-(38+1)= 
5-4=1. 

The symbols of grouping used’ are the followin 
Parentheses ( ), braces { }, brackets [ ] and vinculum 

Illustrations.—1. 8 + (3 + 7) means that the sum of 3 and 7 is to — 
added to8. Wehave8 +10 = 18. If we write 8 +3 +7 the result is” 
also 18. In general at XD aie) = iO ere and 2a + (3b — 2c) = 
2a + 3b — 2c. 

Therefore; (a) If an expression within parentheses is preceded by a 
plus sign, the parentheses may be removed CO changing the sign of 
any of the terms within. 

(0) It follows from (a) that any number of terms of an expression 
may be enclosed within parentheses preceded by a plus sign without changing 
the signs of the terms enclosed within the parentheses. 

2. 9 — (3 + 2) means that the sum of 3 and 2 is to be subtracted 

from 9. The result is 4. Since in subtraction we change the sign of the 


: 


’ 
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number to be subtracted and proceed as in addition, we write 9 — 3 — 2. 
The result is 4 as above. 

_ Note.—The minus sign before the parentheses is a sign of operation 
and is dropped after the signs of the terms within the parentheses have been 
changed. In general a — (b+c) =a —b—c and 2a — (3b — 2c) = 
2a — 3b + 2c. 

Therefore: (a) If an expression within parentheses is preceded by a 
minus sign, the parentheses may be removed only if the sign of every term 
within the parentheses is changed. 

(b) It follows from (a)‘that any number of terms of an éxpression may 
be enclosed in parentheses preceded by a minus sign only if the sign of each 
term enclosed is changed. 

When symbols of grouping occur within other symbols of grouping, 
the innermost symbols should be removed first. 

- Iilustration.—Simplify —[2a — (3b + a — 2b)] 

Solution. —[2a — (3b +a — 2b)] 

—[2a — 3b —a + 20] 
—2a + 3b +a — 2b orb —a. 


I 


I 


PROBLEMS 
Simplify the following: 
1.8 + (6 — 1). 2. 3a + (2a — a). 3. 9 — (7 — 2). 
4, x — (y — 22). 5. 7+ (34+ 4). 6. 6+ 2b— 6b. 
7.9 =2+ 4). 8. 4r — [2r + 3]. . 974+3-1. 
10. &k + 2k + 3k. 11.8 —(8+a)+ (6 —1). 
12. a — (2a + 1) + (8a — 2). 13912 — (447s — 2), 
14. m — (—2m + 3) + (5m — 6). 15. « —XYx + y) + (22 — 3y). 
16. 2y — (3x + 2y) + (4x — y). 17, & + (2b — Pb 4 45. 
18. p+ 3p — {29 + 4 —5p + 4}. 19. 4c — [—2c + (3c — 7) + 8c]. 


20. 2x — [—(3x + 2y) + 6]. 

21. e+ {8c — [ce — (b + 2c) +5] + 8c}. } 

22, 3a — [2y — (@ + y) — yl. ¢ 
23. 83m — 2n + {m — (2m + 38n)}. 
24. —(3p — 29) — [gq — (3p +49) — 37). 
95. 14 -—[10 + (9 —8+7+2) — ll. 
26. 5 —[—5 + (5 — 2) + (-3) — 1]. 
27. m —[m — (n+1r) — {m — (n + r)}]. 
98,.2+{-2+[3 —-(1-24+1) —2] +}. 
29. (x + 2y + 32) — (2x — y — 22) +(z—2#—¥y). 
$01 —{[-1+a—-1+1i1-)-aQ-)]-1 ¥ 
In the following polynomials enclose the last three terms within parentheses 
receded by a plus sign. 

. ee 32.a+b—c+d. 33. x + 2y — 3k + 2d. 
34.9 —3b+2c —8d. 35.m—2n+pt2. 36. r +128 — 3t + 4u. 
262 3d—-4e+f 65, 12 +1015 -~% 39. m iy + P at 
Enclose the last three terms of each of the expressions 31 — 39 within paren- 

theses preceded by a minus sign. | . 
36. Multiplication of Signed Numbers.— Multiplication in arithmetic 

is a short method of addition. It is the process of taking one number as 

many times as there are units in another. Now, we must consider the 
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quality as well as the quantity of the numbers used. The definition then 
means that we use the multiplicand in the same way as we use 
unity (1) to obtain the multiplier. 

Illustrations.—1. Find 3 times 6. 

Solution. To obtain 3 by using 1, we have, 0+1+1+1=3. 
Hence 0+6+6+6 = +18. 

2. Find 3 times (—§). 

Solution. Following the method of (1) we have 0 + (—6) + (—6) + 
(—6) =0-—-6-6-6= -18. 

3. Find (—8) times (6). 

Solution.—To obtain —3 we have 0 — (1) — (1) -(J) =0 -—1-— 
1—1= -3. 

Hence, 0 — (+6) — (+6) — (46) = 0 -6-6-6= —18. 

§35-2a. 

4, Find (—8) time (—6). 

Solution. Following the method of (3) we have 0 — (—6) — (—6) 
— (—6) = 0+ 6+ 6+ 6 = 18. §35-2a. 

37. Law of Signs for Multiplication. 

1. The product of two numbers having like signs is plus (+). 

2. The product of two numbers having unlike signs is minus (—). 

3. The sign of the product of three or more numbers is found by multiply- 
ing the product of any two numbers by a third number and so on. 

38. Summary for Multiplication. 

1. Like signs give plus, unlike signs give minus. 

2. Multiply coefficients. 

3. Add exponents of the same factors. 


PROBLEMS 
Find the value of the following: 
1.7(+8) (4-2). 2, (3) (4), 3. (—6)(+8). 4. (=3)(+6): 
5. (+10)(—2%). 6. (+3)(+4)(+5). 7. (-+42)(4+-4) (2) 
8.%(=—6)(—2)(—3). 9. (+6)(+-2)(—8). ° 10. (+9)(—2)(+8). 
11. (—16) (+4). 12. (--18)(—4). 13. _(+20)(—5)(—4). 
14, (—2)(—2)(—2)(—2). 15. (—2)(-+3)(—4)(+8).\ 
16. (7a?) (9a), 17. (—8x?)(10zy). 18. (—6ab?)(Zabc).~ 
19. (—8rs) (5rs?). 20. (max) (—9m2z). aie (—14ax2)(- Sazy). 


22. (—15am)(—7ma). 23. (—3x5y%z3)(—Qa?yz4), 24, (18abe) (9bed?). 

25. (—105my)(—3amy?). 

39. Commutative Law for Multiplication—The product of two or 
more numbers is not affected by a change in the order of the numbers. 
Thus, 5-3 = 3-5 and a-b = b-a. This is known as the commutative law 
for multiplication. 

40. Associative Law for Multiplication.—The product of numbers is 
not affected by the order of grouping. Thus: 2(3 x 5) = (2 X 3)5 


and a(b X c) = (aX c)b. This is known as the associative law for - 


multiplication. 


Al. Multiplication of a Polynomial by a Monomial.—To multiply 
a polynomial by a monomial, multiply each term of the polynomial 


EEE 


= 


¢ 
ee 


EE a a ee pe eet ema 


TRANSITION FROM ARITHMETIC TO ALGEBRA 21 


by the monomial and write the resulting products in succession prefixing 
the proper sign before each term. 

Illustration.—2(4 + 5 — 3) = 2-6 or 12. 

Also 2-4 + 2-5 — 2:3 = 8 + 10 — 6 or 12. 

Thus a(b + ¢ — d) = ab +. ac — ad. 

The above illustrates what is known as the distributive law for 
multiplication. 


PROBLEMS 
Find the value of the following: 
~ 1. 5(a — Dd). 2. 6(@ + 2y). 3. 8a(a — 5). 
4, —2x(x + 2°). 5. 3y(y? + 1). 6. 2x(a + bd). 
7. —a(b — a). 8. 4c(—d — 2c). 9. 8r(—2r + 7°). 
10. 3r2(—2r + r?). 11. —2b(6 —c +d). 12. 8a(a +b —c4+ a). 
13. 4k(—r +¢ — v). 14. —8c(—c? —d+e — f).15. 2b2(c — d? +). 


16. 4(a — 3b) + 2(a + 2b) — 5(6a — bd). 
Solution. = 4a — 12b + 2a + 4b — 30a + 5b 
= —24a — 3b. 

17. 3@@ — 2y) — 2(@@ + 3y) + (@ — y). 

18. 4(a — 6b) + 3(—2a + b) — 2(8a — 2b). 
“19. 6(8a + 2c) — 4(a — c) + 2(a — 3c). 

20. 2a(6 + d) — 4a(2b + 3d) + a(b + a). 

21. a(b + y) — 2a(b — 2y) + 3a(2b — y). 

22. 3m(m +n) — 2m(2m — n) + m(2m — n). 


42. Multiplication of a Polynomial by a Polynomial. 


Ulustrations. 
1. a+b Leta = 2,b6=3 2+3 
c+d c=4,d=5 4+ 5 
ac + be 8+ 12 
ad + bd 10 + 15 
ac + be + ad + bd 8+12+10+15 = 45 


8+12+10+4 15 = 45 


Study the two problems in multiplication. Notice that the operation 
with literal numbers is identically the same as with the arithmetical 
numbers and that when we substitute numerical values for letters we get a 
corresponding product 45 for both, thus checking our work. 

The operation is the same in all multiplication. 


2. 3a + b Check if a = 2 Then 3a+ b= 9 


2a — 3b and b = 3 2a — 3b = —5 
6a? + 2ab 6a? — Zab — 3b? = —45 
— 9ab — 3b? —45 = —45 


6a? — 7ab — 3b? 


( 22\ 


Find the value of the following: 
_(@@+y@t+y). 2. (x + 2)(a + 2). 

. (2a + 3b)(a + 0b). 5. (2a — 3b)(a + B). 
. (4¢ + y) (8a — 2y). 8. (8m + n)(2m + n). 
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PROBLEMS 


Check. 


. (2 + 3)@ — 4). 
. (Qa — 3b)(a — b). 


(a + 2y)(a — 2y). 
(2r — 6)(r — 4). 


(a+ db)(c +4). 


(f + k)(r — 8). 


. (v? — 2)(a — 8). 
. (23 — 2)(a? + 4). 


(m3 — n)(m* + n). 
(9r — 7s)(10r — 13s). 


43. Division of Signed Numbers.—Division is the inverse of multi- 


10. (8a + y) (3x — y). 11. (4a + b)(4a + 0). 

13. (« — 6y)(8a + 2y). 14. (r+ 3) (4r — 5). 

16. (m+ n)(r +58). 17. (b+ g)(d — e). 

19. (2e + d)(a —c). 20. (L — m)(8l + 2). 

22. (a? — 6)(x + 4). 23. (x3 — 2)(a? — 4). 

25. (xy — 6)(z¥y + 3). 26. (ab? — c)(2ab? + 3c). 27. 

28. (m2 + 2n)(m? — 2n). 29. (8h + 71)(6k — 81). - 30. 
plication. 
Illustrations. 


1. 2(—3) = —6 .. 
2. a*-a® = a® 


3. 3a4-2a3 = 6a’ .. 


a’ + a> = a’. 


—§ + —3 =2. Also -6+2 = —d. 


Hence, the rules for division may be stated as follows: 
1. Like signs give plus, unlike signs give minus. 
2. Divide coefficients. 
3. Subtract the exponent of each factor in the divisor from the exponent 
of the same factor in the dividend. 


PROBLEMS 
Solve the following: Check as in §31. 
1, 35 + 7. 
4, —21 + 3. 
7. —18a + 3. 
10. -—9 + —1. sab + 3a. 
13: 20cy = 5z. 
16562) —62. 17. 2ly + 21y. 
Divison is also expressed in fractional form, 
6 —6 —10a’ 
19. oy 20. Sao PAR ae 
Zin? Sia —18m* 
24. x 25. Ay? 26. 6m? 
20r3 —20r 2167 
29. Br? 30. ay FE Sl, "753 
9a" ; —482" 
-* —Qynr-1 . 
34. EL Ans. —3x 35. 1622 
—20a2 9q10 
Bis Ao 38. - aA 39. 
16r3 10a*b 
— 41, — 9p 42. om 43. 
18m4n3 T5ax2ys 
4). — 
—6mn? = —15x%y or 
10527y° 102m2n ; 
49. es 50 roe Pe 51. 
42m?n8 / —8422y23 
88. ant pre 


18. 


22. 
27. 


32. 3 


36. 


— 142° 
972 


—21ara* 


72 


—85a*c* 


17a2c* 
78ab2c3 


—39abe* 


: Also a? +a® = a’. 
6a7 + 3a4 = 2a%. Also 6a7 +2a? = 3a. 
2. 42 + 6. 3. - 
5. —21 + —3. 6. : 
8. 184 + —8. 9. —8 + —1. 
ile 12. 3ab + —3a. “s 
14. —20zry + 4y. : 15. 9ac + —dae. 


—482" 
16a 


24ary + 12y.. 
thus 4 is read 4 + 2 or 4 over 2. 


100° 2ie, 


23 


—5a 7 
18n3 —18s* 


28 


6n3 ) “265 
Jey, —12cé 


Sale 
Ans. —38x2"-™ 
- 


4a5 
ee 
—24x3y? 
*  6xry? 
+98r5s 
— 7p2g4 
32r33 
16r3 
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Using the following couplets, first add; second subtract the lower from the upper 
number; third multiply; fourth divide the upper by the lower number. (Perform 
each operation on the first couplet and then on the second and so on.) 


55. —12 56. 12 57. 18 58. —18 59. 20 60. —20 
4 — 4 9 ae — 4 5 


61. —28a 62. —28b 63. 28c¢ 64. 962 65. —84u 66. —84s 
4a — 4b — 4c —16x —2lu 21s 

67. 105k «468. —9l1t 69. 982 70. —63ab 71. —56m 72. 72r 
— 15k Tt — 7x —2lab 8m 12r 


73. ldpqg 74. —39y 75. 25rs 
—10pq —13y —=G7S 


44, Division of a Polynomial by a Monomial.—The division of a 
polynomial by a monomial corresponds to short division in arithmetic. 
2a’ )4a* — 6a*b + 10a? 


on. £ : 
Illustration os ah shape expressed as a fraction 
3 — 6a*b + 10a*b? ’ 
= : a = 2a — 3b + 5ab?. It is seen that each term 
of the polynomial is divided by the monomial. 
PROBLEMS 
Solve the following: Check as in §31. 
1. (2a? + ab) +a. 2. (—6a%b + 12ab) + 6ab. 
iar 4; Gy — 22) + —2- 4, (425 + 1222) + —42?, 
18a2b* + 1655 Pie 6 ee = ae 
ee oe. =x 
x2 —gll-— 79 + 28 8 —16a*b + 18ab? + 14a7b? 
7. =e : . —2ab 
12m?n* — 18m5n? — 24m3n3 27y> — 9y® + 18y5 
. 9. : : 10; - 2 . 
—6m2n? —O7) 
11. 32abe + 16a7b?c?_ 12. 105 x?— 4523 + 30z* 
-  —Qabe — lb ; 
196r2s2 — 56r?s 14 ere Oe 
aa Fe 


@ 45. Division of a Polynomial by a Polynomial.—This process corre- 


sponds to long division in arithmetic. 
Illustration—1. Divide —427? — 25x? + 2* + 48x — 12 by 2? + 32 
—6. The process will be learned best by following the work step by step. 


Dividend 
gt — 4z3 — 252? + 482 — 12 |x? + 3a — 6 Divisor 
z* +323 — 62? x? — Tx + 2 Quotient. 


— 773 — 19x? + 48x 
— 7x3 — 21x? + 4227 


2x? + 62 — 12 
20? + 62 — 12 
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Explanation step by step. 
1. The dividend and the divisor are arranged according to the 


descending powers of z. 

2. Divide the first term of the divisor, x2, into the first term of the 
dividend, x‘, to obtain the first term of the quotient, x’. 

3. Multiply each term of the divisor by the first term of the quotient 
and place the product under the dividend. Subtract and bring down the 
next term of the dividend. 

4. Divide the first term of the divisor, x’, into the first term of the 
remainder, —7x°, and obtain the second term of the quotient, —7x. 

5. Multiply each term of the divisor by —7x and place the product 
as before. 

6. Continue until there is no remainder or until the first term of the 
divisor is no longer contained in the first term of the remainder last 
obtained. 

7. Check.—The divisor times the quotient ;+ the remainder, ifany, = 
the dividend. When the work is arranged as shown the multiplication is 
easily performed without rewriting the divisor and the quotient. Long, 


Check the above problem by substituting « = 2. 
Dividend 
Thus, —32 | 4 Divisor 
,—8 Quotient. 

Note.—Do not substitute a numerical value which will result in division 
by zero. : : 

Thus 6 + 0 does not give any known number, for any number 
multiplied by zero equals zero. 

Also since 6 X 0 = 0 and 15 X 0 = 0, 0 + 0 may equal 6, 15 or in 
fact any number. 

Illustration.—2. Compare the process of division of arithmetical 
numbers with that of literal numbers. 


(a) Dividend (b) Dividend 


227488 |921 Divisor 6a2 + ab — 3b?|\2a — 6b Divisor 
1842 (247 Quotient 6a? — 3ab 3a + 2b Quotient 


4328 4ab — 3b? 

3684 4ab — 2b? 
6448 — b? Remainder. 
6447 . 


' 
division and the check by multiplication give an excellent review in the 
four fundamental operations of signed numbers. 

( 


1 Remainder. aa 


(a) 


1 


TRANSITION 


921 Divisor 
247 Quotient 
6447 
3684 
842 


227487 


1 Remainder 


227488 Dividend. 
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Check 


(b) 2a — Bb Divisor 
3a + 26 Quotient 


6a? — 8ab 
+ 4ab — 2b? 
6a? + ab — 2b? 


— 6? Remainder 


6a? + ab — 3b? Dividend. 


PROBLEMS 
Divide. Check the results by §31 or by the above method. 
LM at + Se +6 by a +2. 2.@+ 7a+12bya+3. 
273. @— 5a4 6 bya — 2. 4,2? —4¢ +4by 2-2. 
5. 22? — 54 — 12 by x — 4. 6. a® — 2ab + b? by a — b. 
7. a2 + 2ab +b? by a+b. ~ 8 +2 — 56 by 2 — 7. 
9. 6a? + ab — b* by 3a — Bb. e 10. 4x? — 9 by 22 — 3. 
ll. x2? — 4y? by x + 2y. 12.24 — yt by 2? + y2 
, 138. 2727+ 22 —63by2+4+9. 14, 4x? + 22 — 30 by 2x2 — 5. 
™15. 32? — 54 + 2 by 32 — 2. 16. 1 — 4x? by 1 — 2z. 
17. 1 — a — 2a* by 1 +4. 18. 12 + 5y — 38y? by 4 + 3y. 
19. d}—1byd—1. 20. dé+1byd+1. 
21. «3 — y> by x — y. 22.227+ y3 byxrz+y. 


. a& — b8 by a® — B, 
. 2m? — mn + 1lmn? + n* by 2m + n. 
. 12a? — 29ab — 14b* by 4a — 7b. 

. 540? — ldry — y? by 3x — y. 

. 96r? — 52rs — 63s? by 8r + Ys. 

. ws — Tw? + 10w by w — 2. 

. 65h? + 181k + 12612 by 5k + 7. 

. 18a*y? + 36ay + 10 by 3ay + 5. 

. 2a4b? + 7a*b — 18 by 2a*% + 9. 

. 6a2m4 — 23am? + 20 by 3am? — 4. 

. atbt + 2a2b2c + c? by a*b? + ¢. 

. 1 + 2mn? + mnt by 1 + mn. 

. 2a3 + 3a? + 8a + 1 by 2a + 1. 

. 823 + 27 by 22 + 38. 
.tt?+tor+t ibyz+ae+1. 

. rs + 83r2s + 3rs? + si by r +s. 
. 22 +y*byrt+y. 
.m+ni by m+n. 
. a —Lbya* +1. 

; oat + aaty oes — 9ariy3 — 3x2y4 + Gry’ — 2y® by x? — 2y?. 
. ao — 1 by a§ — a? +1. 

. 28+ 1ibyrt+l. 
: pai ie 20x? — 2a? + 8a + 6 by 2x3 — z+ 6. 
. a& — y8 by a? + y?. 
. 9a* — 7a 


24.73 +22 —2 —lbyx-I. 


246+ 6a5 by —2a + 3a?+ 1. (Re-arrange terms.) 
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49. 6m5 + 2m4 + m2nt + 6min + 2m'n +n5 by m* + n. 
50. — = ?.to five terms and a remainder. 
, Ors a 

46. Meaning of the Zero Exponent.—Consider the division, mae 

ates * cae : 
a?-2 = a, Again, he 1, for any expression divided by itself equals 1. 

a? a? : 

Therefore, if "ee a° and oe 1, it follows that a° = 1. 


ee 
=) ee pO) 
In general peas ‘. 


There is evidently only one value to give to an expression with a zero 
exponent, and that is 1. 


4 PROBLEMS 
Find the value of the following: 
2 
il OM Dh, i eh IN. 4, k°. st 6. ee 
a rim? 29x29 3a 5fa — b)°® 6% x2 + y)? 
te aT a 9. em 10. a alk 3 12: 5 : 


5 
47. Negative Exponents.—By division 5 = q? = a’. 


Here we subtract the exponent 2 of the divisor, or denominator, from 
the exponent 5 of the dividend, or numerator, and get the exponent 3 for 
the quotient. 


ont 2x OF : 
By division ae a2-5 = q-5, Again we use the same rule, but note 


that 2 — 5 = —3, and therefore the exponent of the quotient this time 
is negative. Study the following: 
a> x a4 a? gre 
Dies Oa Bedi ay Serre arn 
PROBLEMS 
Find the value of the following: 
m? 2 bs cl2 eb 
i 2. ear A. eer 
am yo as n-5 s72 
6. xv a yh 8. al 9. ns 10. ae 
nae as x ym WT aot 
el. fA 2: wnt as a. 14. yn M 15. a! 


Zero and negative exponents will be treated more fully in a later 


chapter. 


——————o 


CHAPTER III 
SIMPLE EQUATIONS 


48. Equations.—An equation is the statement of equality between 
two expressions. 

Illustrations.—1. If we say that the weight of one bolt added to the 
weight of another bolt equals the weight of a third bolt, we have made a 
statement of equality. If we represent these weights by symbols as 
wi = wt of the first bolt, we = wt of the second bolt and ws = wt of 
the third bolt, we have wy + we = ws. 

2. We know that the distance one can walk is equal to the number 
of hours walked multiplied by the number of miles per hour. Thus 
if d = distance, t = number of hours, and r = the rate per hour, we 
have the equation d = rt. 

_3. The time required to go a certain distance is the distance divided 


d 
by the rate of travel. Thus t = = 
4, Again, the rate of speed is found by dividing the distance by the 


time, thus r = = 


The expression to the left of the equality sign is the first member of 
the equation and the expression to the right of the equality sign is the 
second member. 

49. Quantities——A known quantity is an*expression whose value is 
given or known. An unknown quantity is one whose value is to be 
found. Thus in 3x = 12, 3 and 12 are known, « is unknown. 

50. Identity—When an equality is true for any value of the unknown 
quantity involved it is an identity. As 2¢+ 3¢ = 5t. This reduces to 
5t = 5t. Test this for several values of ¢. 

51. Conditional Equation—When the expressed equality is true only 
for a certain value of the unknown quantity involved it is a conditional 
equation. 

Illustration. 3v +1 = 2v+4 (v is the unknown quantity). This 
equation is true when v = 3 and for no other value of v. Substituting 3 
for v, we have 3(3) + 1 = 2(38) + 4 or 9+1=6+4, ze, 10 = 10. 

This last operation is testing or checking the value of v in the given 
equation. The substitution must always be made in the original equation. 

Important Note.—The student must learn to check his work very early 
in the course. He must avoid the weakness of having to consult an answer 
book or of depending upon the teacher or fellow student to determine whether 
or not the result is correct. He should make a practice of checking his work 


and thus gain confidence in his ability to solve problems. 
27 
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Every conditional equation reduces to an identity when the value on 
which the condition depends is substituted for the unknown quantity. 

52. Solution.—Solving an equation is the process of finding the value 
of the unknown quantity which will satisfy the given condition, 7.e., the 
value which, when substituted for the unknown quantity, reduces the 
equation to an identity. 

53. Root.—The value of the unknown quantity obtained by the solu- 
tion is the root of the equation. 

54. Use of the Equation.—One of the objects of algebra is to simplify 
the solution of problems. The student must learn to translate given 
conditions and statements into 
simple algebraic equations and then 
find a solution of these equations. 
In other words the student must 
form an equation between the known 
and unknown quantities and solve 
for the unknown quantity. 

The meaning of the equation will 
be readily understood if we think of 
the two members of the equation as being balanced on the equality 
sign as a support. Keep in mind that as long as the balance is not dis- 
turbed the equation remains true. Thus, if 3% + Dix Pent 7 ane 
5 is added to the first member we must add 5 to the second member. 
The same principle is true in case of subtraction, multiplication, and 
division. Hence, if one member of an equation is changed, the other 
member of the equation must be changed by the same operation or the 
equality will be destroyed. 

55. Axioms.—An axiom is a self evident truth. The following 
axioms will be frequently used in solving equations, as well as in studying 
relations between geometric figures. Let the student cite numerous 
examples to illustrate the following axioms. 

1. If equals be added to equals the sums are equal. Thus 7 = 7. 
If 2 be added to each member we have 9 = 9. 

2. If equals be subtracted from equals the remainders are 
equal. 

3. If equals are multiplied by equals the products are equal. 

4, If equals are divided by equals the quotients are equal. (The 
divisor must not = 0.) 

5. A quantity may be substituted for its equal in any process. Thus, 
ifa = band3a + 2 = 5a we may write 3b + 2 = 5b. 

6. Things equal to the same thing are equal to each other. 

7. Things equal to equal things are equal to each other. 

8. If equals are added to unequals the sums are unequal in the same 
order. 

9. If equals are subtracted from unequals the remainders are unequal 
in the same order. 
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10. If unequals are subtracted from equals the remainders are 
unequal in the reverse order. 

11. If unequals are multiplied or divided by equals, the results are 
unequal in the same order. 

12. The whole is equal to the sum of its parts. 

13. The whole is greater than any of its parts. 

56. Application of Axioms in Solving Equations. 


Illustrations. 

1. Solve 3r = 15. 

Solution. 3r = 15. Check 
Divide both members by 3. Az. 4. 3(5) 15 
ttens = 5. 15 = 15 


2. Solve 8§ = 5¢ + 6. 
Solution. 8 = 5¢-+ 6. 


Subtract 5¢ from both members. Az. 
Then 8¢ — 5t = 6, or 3¢ = 6. 
eet ae Az. 4. 


Check by substituting in the original equation. 
3. Solve 52 — 4 = 3a + 2. 
Solution. 5% — 4 = 37+ 2. 


Subtract 3x — 4 from both members. Ax. 2. 
Then 52a — 82 = 24+ 4. 
Collect terms. or. G, 

ee a B Ax. 4. 


4, Solve for y in y — b = mz. 

Solution. y — b = mz. 

Add 6} to both members. Ax. i: 
‘Then y = mz + b. 

5. Solve 3q + 8 = 2(5g — 2). 

Solution.—3q + 8 = 2(5q — 2). 

Remove parentheses. 3g + 8 = 10g — 4. 


Subtract 3¢ — 4 from both members. Az. 2. 
Then 12 = 7g. 

12 : 12 
“a7 =F Ag. 4., 1.€.,9 = 7" 


57. Transposition.—Transposition is the process of removing terms 
from one member of an equation to the other member. By studying 
illustrations 2 to 5 inclusive we see that the effect of using axioms 1 and 2 
was to bring to one member of the equation all terms containing the 
unknown quantity and to the other member all known terms. In the 
transposition, however, every term taken from one side of the equality 
sign to the other had the sign changed. We may, therefore, adopt 
the general principle. A term or quantity may be transposed from one 
member of an equation to the other provided the sign is changed. 


30 


58. Change of Signs.—The sign of 
equation may 


members of the equation may be multiplied by —1. 
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every term in both members of an 


be changed without effecting the equation, i.e., both 


Ax. 3. 


59. General Directions for Solving Simple Equations. 

1. Remove parentheses, af any occur. 

2. Transpose all terms containing the unknown number to one member 
of the equation, and all known terms to the other member. 


3. Collect like terms. 


4. Divide both members by the coefficient of the unknown number. 
5. Check your result by substituting the root in the original equation. 


PROBLEMS 


Solve and check the following: 


leaie— 56: 

2. 4r = —12. 

3. 1.52 = 30. 

4, 7m = 38. 

5. .25s = 6.25 

6. .op = 

7. —80 = —15. 

8. 132 = 0. 

9. 15n — 8 = 8n + 20. 


14, 22 + 7) = 27. 

15. 2x — (8a + 4) = 38(@@ + 2) — 5. 
16. 5(s + 12) — 7s = 40. 

1%. V — 16 = 82. 


18. $¢ = 12. 

19, 4n = 16. 

20. $V = 25. 

21. 90 = 4V +4. 

22. 180 = 5s. 

23. 1032 = 13.2 + 18f. 


. 860 = 45 + 168. 
. 450 = 37 4+ 32t. 
. 372 — 160 = 1da. 


17, find C. 

55, find n. 

77, find C. 

32 and t = 8, finds.” 

32 and s = 1024, find ¢. 

8640 and ¢ = 8, find s. 

186 and s = 837, find ¢. 

32, t = 5, » = 196, find s. 

24, t = 8, find s. 

= 300, a = 12, find t. 

= 75,0 = 15, r = 25, find F. 

= 725, v = 5, r = 20, find M. 
120.5, a = 8.5, find F. 

733.6, a = 11.2, find M. 
2890.89, V = 34.83, find P. 
3177, P = 105.9, find V. 

6.2, w = 5.3, h = 3.9, find V. 
335, 1 = 12.5, w = 6.7, find h. 
774.04, 1 = 15.2, h = 8.9, find w. 
6, b: = 13.2, be = 10.9, find A. 
= 96, h = 10, 6; = 11.3, find bs. 
= 139.2, h = 12, be = 9.3, find 6. 
2,b = —3, find y. 

—5, b = 4, find y. 


Vv 


10. 4f + 56 = 17f — 100. 
11. 3y — 18 = 14y + 12. 
12.40 = 15 = 42. 
13. sy = 5 — 3y. 
Evaluate the following formulas. Check. 
27, C= 25 + 2(mr- 10). If n 
TEE 
Daan 3(E. 132). SEE 
29. s = 390. lf g 
ag 
30. s = vb. ita) 
’ If ov 
31. s = vt + gi? If g 
825s = sa(2t — 1). If a 
wa If s 
33. F = ee : If M 
ibe Ii 
S4gn ee ea If M 
aE 
Sore = Coe LC 
' lf ¢ 
36. V =lwh. : af +E 
ay; 
Tf V7 
(37..A = th(bi + be). If h 
If A 
é If A 
~/38 y=me+bd. If m 
; If m 
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60. Algebraic Solution of Problems.—Many problems occur which 
are difficult and indeed impossible to solve from the knowledge of arith- 
metic. We have now learned that letters may be used to represent 
numbers and that we can perform all the operations of arithmetic using 
letters in place of numbers. We may, therefore, use a letter for an 


unknown value and by means of the equation find the value which at 
first was unknown. 


A few simple relations will aid a great deal in the algebraic statement 
of the problem to be solved. Very often when general relations are given 
the student can think of a similar example in arithmetic. 

Iilustrations.—1. At 20 miles per hour, how many hours will it take to 
travel 60 miles? Ans. 60 + 20 or 3 hours. 

2. At 2 miles per hour, how many hours will it take to go a distance of 


s miles? Ans. hrs. 


ORAL PROBLEMS 


1. If n represents an odd integer (whole number), what kind of a number isn + 1? 
n+2? n—1? n—2? 2n? 2n—1? 2n-+-1? 

2. Beginning with n as an integer, name three consecutive (numbers which follow 
in order as 5, 6, and 7) numbers; three consecutive odd numbers; three consecutive 
even numbers. \ 

3. Let n represent the sum of two numbers. If one of them is 5, what is the 
other? 

4. By how much does 20 exceed 10? 

5. By how much does a exceed b? 

6. What part of 30is 6? Of ais b? 

7. If a man is 40 years old, how old will he be a years hence? How old was he 
b years ‘ago? 

8. How far can a person travel in t hours at v miles per hour? 

9. Express the number 72 in units; the number whose units’ digit is u and whose 
tens’ digit is t in units. Express each of the above numbers with the digits in the 
reverse order. 

10. If x represents 10, what number is represented by 4x + 3? By 3”?+2x+1? 

11. Express a dollars in cents; b dimes in cents; c quarters in cents. Express 
the sum of a dollars, c quarters, and b dimes in cents. 

12. Express a feet plus b inches in inches. © 

13. Express x degrees plus y minutes in minutes. 

14. Give an expression for the perimeter of a rectangle, if it is twice as long as 
it is wide. Draw a figure. 

15. If x represents a number, express 5 less than 3 times the number. 

16. The sum of two angles is 90°, one of them is represented by a degrees. How 


many degrees in the other? 


61. Problems Which Lead to Simple Equations. 
Illustrations.—1. Find three consecutive numbers whose sum is 39. 
Solution.—Let x = the first number. (1) 
Then x + 1 = the second number. (2) 
And xz + 2 = the third number. (3) 
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Adding (1), (2), and (3), 
3a -+ 3 = the sum of the three numbers. (4) 


.. 8a +3 = 39. . (aye 
32 = 39 — 3. Why? 
32 = 36. ’ (6) 
x = 12, the first number. (7) 
2 + 1 = 13, the second number. (8) 
2 + 2 = 14, the third number. (9) 


Check. 12+ 13+ 14 = 39. 


2. A father is three times as old as his son. Ten years hence he will 
be twice as old as his son. Find the age of each. 


Solution. Let x = the son’s age now. (1) 
Then «+ 10 = the son’s age 10 years hence. (2) 
And 2(z + 10) = twice the son’s age 10 years hence. (3) 

3x = the father’s age now. (4) 
32 +10 = the father’s age 10 years hence. (5) 

“.82 +10 = 2(2 + 10). (3) and (5) © 

3a +10 = 2r7-+ 20. Why? . 

32 — 2x = 20 — 10. Why? 


x = 10, the son’s age. 
3x = 80, the father’s age. 


Check.—First, 30 is 3 times 10. Second, 10 years hence the father — 
will be 40 years old and the son will be 20 years old. 40 is twice 20. 

Note.—Check thése problems by the conditions given in the problem 
and not by substituting in the equations formed from those conditions. 
You may have stated, some condition incorrectly. 38 

3. A certain number has two digits. The digit in the tens’ place, is 
2 less than twice the digit in the units’ place. If 27 is subtracted from 
the number the result is a number with the digits reversed. 


Solution. Let x = units’ digit. Crh 
Then 2x — 2 = the tens’ digit. (2) 5m 
And 10(22 — 2) + x = the value of the number. ' (3) 
Also 10x + (2% — 2) = the value of the number with the digits* 
reversed. (4). 
“. 10(2¢@ — 2) + « — 27 = 10x + (22 — 2). (5) 


Solving this equation, x = 5. 
And 22 — 2 = 8. 
Hence the number is 85. 
Check. 8 is 2 less than twice 5 and 85 — 27 = 58. 


PROBLEMS 


| 1, Find three consecutive numbers whose sum is 54. 
2. Find three consecutive odd numbers whose sum is 81. - 


a, 
} -3. Find three consecutive even numbers whose sum is 156. 


\ 
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( 4, A rectangle is three times as long as it is wide. The perimeter is 200 yards) 

Find the dimensions. Ans. 25 yds. and 75 yds. \ 
n' 5. A rectangle is 50 feet long. If it were 4 feet wider it would contain 1700 | 
square feet. Find the width. / 
——6. Divide 42 into two parts, so that one part shall be twice the other.  ——~ 
. A tank which is 2 full contains 120 gallons. Find the capacity. 
8. If 80 is added to a certain number it becomes five times as great as originally. 
Find the number. 
~==9. The width of the Horseshoe Fall at Niagara is 160 feet less than 20 times the 
height. ' ‘The width and height together are 3158 ft. Find the width and the height. 
Ans. 3000 ft. and 158 feet. 
-"_10, Eiffel Tower, Paris is 430 feet higher than the Washington Monument, Wash- 
ington, D.C. Their combined height is 1540 ft. Find the height of each. 
11. One-third of a tower is constructed of stone, one-half of brick and the remainder 
30 feet of steel. How high is the tower? * 
12. A telegram at the rate of 40 cents for the first 10 words, and 3 cents for each 
additional word cost 61 cents. How many words did it contain? 
13. At the same rate as in Prob. 12, how many words can be sent for 76 
cents? 

—14, The total length of the streets in Salt Lake City is 478 miles. The length of 
the streets in miles is 50 less than 4 times the standard width of a street infeet. Find 
the width of a street in feet. _ Ans, 132 ft. 

_* 415. The elevation of a’ Bench Mark on a step of Memorial Hall in Fairmount 
Park is 9.365 feet more than the Bench Mark at 41st St. and Parkside Ave., Phila. | 
A Bench Mark at Horticultural Hall is 3.501 feet less than the one at Memorial Hall. -— 
The sum of the three elevations is 328.762 feet. Find the elevation of each. 

16. A merchant has $9.50 in dimes and quarters. How many coins of each 
denomination has he if there are 50 pieces? ia 
17. Divide a line 45 feet long into three parts, so that the second shall be 3 feet 
longer than the first, and the third-one and one-half times as long as the first. x 
"18. A man walked a certain distance, rode 10 miles by automobile, and went 
by train five times as far as he had previously gone. He traveled 85 miles. How 
far did he walk? How far did he go by train? ‘ 
‘19. A factory floor is 30 feet longer than it is wide. The perimeter is 540 feet. 
Find the dimensions. Find the area. 

’ * 90, Two lots are of equal area. The width of the first is 55 feet and that of the 

second 50 feet. The second is 10 feet longer than the first. Find the length of each 
lot. Check by finding their areas. 

- 21. Find the velocity of a body after falling 5 seconds. Hint v = gt, letg = 32. 

22. The distance a freely falling body falls in any one second is given by s = 

7 3g(2t —1). During what second will a body fall 528 feet? 

” 93. How far will a freely falling body fall in the 5th second? 

24, The velocity of sound in air at the freezing temperature (0°C. or 32°F.) is 
about 1,090 feet per second. The velocity increases 2 feet per second for each degree 

-- C of rise in temperature. Write a general formula for the velocity of sound in air 

| using C. Find the velocity of sound in air at 10°C., 15°C., 20°C., 23°C., 25°C. 
: a Ans. V = 1,090 + 2C. 
25. The velocity of sound in air increases 1, 12 feet per second, for each degree F. 
of rise in temperature. Write the general formula for velocity of sound in air and 
find the velocity of sound in air at 60°F., 7 5°F., 90°F., 98°F., 100°F. 
_ Ans. V = 1,090 + 1.12(F — 32°). 
26. At 8°C. sound travels 10,142 feet per second faster in glass than in water. 
The velocity in glass is 726 feet more than three times as much as in water; the veloc- 
ity in iron is 2,012 feet per sec. less than four times as much as in water. Find the 
velocity of sound in water; in glass; in iron at 8°C. 
3 


oe 


— 


As 
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27. The cost of sewerage for a certain property with a frontage of 100 feet was 
$298.85. The distance from the house to the property line is 60 feet and from the 
property line to the main sewer 37.5 feet. The cost of connection from the property 
line to the main sewer was 25 cents a foot more than from the house to the property 
line. The cost per front foot for the main sewer was 30 cents a foot more than twice f 
the cost from the house to the property line. The riser and trap cost $6.60. Find 
the cost, per foot, of each section. Draw a diagram. . 

__ 28. Heavy concrete for basements is made of the following materials in bulk, 1 : 
part cement, 3 parts sand and 6 parts of stone or gravel. 122 cu. ft. of material were 
used. How many cu. ft. of each wasused? (There will not be 122 cu. ft. of concrete.) 

—— 29. Cinder concrete for cellar floors is made of 1 part cement, 23 parts sand, and 
5 parts of cinder. If ¥70 cu. ft. of material was used, find the number of cu. ft. in 
cement, sand and cinders. 

~ 30. If the concrete in Prob. 29 is made of 1 part cement, 3 parts of sand and 6 
parts of cinder, find the number of cu. ft. of each material used. 


62. Further Use of Equations.—The sequence of topics in this text 
is somewhat out of the usual order. Thus far the equation has been 
applied to the solution of the usual algebraic problems. It is, however, 
of great advantage and indeed a necessity for solving many problems 
in geometry. 

Therefore it is necessary at this point to define Geometry and some 
geometric terms. 

63. Geometry.—The word geometry is derived from two Greek words 
meaning earth, and to measure. The science was first used for measuring 
land, hence its name. Geometry is that branch of mathematics which 
deals with the investigation of the relations, properties, and measure- 


ments of points, lines, angles, surfaces, and solids. 
64. Point.—A point has position only. It is indicated by a dot as- A. 


es 


Capital letters are used to denote position. Small letters are used to 
denote magnitude. 

65. Lines.—The path of a moving point is a line. When a point 
in motion does not change its direction it traces a straight line. A line 
means a straight line unless otherwise indicated. _ A broken line is made 
up of a series of connected straight lines. When a point in motion 
changes its direction at every instance it traces a curved line. A line 
may be indefinite in length or it may be limited at any pon _A Tine is 


designated by two letters usually at its end points as se SSB 


This is a line of definite length. A line is often designated by a single 


letter as eT Aaa 


Test the edge of a ruler by drawing a line along its edge. Turn the 
ruler over on your paper and see if the edge coincides with the line drawn» 
If it does, the edge is straight. Make the same test with a piece of card 
board whose edge is not straight. What is the result? 

66. Surfaces.—When a line moves, except in its own direction, it 
generates a surface. A plane surface, or a plane, is a surface such that 
when a straight edge is applied in any position every part of it will touch 
the surface. A curved surface is a surface no part of which is plane. 
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When will a straight line generate a plane surface? A curved sur- 
face? How would you test a plane surface with a straight edge? 

67. Solid.—A surface which moves, except in its own direction, 
generates a solid. Give illustrations. 

68. Summary.—A point has no dimensions. A line has one dimen- 
sion, length. A surface has two dimensions, length and breadth. A 
solid has three dimensions, length, breadth, and height. 

69. Angles.—An angle is the amount of opening between two lines 


A 
which meet at a point, as Bez Cc or /xX_| and is read angle ABC 


or angle x. The sign Z means angle. BA and BC are the sides, and 
the point B is the vertex of the angle. The letter at the vertex is always 
placed between the other two when reading an angle. 

An angle is generated by rotating a line about a fixed point in a plane. 
Imagine two lines coinciding and hinged at one end. Keep one line fixed 
and rotate the other about the fixed point in the direction opposite to the 
movement of the hands of a clock. Stop anywhere you choose and there 
is an opening between the lines as in the figures above. ‘This is an angle. 
When generated counter-clockwise it is considered a positive angle, 
when generated clockwise, a negative angle. This can be illustrated 
by use of a pair of compasses. 7 ey : 

70. Bisector.—The bisector of an angle is the line which divides the 
angle into two equal angles. , 

71. Unit Angle-—The unit angle is 1°. It is the one three-hundred- 
sixtieth part of the angular magnitude about a point. 60sec. = 1 min. 
60min. = 1°. 

72. Straight Angle——When the opening is such that the two sides 
of an angle extend in opposite directions from the vertex, thus forming a 
straight line, the angle is a straight angle. It contains 180°. All 
straight angles are equal. 

73. Adjacent Angles.—When two angles have the same vertex and a 
common side between them they are adjacent angles. 

74, Right Angle.—When one straight line meets another straight 
line making the two adjacent angles equal, they are right angles. There- 
fore, a right angle is half a straight angle and equals 90°. All right angles 
are equal. - Ax. 4. 

75. Perpendiculars.—When two lines meet at right angles they are 
perpendicular to each other, 7.¢., mutually perpendicular. Therefore, ata 
given point on a straight line only one perpendicular can be drawn to the 
line. 

76. Oblique Angles.—All angles that are not right angles or straight 
angles are oblique angles. 

77, Acute Angle——An acute angle is an angle less than 90°. 

78. Obtuse Angle.—An obtuse angle is an angle greater than 90° and 


less than 180°. 
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79. Reflex Angle.—A reflex angle is an angle greater than 180° less 
than 360°. 

80. Perigon.—A perigon is an angle of 360°. 

81. Illustrations of Angles. 


wan 


Straight Aino - eancant aa Right Angles 


B 
B A 
Pte 
1 Pte 4 


A 
O Acute Angle Obtuse Angle Reflex Angle 


82. Complementary Angles.—Two angles whose sum is 90° are 
complementary. Thus, 40° is the complement of 50°, also 50° is the 
complement of 40°. 

Give other illustrations. 

Complements of the same angle or of equal angles are equal. Az. 2. 

83. Supplementary Angles.—Two' angles whose sum is 180° are 
supplementary. Thus, 30° is the supplement of 150°, also 150° is the 
supplement of 30°. Give other illustrations. Supplements of the same 
angle or of equal angles are equal. Az. 2. 


50° 150 


40° ae 
Complementary Angles Supplementary Angles. Vertical Angles 


84. Vertical Angles.—Two angles which have a common vertex, 
and the sides of one are the prolongations of the sides of the other are 
vertical angles. 21 and Z 8 are vertical angles, Z 2 and Z 4 are 
vertical angles. 


Problem. 41+ 22 = 180°. §83. 
Z£2+ 23 = 180°. 

Z£1+ 242= 42+ 23. Ageu: 

Pon Spa We? An's At. 2.4 


Show that 22 = 24. 


We see from the above problem that when two straight lines intersect 
the vertical angles are equal. 


85. Theorem.—A theorem is a statement which requires proof. . 
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Illustration.—When two straight lines intersect the vertical angles 
are equal. This statement is naturally divided into two parts, the 
hypothesis and the conclusion. The hypothesis is that which is given as 
“when two straight lines intersect.”” The conclusion is that which is to 
be proved as ‘‘the vertical angles are equal.” 


PROBLEMS 
Check where possible 


1. Draw the following angles: Acute, obtuse, reflex, right, straight, oblique, 
adjacent, complementary, complementary-adjacent, complementary-nonadjacent, 
adjacent not complementary, supplementary, supplementary-adjacent, supple-' 
mentary non-adjacent, adjacent not supplementary, vertical angles. 

2. Draw two lines making the adjacent angles equal. What kind of angles are 
formed? What is the relation between these lines? How many perpendiculars 
ean be drawn to a line at a given point? Why? 

3." One angle is 75° 24’ 33” and another is 50° 23’ 45”. Find their sum; their 
difference. Multiply each of them by 2. Divide each by 2. 

4 How many degrees between the hands of a clock at 20’clock? At 40’clock? 
At 2:30 o’clock? At 8:45 o’clock? At 2:15 0’clock? At 12 0’clock? 

5.“ Subtract 32° 25’ 35” from 90°. The result is the complement of 32° 25’ 35’. 
Find the supplement of 32° 25’ 35”. 

6. What is the complement of an angle of 30°? 42° 25’? 68° 32’ 21’? Find 
the supplement of each of these angles. 

7. Write an equation stating that p and g are complementary angles. Solve 
the equation for 7p; for g. 

8. Write an equation stating that r and s are supplementary angles. Solve 
for r; for s. 

9." Find the angle which equals (check results): 

(a) 4 times its complement. 

(b) 10° less than its complement. 

(c) 30° less than 5 times its complement. 

(d) 9 times its supplement. 

(e) 20° more than 3 times its supplement. 

(f) 27° more than its supplement. 

(g) 4 of its complement; 3 its supplement. 

10. Find the angle, the sum of whose complement and supplement is 110°; 200°; 
216°. 

11.’The sum of three angles is a perigon. The first is twice the second, the 
second is three times the third. How many degrees in each? Hint. Let x = the 
value of the third angle. : 

12.” How many degrees in each of two complementary angles if the greater exceeds 
the less by 17°? : : ~“ 

13.YAn angle is 30° less than its complement. What part of a right angle is it? 
What part of a straight angle? What part of its complement? What part of its 
supplement? 

14, If the angle x + 26° is the complement of 2x + 22°, find the angles. 

15. If the angles in Prob. 14 are supplementary, find them. 

Note.—Draw figures for problems 16 to 21. 

16. The angles about a point on one side of a straight line are represented as 
follows: Find them. 

(a) (2% + 27)°, (3x — 15)°, and (x + 42)°. : 

(b) (3a + 5)°, (6x — 3)°, (Se — 4)°, and (32 — 12) 2 

(c) (2.7y + 36.43)°, (1.3y + 7.32)°, and (y — 32.25)°. 


Voce 
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17, The bisectors of two supplementary adjacent angles form a right angle. 
Solution. Z AOD and Z DOB are supplementary. 


Then, Z AOD + Z DOB = 180° 
Hence, 3Z AOD + 32 DOB 90° E ae 
Z EOC = 90° Az. 4 


18, Find the angle formed by the bisectors of two com- 


A (0) B 


plementary adjacent angles. 


N\ 


19. If 50° and 60° are two adjacent angles, what angle is formed by their bisectors? 
90. If mand nare any two adjacent angles, what angle is formed by their bisectors? 
21. Find the number of degrees in each of the following pairs of vertical angles. 
(a) (5a + 15)° and (3a + 28)°. 

(b) (8x + 164)° and (Za + 243)°. 

(c) 5° and (7x — 60)°. 

(d) (3m + 15)° and (m + 40)°. 

22. Compute the deflection at the end of a 10’ steel cantilever beam 3” X 2” 


in section when uniformly loaded with a total distributed load of 800 lbs. 


a Re 
Deflection = 8 EI” 


Pros, 22. Pros. 23. 


W = weight in lbs. 2 =lengthininches. EH = Modulus of elasticity or 30,000,- 


000 pounds per square inch. J = Moment of inertia, 1.c., qiybd° for a rectangle, where 
b = breadth in inches, d = depth in inches, ; 


23. A steel cylinder 2’ in diameter is surrounded by a wrought iron hoop 2” wide 


by 4” thick. If the radial pressure between the cylinder and the hoop is 200 pounds 
per square inch, what is the unit tensile stress in the hoop? Rd = 2st. : 


sq. 


R = radial pressure in lbs, per sq, in., d = diameter in ins., s = stress in lbs. per 
in,, ¢ = thickness in ins. 110v 


Floor Socket 


Electric Iron 
Equivalent to a Resistance 


>> < 


Pros. 24. Pros. 25. 


_—-— 24. (a) How many calories of heat are generated in one hour by an electric iron 


of 220 ohms resistance using 5 amperes of current? 


R 


Formula. H = .24/°Ri, where H = heat in calories, J = current in amperes 
= resistance in ohms, ¢ = time in seconds. < ‘i 


(b) How much heat would be generated by an iron using twice as many amperes? 


25. A one-quarter horse power motor operates on a 110 volt line. How much 


current does it consume in amperes if it is only 60% efficient? 


I 100 X 746 X H.P. : ; 
= Ef.XE? where J = current in amperes, H.P. = horse power, 


Eff. = per cent efficiency, H = volt line. 


CHAPTER IV 
RELATIONS BETWEEN GEOMETRIC FIGURES 


86. Geometric Figures.—A point, a line, an angle, a surface, a solid, 
or any combination of them, is called a geometric figure. 

The relations between geometric figures form the basis of solution of 
many engineering problems. A problem is more easily and intelligently 
solved if it is first visualized by the use of a figure. 

The correct solution depends upon the knowledge of the relations 
between the lines and the angles of the same or of related figures. Some 
of the fundamental relations will be studied in this chapter, while others 
will be taken up as the subject of mathematics is developed. 

87. Similar Figures.—Figures which have the same shape are similar. 

88. Equivalent Figures.—Figures which have the same size are 
equivalent. 

89. Equal Figures.—Figures which have same shape and size are 
equal. 

90. Geometric Axioms.—Axioms which apply to geometric figures 
only are called geometric axioms. 

The following are important geometric axioms. 

1. A straight line is the shgftest line connecting two points. The 
distance between two points is she length of the straight line connecting 

_ them. 
) 2. Through two given pdints only one straight line can be drawn. 
Hence, two points determine a straight line. 

3. Two lines which have two points in common coincide throughout 

their whole extent. Hence, two lines can intersect in only one point. 
i 4. Through a point not on a given line, only one line can be drawn 

parallel to the given line. (For def- 

inition of parallel lines see §114.) 

5. A geometric figure may be moved 
about in space without changing its 
shape or size. 

6. Two geometric figures which can 
be made to coincide are equal. 

91. Polygons.—A polygon is a por- 5 C 
tion of a plane bounded by straight 
lines, as ABCDE. AB, BC, CD, etc. are the sides of the polygon. 
The sum of the sides is the perimeter. The angles of the polygon are 
the angles formed where two sides meet; as Z ABC, or ZB. The ver- 
tices of the angles are the vertices of the polygon. Adjacent angles of a 
polygon are two angles having a ey side. ZBand ZCareadja- 
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cent. and BC is the common side. An exterior angle of a polygon is an 
angle formed by one side and an adjacent side extended, as Z land 22. 
A diagonal of a polygon is a straight line connecting any two vertices not 
adjacent. 

92. Equiangular Polygons.—An equiangular polygon is a polygon 
all of whose angles are equal. 

93. Equilateral Polygons.—An equilateral polygon is a polygon all of 
whose sides are equal. 

94, Triangles.—A triangle is a polygon of three sides. 

It is necessary to make a thorough study of the triangle, since it 
plays a very important part in the solution of problems in science and 
engineering, where relations between lines and between angles are 
required. In later chapters we shall see how to use triangles in computing 
heights, distances, forces, components of forces, ete. 

95. Triangles Classified as to Sides.—A scalene triangle has no two 
sides equal. An isosceles triangle has two equal sides. The equal sides 
are the legs. An equilateral triangle has three equal sides. 

The sides of a triangle are often denoted by small letters, as a, b, and 
c, placed opposite the angles A, B, and C, respectively. 


i 7 


Scalene Tsosceles ' Equilateral 


96. Triangles Classified as to Angles.—A right Gianele is a triangle 


in which one angle is a right angle. The side opposite the right angle is 
the hypotenuse. The other two sides are the legs. An acute triangle © 


is one in which all angles are acute. An obtuse triangle is one in which 
one angle is obtuse. An equiangular triangle is one in which all angles 
are equal. An oblique triangle is a general name for all triangles except 
a right triangle. 
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ary.—The following outline will help visualize the above 


/ Scalene 
As to Sides | Isosceles 
Equilateral 
Triangles 
le 
Right Acute 
pe nee Obiie lobtuee 


” 98. Bases.—The base of a triangle is the side upon which it is assumed 
to stand. Any side may be taken as the base. 

99. Angles.—The vertex angle is the angle opposite the base. The 
other two angles are the base angles. 

100. Altitudes.—An altitude of a triangle is the perpendicular drawn 
from a vertex to the base or to the base extended. A triangle has three 
altitudes since it has three bases. 

101. Medians.—A median of a triangle is the line drawn from a vertex 
to the middle point of the opposite side. A triangle has three medians. 

102. Bisectors.—A bisector of an angle of a triangle is a line which 
divides the angle into two equal angles. A triangle has three angle- 
bisectors. 


103. Properties of Triangles.—1. The R 
sum of any two sides of a triangle is greater 
than the third side. q p 
Thus, p+q>r. Geom. Az. 1. 
2. Any side of a triangle is greater 
than the difference between the other two = a 
sides. 
Thus, p+q>rT e9) 
Hence, p= T=. Ax. 9. 


‘Problems. Is it possible to have a triangle whose sides are 8, 6, 12? 
17, 5,6? 11, 16,257 5, 12,13? 3,4,5? 2.3,3.4, 4.5? 3.5, 4.6, 97 
~~ 104. Corresponding Parts of Equal Triangles.—The corresponding 
parts of two triangles are the parts similarly placed in the two triangles. 
Corresponding sides are always opposite equal angles. Thus, in the 
two triangles ABC and DEF, AB corresponds to DE, BC to EF, AC to 


c F 


A B D E 
DF, ZAto Z D, ZBto ZE,and ZC to ZF. Corresponding parts 


of “a are equal. 


fe Y 
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105. Theorem.—If two sides and the included angle of one triangle 
are equal to the corresponding two sides and the included angle of another, 


the triangles are equal. 
C : F 


A Ba E 


Given As ABC and-DEF, in which AB = DE, AC = DF, and 


LA SOLD, 
To prove that A ABC = A DEF. 
Proof.—Place the A ABC on the A DEF so that the side AB coin- 


cides with its equal DE. §90—5. 
Then AC will take the direction of DF, for ZA = 2D. Given. 
Then C will fall on F, for AC = DF. Given. 


.. BC coincides with EF. 
(Through two points only one straight line can be drawn.) 


- As ABC and DEF coincide and are equal. §90—6. 
Q.E.D. 
Name the corresponding parts of the above triangles. i 


The above theorem may be abbreviated thus, s. Z. s. 

This method of proof is Cane as the “proof by superposition.” 

106. Corollary.—A corollary is a truth easily deduced from one or 
more theorems previously proven. 


—~ 107. Corollary 1.—If the legs of one right triangle are equal to the 


legs of another, the two right triangles are equal. 


Proof.—Since all right angles are equal, we have two triangles with ~ 


two sides and the included angle of one equal to the corresponding two 
sides and the included angle of the other. 
.. The two rt As are equal. 
PROBLEMS 


1. Find the distance between two points A and B, when an obstacle stands between 


them. . Take C any convenient point. Measure AC and extend it to D, making 


CD = AC. Measure BC and extend it to E, making CH = BC. Measure ED. 
Then AB = ED. §105. 


A B S 


Pros, 1. Pros. 3. Pros. 5. 


2.-Construct A. PQR with side PQ = side QR. Extend PQ through Q to T, 
and RQ to S, making SQ = QT. Prove that A PQS = A QRT. 


on Des 


. _ 
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3. Given ZO bisected by OC, P any pointinOC andOA =OB. Prove AP = BP. 
. 4. Any point in the bisector of the vertex angle of an isosceles triangle is equi- 
ee from the extremities of the base. 


5. Given lines PQ and RS bisecting each other at O. Prove that PR = SQ. 
108. .Theorem.—If two angles and the included side of one triangle 


are equal to the corresponding two angles and the included side of another, 
the triangles are equal. 


f 


8) 


P Q M N 


Given As PQR and MNO in which ZP = ZM, ZQ= ZN, and 
PQ = MN. 

To prove that A PQR = A MNO. 

Proof.—Place the A PQR on the A MNO so that PQ coincides with 
its equal MN. § 90—5 

Then PR will take the direction of MO and R will fall on MO or on 
MO extended, for Z2P = 2M. Given. 

Again, QR will take the direction of NO and RF will fall on NO or 
NO extended, for 2Q = ZN. Given. 

Since R falls on MO and NO it will fall on O. (Two straight lines 
can intersect in only one point.) ’ 

.. As PQR and MNO coincide and are equal. Q.E.D. 

The abbreviation for thistheoremis Z.s. Z. 

Name the corresponding parts of the above triangles. 


PROBLEMS 
1. Find the distance between two points, A and B, on opposite sides of a stream. 
At A lay off an angle of 90°. Measure AC and extend it to D, making CD = AC. 
At D lay off a perpendicular meeting BC extended at H. Measure ED. Prove that 
ED = AB. §108. 


type . s 4 
x i M 
) c 
R 
N 
PN = B Q 


Pros. 1. Pros. 2. Pros. 3. Pros. 4. 


2. Given Z O bisected by OD, and AB 1 OD at C. Prove that OB = OA. 

3. Given lines MN and P@ intersecting at O, M S 1. PQ,QR 1 MN,and OS = OR. 
Prove that Z M = ZQ, and OM = 0Q. 

4. PR and SQ were drawn so that PO =OR, and Z1=2Z 2. Show that 


SR = PQ and SO = 0Q. 


D 
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109. Auxiliary Lines.—To prove a theorem it is often necessary to 
draw additional lines in the given figure. These lines reveal properties 
that are shown in the proofs of previous theorems, and thus aid in estab- 
lishing the required proof. Such lines are auxiliary lines and are always 
dotted to distinguish them from the given lines. 

110. Theorem.—In an isosceles triangle the angles opposite the equal 
sides are equal. 


A hy B 


Given the isosceles A ABC in‘which CA = CB. 
To prove that ZA = ZB. 

Proof.—Draw CD bisecting Z C. 

Then in As ADC and DBC, 


CD = CD Common. 

“Ais £2, Const. 
and.CA = CB. Given. 

“ AADC = A DBC, 3. 2.8. 
ZL Ave 2B. Cor. Zs of equal As. 
Q.E.D. 


Name other corresponding parts of the As ADC and DBC. 


PROBLEMS 
1. Prove that the medians to the legs of an isosceles triangle are equal. 
2. If two rafters of a gable.roof are of equal length, supports perpendicular to 
the floor, set at equal distances from the center line, are equal. ; 
3. Prove that the bisectors of the base angles of an isosceles triangle are equal. 
4, An equilateral triangle is equiangular. 


; 111. Theorem.—lIf the three sides of one triangle are equal to the 
corresponding three sides of another, the triangles are equal. 
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Given As ABC and DEF in which AB = DE, BC = EF, and CA = 
FD. 

To prove that A ABC = A DEF. 

Proof.—Place the triangle DEF so that DE will coincide with its 
equal AB and A DEF takes the position ABF. 


Draw CF. Then As AFC and FBC are isosceles. Why? 
Z1= 22, Why? 

and 23 = 24. Why? 

Z1+ 23 = 22+ 24 Why? 

4.6. ZACB = Z: AFB: Az; 12. 

« A ABC = A AFB. §105. 

. A ABC = A DEF. Arb; 

The abbreviation for this theorem is s.s.s. Q.E.D. 


Name the corresponding Zs of the two As. : 


PROBLEMS 


1. ABC and ABD are isosceles triangles on the same base AB, Prove that CD 
bisects the angles C and D. (C and Dare on opposite sides of the base AB.) 
“2. Given AD = BC and AC = BD. Prove that 4 DAB = £ ABC, Z DAO = 


Z CBO, and A AOD = A BOC. = 
3. Given isosceles A ABC and AB extended so that AD = BE. Prove that 


Z1=Z2and DC =CE. 


Pros. 2. Pros. 3. Pros. 4 


A, Given isosceles As ABC and ABD on the same base AB. Prove that 


A ADC = A DBC, and 21 = 22. 
5. Given AD = AB and DC = BC. Prove that 2D =Z B. 
6. If AB = CB and D is the midpoint of AC, prove that Z 1 = 22, and ZC = 


ZA. 


Pros. 6. 


Pros. 6. 


112. Theorem.—An exterior angle of a triangle is greater than 
either opposite interior angle. 


t 
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Given 2 CBD an exterior angle of A ABC. 

To prove that 4CBD > 4Cor 4A. 

Proof.—Take E the mid-point of CB. Draw AE and continue it to 
F, making EF = AE. Draw FB. 


. oF 


A 
Then A AEC = AcEBF. $105. 
- £0 = 1% $104. 

£ CED >is. Az. 12. 

ZCBD > ZC. Az. 5. 


Q.E.D. 


To prove 4 CBD > Z A, take the mid-point of AB and draw a 
figure similar to the one above. The student should complete the 
proof, 

113. Theorem.—From a point without a line only one perpendicular 
ean be drawn to the line. 


P 


M R 


Given PM 1 QR and PN any other line from P to QR. 
To prove that PN is not 1 QR. 


~ 


Proof. 22> 21. g112. 
Lilisat Z | Given. 
“<—_”:C«S: LZ 2s obtuse. Why 
__ &. PN1s not 1 QR. = 87 
OY — QE 


114. Parallel Lines.—Parallel lines are lines in the same plane whit 

do not meet however far extended. 
as Theorem.—Two straight lines | to the same straight line are |. 
$118, 11 
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a 116. Theorem.—If a line is perpendicular to one of two parallel lines 
it is perpendicular to the other also. 


Given AB || CD, EF 4 CD. 
To prove that EF 1 AB. 
Proof.—Through FE draw MN 1 to EF. 


Then MN || CD. $115. 
But AB || CD. Given. 
“. MN coincides with AB. §90—4. 
But MN 1 EF. Const. 
+ ABLEF. (AB coincides with MN whichis 1 EF.) 

1.¢., EF \ AB. Q.E.D. 


—>417. Corollary.—If two straight lines are parallel to 4 third straight 
line they are parallel to each other. 
118. Definitions.—A transversal is a straight line which intersects 
two or more straight lines. 
Thus, EF ‘intersects AB and 
CD, forming eight angles as in the 


- Jolaof, 


e. 

Angles 1, 2, 7, and 8 are exterior 
angles. Angles 3, 4, 5, 6 are interior 
angles. Angles 3 and 6; 4 and 5 are C 
pairs of alternate interior angles. 

Angles 1 and 5; 2 and 6; 3 and 
7; 4 and 8 are pairs of corresponding y. D 
119. Theorem.—If two parallel lines are cut by a transversal, the 
alternate interior angles are equal. 


M 


Given MN || PQ and ABa transversal cutting MN in C and PQ in D. 
To prove that 21 = 4 2. 
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Proof.—Through O, the mid-point of CD, draw RS 1 PQ. Then 


RS 1. MN. i §116. 
Apply the figure DSO to the figure CRO so that OD coincides with its 
equal OC. 


Point D will fall on point C. 
Then OS will take the direction of OR. (Vert. Zs at O are equal.) 


DS will fall along CR. §113. 
Ci ime Z 2: §90-6. 
Q.E.D. 


__® 120. Corollary 1.—If two parallel lines are cut by a transversal any 
pair of corresponding angles are equal. 


Suggestion. 

AB || CD, EF is a transversal. 
Z1= 24. ; Why? 
L4= £6. §119. 
Z1= 265. Az. 6. 


Provethat 22 = Z6, 7 ae £8,and 23 =.2 7. 


_\121. Corollary 2.—If two parallel:lines are cut by a transversal the 
~two interior angles on the same side of the transversal are supplementary. 


PROBLEMS 


1, Draw a pair of parallel lines cut by a transversal. If a pair of alternate interior 
angles are (4% — 6)° and 50°, find the value of z and of the eight angles of the figure. 

2. If a pair of corresponding angles are ($2 + 15)° and 25°, find x and the eight 
angles of the figure. 


/%. If the two interior angles on the same side of the transversal are (2 + 40)° 
and 100°, find z and all the angles of the figure. 


_{\122. Converse of a Theorem.—The converse of a theorem is the 
theorem formed by interchanging the hypothesis and the conclusion. 
Illustration.—If two straight lines are cut by a transversal making the 
alternate interior angles equal, the straight lines are parallel. This is the 
converse of the theorem in §119. 
It does not follow, however, that the converse of a theorem is true 
because the theorem is true. A simple statement will make this clear. 


a ee 
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All right angles are equal. The converse, all equal angles are right angles, 
is not true. 

-—.\ 123. Theorem.—If two straight lines are cut by a transversal making 
the alternate interior angles equal, the lines are parallel. 


Given AB and CD two straight lines cut by the transversal EF in the 
points Mand N,making 21 = Z2. 

To prove that AB and CD are parallel. 

Proof.—Through M draw a line PQ parallel to CD. 


Then ZPMN = Z 2. §119. 
But Z1= 22. Given. 
ZPMN = 21. Ax. 6. 

.. PM and AM coincide. §90-4. 

-. PQ and AB coincide. §90-3. Geom. Az. 3. 


Since PQ was constructed parallel to CD, AB which coincides with 
PQ is parallel to CD. Q.E.D. 
-— 124. Corollary 1.—If two straight lines are cut by a transversal 
making any pair of corresponding angles equal, the lines are parallel. 
_—125. Corollary 2.—If two straight lines are cut by a transversal 
making the interior angles on the same side of the transversal sup- 
plementary, the lines are parallel. 
126. Theorem.—If the corresponding sides of two angles are parallel, 
the angles are either equal or supplementary. 


Given AB || EF and CD || GH. 
To prove that Z1= 4 3 = £4; Z1and Z5 supplementary. 
Proof.—Extend AB and HG to intersect at O. 


4 . 
s 
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Give a reason for each of the following: 


Lie Le: 
Z2= 23. 
Zio '23, 
FA BEM 7 i, 3 


oh Pl ee Lb ee ZL A 
Z5is the supplement of Z 3. 
Z1is the supplement of Z 5. 
.Q.E.D. 
Note.—From the above it is seen that when both pairs of corresponding 
sides extend in the same direction or in opposite directions from the vertices, 
the angles are equal. 
When one pair of the corresponding sides extends in the same direction 
and the other pair in opposite directions from the vertices, the angles are 


supplementary. om 
127. Theorem.—lIf the sides of one angle are perpendicular to the 


corresponding sides of another angle, the angles are either equal or 


supplementary. 


Given BA | DGand BC 1 FE. 

To prove that Z1= 22; Z1land Z 5 supplementary. 

Proof.—Draw EH | DG and EI 1 EF, extending in the same direc- 
tions as BA and BC respectively. 


Then EH || BA and EI || BC. §115. 
a ieee 7 $126. 
Z4is the complement of Z 3. Const. 
Z2is the complement of Z 3. Const. 

Las 22, §82. 

ButeZ lve’ 2455.7 2 re, Pro: 

Z 2 is the supplement of Z 5. Why? 
Z1is the supplement of Z 5. Az. 5. 
Q.E.D. 


Note.—I n the above theorem two angles are equal if the corresponding 
sides are considered to rotate about the vertex in the same direction. Thus 


— 


~~ 
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BA rotates opposite to the hands of a clock to meet BC, and ED rotates in 
the same direction as BA to meet EF. »«. Z1= 22. The angles are 
supplementary if the corresponding sides rotate in opposite directions. 
Thus, BA rotates opposite to the hands of a clock to meet BC, but EG rotates 
in the same direction as the hands of a clock to meet EF, therefore, Z1 and 
Z 5 are supplements. 


128. Theorem.—The sum of the angles of any triangle equals two 


, right angles. 
C 


A os ah D 


Given ABC any A. 

To prove that Z1+ 40+ ZA =2rt. Zs. 
Proof.—Extend AB to D forming the exterior Z CBD. 
Draw BE || AC. 


(1) Then Z1+ 224+ £3 =27t. Zs. Why? 
ae = 2 2. (Alt-int Zs of || lines.) 
LA = £3. (Cor. Zs of || lines.) 


In (1), substitute ZC for Z2and ZAfor 23. 
Then Z1+ 20+ ZA =2rt. ZL. 
Prove the above theorem by drawing a line through a vertex parallel 


to the opposite side. 
129. Corollary 1—An exterior angle of a triangle is equal to the sum - 
of the two opposite interior angles. 


Q.E.D. 


130. Corollary 2.—There can be but one right angle in a triangle. —— 


131. Corollary 3.—The sum of the two acute angles of a right triangle 
equals one right angle. 

132. Corollary 4.—If an acute angle of one right triangle is equal to an 
acute angle of another right triangle, the remaining acute angles are equal. 

133. Corollary 5.—There can be but one obtuse angle in a triangle. 

134. Corollary 6.—If two angles of one triangle are equal to two 
angles of another triangle, the third angles are equal. 

135. Corollary 7.—Two triangles are equal if two angles and a side of 
one are equal to two angles and the corresponding side of the other. 

136. Corollary 8.—Two right triangles are equal if an acute angle 
and a leg of one are equal to an acute angle and a corresponding leg of the 
other. 

137. Corollary 9.—Two right triangles are equal if an acute angle and 
the hypotenuse of one are equal to an acute angle and the hypotenuse of 


the other. 


52 ENGINEERING MATHEMATICS 


138. Corollary 10.—The sum of the exterior angles of a triangle 
formed by producing the sides in order equals 4 rt. Zs. Prove by 
equations. 

139. Corollary 11.—Each acute angle of an isosceles right triangle 
is 45°. 

140. Corollary 12—Each angle of an equiangular triangle is 60°. 


PROBLEMS 


; 
_————~ ]. Two angles of a triangle are 42° and 62°. Find the other angle. Find all 
the exterior angles. 
2. One acute angle of a right triangle is 38° 42’. Find the other acute angle. 
3. How many degrees in each angle of an isosceles right triangle? ; 
4. Is it possible to have a triangle whose angles are 30° 15’, 48° 12’, 101° 33’? 
AST, Haye Pave ANNs eye 
5. If the vertex angle of an isosceles triangle is 30°, find the base angles. 
6. A base angle of an isosceles triangle is 55°. Find the vertex angle. . 
7, The vertex angle of an isosceles triangle is 45°. Find the three exterior 
angles. 
8. An exterior angle at the base of an isosceles triangle is 128° 20’. Find all 
the angles of the triangle. 
9. If the acute angles of a right triangle are equal, how many degrees in each 
anele: 
eel): wif one acute angle of a right triangle is double the other, how many degrees 
in each rangle? 
11. The second angle of a triangle is 25° more than the first, the third angle is 
10° more than the second. .Find the three angles. 
12. The base angles of a triangle are 75° and 80°. Find the angle included by 
~~ their bisectors. 
138\The first angle of a triangle is 30° and the second is double the third. Find 
A the angles. Find all the exterior angles. 
14, The angles of a triangle are represented by 1,2,and3. If 21+ 23 = 100° 
andZ2+2Z43= 120°, find all the angles. 
15. Any line drawn parallel to the base of an isosceles canple makes equal angles 
with the legs or the legs extended through the vertex. 
16. Find the angles of a triangle if the second angle,is 10° more than twice the 
first and the third angle is 40° more than twice the first. ~ 
-17. An exterior angle at the base of an isosceles triangle is three times the base 
angle. Find the vertex angle. 
18. The vertex angle of an isosceles triangle is 3 of a right angle. Find the base 
angles and all exterior angles. 
19. If the lines AB and CD bisect each other, prove that CB || AD and CA || BD. 


} oe 


————, 


A D 
Pros. 19. Pros. 20. Pros. 21. 


20. ABC is any triangle. BM and CN are altitudes. Name pairs of equal angles 
on the figure. 
21. In the isosceles triangle ABC, AD = EB. Prove that A DEC is isosceles. 
i 
/ 


/ 
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- A y' 
di! ~141. Theorem.—If two angles of a triangle are equal, the triangle is 
isosceles. Converse of §110. 


A D ‘Be 


Given A ABC in which ZA = ZB. 
To prove that CA = CB. 
Proof.—Draw CD to AB. 

Then in rt. As ADC and CDB, 


LA = £8; Given. 

and CD.= CD, Common. 

= rhe A ADC = rt A CBD. §136. 
Spe Q.E.D. 


X ‘eee f 
( f Nt» 


Map, Theorem.—Two right triangles are equal, if the leg and hypote- 
nuse of one equal the corresponding leg and hypotenuse of the other. 


C F 
ial ‘ 4 
v 8 
y; 
4 
/ 
4 
¢ 
i 
* 
4 
4 
r | 
, 
oe 
7 
4 
4 
if 
/ 
y 
¢ 
4 
vA 
a 
/ 1 
A - B Aé------ 7-0 E 


Given rt. As ABC and DEF in which AC = FE and CB = FD. 

To prove that rt. A ABC = rt. A DEF. 

Proof.—Place the rt. A ABC so that CB coincides with its equal 
FD andthe A ABC takes the position FDA. 

Now ADE is a straight line, since Z1+ 42=a straight angle. 

Why is it necessary to show that ADE isastraight line? 


- Then AEF is an isosceles triangle. Why? 
| Pen = LE: Why? 
<. rt. A ABC = rt. A DEF. §137. 


Q.E.D. 
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\ 43. Theorem.—lIf two sides of a triangle are unequal, the angles 

opposite are unequal, and the greater angle is opposite the greater side. 
C 


D 
A B 

Given A ABC in which AC > CB. 4 

To prove that ZB> ZA. , 

Proof.—On CA lay off CD = CB. 
Draw DB. i ‘ 
Then AB >i22 Ax. 13: 1 
Zia L2 Why? 9 
Lob Ae Az. 5. G 
But Zl> ZA §112. 

ZBo ees 


(If of three quantities, the first is greater than the second and the 
second greater than the third, then the first is greater than the third.) 
Q.E.D. 

144. Theorem. —If two angles of a triangle are unequal, the sides 
opposite are unequal, and the greater side is opposite the greater angle. 


C 
D 
A B 
Given the A ABC in which ZB> ZA. 
To prove that AC > BC. 
Proof.—Draw BD making Z ABD = ZA. 
Then, DA = DB. §141, — 
BD + DC > BC. $103. 
AD+ DC > BC. has Az. 5. 
‘Air > RE: Ag. 12; 


Q.E.D. 
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Another form of proof is the indirect method, by which the conclusion 
is arrived at by the process of elimination. 

Thus, CA equals CB, is less than CB, or is greater than CB. (When 
two quantities are compared, the first =, >, or < the second.) 

First.—Suppose CA = CB 


Then A ABC is isosceles and ZA = ZB. §110. 
This is contrary to the hypothesis. 
Second.—Suppose CA < CB. Then ZA> ZB. §143. 
This is contrary to the hypothesis. 
Ce CA > CB. 
For if CA is neither equal to, nor less than CB it must be greater. 
, Q.E.D. 


_-—~ 145. Theorem.—The perpendicular is the shortest line that can be 
4drawn from a point to a line. 


P 


\ Cit 


A N M B 


Given PM | ABandPN any line not L AB. 
To prove that PM < PN. 


Proof.— Zlisart. Z. Given. 
Z2isanacute Z. ; §130. 

Poem <= FN. ; §144. 

: Q.E.D. 


Is the converse of the above theorem true? Prove your answer. 

146. Theorem.—If two triangles have two sides of the one equal 
to two sides of the other, but the included angle of the first greater than 
the included angle of the second, then the third side of the first triangle 
is greater than the third side of the second. Illustrate this fact. 

A rigorous proof of this theorem may be given if desired. 

The converse of the above theorem is true. 

147. Polygons Classified According to the Number of Sides.—A 
polygon of three sides is a triangle; one of four sides, quadrilateral; 
one of five sides, a pentagon; one of six sides, a hexagon; one of eight 
sides, an octagon; one of ten sides, a decagon, ete. 

148. Quadrilaterals Classified.—A trapezium is a quadrilateral with 
no two sides parallel. A trapezoid is a quadrilateral with two sides 
parallel. The parallel sides are the bases of the trapezoid. The non- 


56 ENGINEERING MATHEMATICS 


parallel sides are the legs. An isosceles trapezoid is one whose two legs 
are equal. The median is a line joining the mid-points of the legs. 
The altitude is the perpendicular distance between the bases. 


{ae 


Trapezium Trapezoid Parallelogram 


A parallelogram is a quadrilateral whose opposite sides are parallel. 
The altitude is the perpendicular distance between the bases. ~ 
149. Parallelograms Classified—A rhomboid is an oblique angled | 
parallelogram. A. rhombus is an equilateral rhomboid. <A rectangle. 
is a right angled parallelogram. A square is an equilateral rectangle. 


-  Rhomboid | | Rhombus se -Rectangle Square 


150. Theorem.—The sum of the angles of a polygon of n sides is 
equal to (n — 2) 2rt. Zs. ' 5 


A 


Sa 


; 
, 
i 
| 
} 
: 
| 
: 
Given ABC etc. a polygon of n sides. (Here n = 5.) a 
Toprovethat ZA+ ZB+ ZCetc. = (n — 2) 2rt. Zs. 
Proof.—If all the diagonals are drawn from any one vertex, the 
polygon will be divided into (n — 2) triangles. 
The sum of the Zs of any triangle equals 2 rt. Zs. 
The sum of the angles of the triangles equals the sum of the angles of 
the polygon. Az. 12. 
~ ZA+ ZB+ ZCetc. = (n — 2) 2rt. Zs. 
a : Q.E.D. 
: Prove this theorem by taking any point within the polygon and draw- 
ing lines from this point to the vertices. How many triangles will be 
formed? } 
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151. Corollary 1.—Each angle of an equiangular polygon of n sides — 
(n — 2) 2rt 4s 


n 
152, Corollary 2.—The sum of the exterior angles of a ‘Polygon of n 
sides equals 4 rt. Zs. 


153. Corollary 3——Each exterior angle of an equiangular polygon 


A rt. ZS 
equals Pe \ 


equals 


PROBLEMS 


“1. The angles of a triangle are 52°, 20z° and 30°. Find them. 
‘2. The angles of a triangle are in the same relation as 2, 8, and 4. Find them. 
Hint. Let x = an Z common to the three Zs. Then 2x etc. = the Zs. 
~ 3. The angles of a triangle are y°, (2y + 10)°, and (8y — 15)°. Find them. 
. The acute angles of a right triangle are x° and 27°. Find them. 


° 
The acute angles of a right triangle are 27° and + Find them, 


. One acute angle of a right triangle is seven times the other. Find them. 
. An exterior angle of a right triangle is 127°. Find the two acute otielce of* 
the triangle. 
-8. The second angle of a triangle is 25° more than twice the first, the third is: 
-10° less than three times the second. Find the aoe of the triangle. : 
Ans: 107140064 20K. 
9. Find an angle whose supplement plus 20° is $ : of its complement. 4 
Ans. —130°. 
10. The difference petireeni the acute angles of a right triangle is 20°. Find them. 
11. The difference between the acute angles of a right triangle is b°. .Find them. 
_12. The vertex angle of an isosceles triangle is 10° less than $ of a right angle. 
- Find the angles. Ys 
' 13. Find the angles of an isosceles triangle if the vertex angle is two ‘ ‘and one- 
half times a base angle. 
ie 14. Find the angles of an isosceles triangle if the vertex angle i is 15° less than a 
base angle. 
‘15. How many sides has a polygon if the sum of its angles is 8 right angles? 
Ans. 6 sides. 
16 How many sides has a polygon if the sum of its angles is 26 right angles? 
°17. How many degrees in each angle of the following equiangular polygons: 
Triangle; Quadrilateral; Hexagon. 


ND OF Bm wD 


| 154. Theorem.—A diagonal divides a parallelogram into two equal 


: triangles. 


Given ABCD a Prpaltclograat and DB a diagonal. 
To prove that A ABD = A BCD. 


D, 
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Proof.—In A ABD and BCD, 


DB = DB, | ae 

eaten s Why? 

and Z3 = Z2. ‘Why? 
» A ABD = A BCD, Q.E.D. 


A(55. Corollary 1.—The opposite sides of a parallelogram are equal. 
156. Corollary 2.—The opposite angles of a parallelogram are equal. 
. 157. Corollary 3.—Parallel lines included between parallel lines are 
equal. ds 
158. Corollary 4.—Parallel lines are everywhere equidistant. 
Does the diagonal of a parallelogram bisect the angles of the parallelo- 
gram? | 
aaa Theorem.—The diagonals of a parallelogram bisect each other. 
; D C 


A B 


Given 1 ABCD in which diagonals AC and DB intersect at O. 

To prove that AO = OC and DO = OB. 

Proof.—In the As AOB and DOC, | Fea 
AB = DC, Why? 


hiD Sele Why? 
and 44= 21. Why? 
A ADB = ADOC. ~~ Why? 
.. AO = OC and BO = OD : Why? 
: Q.E.D. 

PROBLEMS 


= —_1. Are the diagonals of a parallelogram equal? Prove your answer. 
~ 2. Prove that if the diagonals of a quadrilateral bisect each other the figure is a 
parallelogram. 
3. The diagonals of a rectangle are equal. 
4, State and prove the converse of problem 3. 
5. The disgonals of a square bisect each other at right angles and bisect the 
angles of the square. ' 
6. The diagonals of a rhombus bisect each other at right angles and bisect the 
angles of the rhombus. 
7. Any two adjacent angles of a parallelogram are supplementary. 
8. One of two adjacent angles of a (is 3the other. Find all the angles of the J. 
9. One angle of a (7 is 108° ‘Find the other angles. 


10 The bisectors of any two adjacent angles of a parallelogram are perpendicular 


to each other. 
11. The bisectors of two opposite angles of a parallelogram are parallel. 


RELATIONS BETWEEN GEOMETRIC FIGURES 59 


160. Theorem.—If the opposite sides of a quadrilateral are equal, —"— 
(! r figure is a parallelogram. 
\ 


D C 


Ea B 


Given quadrilateral ABCD in which AB = DC and AD = BC. 
To prove that ABCD is a parallelogram. 
Proof.—Draw the diagonal DB. 


Then A ABD = A BCD. Sit. 
eee £4, Cor. Zs of = As. 

~ AD || BC. 81232 

Also f 2-= 7 2. Why? 

.. AB || DC. Why? 


.. ABCD is a parallelogram 
Y A parallelogram is a quadrilateral whose opposite sides are parallel. Q.E.D. 


Tal 161. Theorem.—If two sides of a quadrilateral are equal and parallel, ae 
the figure is a parallelogram. 
Given quadrilateral ABCD in which AB = DC and AB || DC. 
To prove that ABCD is a parallelogram. 
Supply the proof using the above figure. 
a 162. Theorem.—If three or more parallel lines intercept equal 
segments on one transversal, they intercept equal segments on any ay 
/ transversal. 2 
“7 


ah 


Given AB, CD, and EF parallel lines, intercepting transversal BF 
so that BD = DF. 

To prove that AC = CE. 

Proof.—Draw BG and DH parallel to AE. 

Then BG || DH §117. 


er 
ij yy, 


y 
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In As BGD and DHF, Pas 
Pag a a Why? 
LD Las Why? ,_ 
and BD = DF. Why? © 
A BGD = A DHF §108 | 
. BG = DH. §104. 
But AC = BG and CE = DH. §157.  & 
. AC = CE Az.7., 
Q.E.D. § 
163. Corollary.—A line parallel to the base of a triangle and bisecting 
“one side of the triangle bisects the | 


other side and is equal to half the A 
base. 

Hint.—Through A draw a line || BC. ' 
From E the mid-point of AC, draw EF || AB. D . : 

164. Corollary 2.—A line par- 
allel to a base of a trapezoid bi- 
secting one leg, bisects the other 

i B 7 Co - 


leg, and is equal to one-half the 


sum of the bases. 


— 


the distance from each vertex to the middle of the opposite side. 


| 
i 
i 
165. Theorem.—The medians of a triangle meet in a point two-thirds 


Given AM, BN, and CP the medians of A ABC. 
To prove that AM, BN, and CP pass through O and AO = 20M, etc. 
Proof.—Let AM and BN intersect at O. 


Take X and Y the mid-points of AO and BO. 
Draw NX, XY, YM, and MN. 


Then, in A ABO, XY || AB and = $AB. ata 
In A ABC, NM || AB and = $AB. 

.. XY || NM and = NM. ae 
.. Figure VX YM is a parallelogram. §161. 
AX = XO = OM. Also BY = YO = ON. _ Const. and §159. 
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Follow the same proof by letting BN and CP intersect at O’. Prove 
that O and O’ are the same point. Then AM, BN, and CP intersect in 
O, and AO = 20M, BO = 20N, and CO = 20P. Q.E.D. 

Note.—The point at which the medians meet is, 

(a) The center of the triangle (center of area). 

(b) The center of mass and hence called the centroid. 

It is the point on which a triangle of uniform material will balance. 
It is generally called the center of gravity. 

166. Concurrent Lines.—When three or more lines intersect in the 
same point, they are concurrent. 

167. The Locus of a Point.—Locus means place (plural loci). The 
locus of a point, under a given condition, is the line or lines on which are 
found all the points which satisfy the given condition, but no other points. 
Thus, if a point moves in a plane so as to be always the same distance 
from a fixed point in the plane, the path will be the circumference of a 
circle. 

To prove that a line is the locus of a point under certain conditions, 
we must prove, first that every point in the line satisfies the given con- 
dition and second that every point which satisfies the given condition 
lies in the line. 

168. Theorem.—Every point in the perpendicular bisector of a line 
is equidistant from the ends of the line. 


r 


/ 


xX 


A Y B 


Given XY, the perpendicular bisector of AB, P any point in XY, and 
PA and PB, the distances from P to A and B. 
To prove that PA = PB. 


Proof-——Rt. A AYP =1t. A YBP. §107. 
:. PA = PB. Why? 
Q.E.D. 


169. Corollary 1.—Two points each equidistant from the ends of 
a line determine the perpendicular bisector of the line. 
170. Corollary 2.—The perpendicular bisectors of the sides of a 
, t, “It is the center of the circumscribed circle. 


triangle meet in 
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~\171. Theorem.—Every point equidistant from the ends of a line lies 
in the perpendicular bisector of the line. 


Pp 

- 
: 
3 
- 
{ 

A 9) B 
Given P, any point equidistant from A and B. : 
To prove that P is in the L bisector of AB. | 
Proof.—Take O the mid-point of AB. Draw PO. 
Then A AOP = A OBP. | §111. @ 
Hea 22. a Why? 9 
Ziand Z2arert. Zs. | _ §7A. t 
.. PO is the L bisector of AB. 
a ; Q.E.D. q 


172. Corollary.—The perpendicular bisector of a line is the locus of 
ll points equidistant from the ends of the line. 
: 173. Theorem.—Every point in the bisector of an angle is equidistant 
from the sides of the angle, and conversely. 


A. 


and PN 1 OB. 
To prove that PM = PN. 
Proof.—Rt. A OPM = rt. A ONP. §137. 


: 
B 
Given OX, the bisector of Z AOB, P, any point in OX, PM 1 OA, 
«. PM. =3Pa Why? 
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State and prove the converse. 
14. Corollary.—The bisectors of the angles of a triangle meet in a 
point. It is the center of the inscribed circle. 


MISCELLANEOUS PROBLEMS 


1. Write all theorems and corollaries which state that two triangles are equal. 
2. Write all theorems and corollaries which state that two right triangles are 
equal. 
3. What pairs of angles are equal when two parallel lines are cut by a transversal? 
4, If two lines are cut by a transversal, what pairs of angles must be equal to 
make the lines parallel? 
5. State the conditions under which two lines are equal; two angles are equal. 
6. State the condition under which a quadrilateral is a parallelogram. 
Note.—A working knowledge of problems 1 to 6 will greatly aid in solving geom- 
etric problems. 
Prove the following: 
7. The bisectors of two supplementary adjacent angles are perpendicular to 
each other. 
8. The bisectors of two alternate interior angles of parallel lines are parallel. 
9. Corresponding medians of equal triangles are equal. 
10. Corresponding altitudes of equal triangles are equal. 
11. Each angle of an equilateral triangle is 60°. 
12. The altitudes upon the legs of an isosceles triangle are equal. 
13. In an isosceles triangle, the bisector of the vertex angle bisects the base and 
is perpendicular to the base. 
14. In an equilateral triangle the medians, the altitudes, the perpendicular 
bisectors of the sides, and the bisectors of the angles coincide. 

i ., two sides of a triangle are extended each its own length, through a common 
vertex, the line joining the ends of the extended sides equals the third side of the 
triangle and is parallel to it. This problem is used in finding distances which can- 
not be measured. Illustrate. 

16. In an isosceles triangle the median from the vertex to the base bisects the 


vertex angle and is perpendicular to the base. ; 
17. The exterior angle at the base of an isosceles triangle is equal to one-half the 


vertex angle plus 90°. 
18. The median to the hypotenuse of a right triangle equals one-half the hypote- 


nuse. 
9. In a right triangle if one acute angle is double the other, the hypotenuse is 


double the shorter leg. 

20. Iffrom any point in the base of an isosceles triangle, lines are drawn parallel 
to the equal sides, a parallelogram is formed whose perimeter is constant. It is equal 
to the sum of the two legs. 

21. The bisectors of the angles of a parallelogram form a rectangle. 

22. The bisectors of the angles of a rectangle form a square. 

23. The base angles of an isosceles trapezoid-are equal. 

24. The opposite angles of an isosceles trapezoid are supplementary. 

25. The diagonals of an isosceles trapezoid are equal. ae 

26. If the diagonals of a parallelogram are perpendicular, the figure is either 


a square or a rhombus. : 
27. If a diagonal bisects an angle of a parallelogram the figure is equilateral. 


28. If two altitudes of a triangle are equal, the triangle is isosceles. ; 
29. Lines from two opposite vertices of a parallelogram to the mid-point of the 


opposite sides trisect the diagonal. 
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30. The angle formed by the base of an isosceles triangle and the altitude upon 
a leg equals one-half the vertex angle. 

31. To find the distance AB, lay off BD any length 1 AB. At D lay off 21 = 

Z 2 and extend AB to meet DC at C. Why does BC = AB? : 

32. An image reflected in a mirror appears to be as far behind the mirror as the 
reflected object is in front of it. The object is at A but is seen at B, if the observer 
is at M. Show that AC = CB. 

Note.—A ray of light striking a mirror at any given angle is reflected at the same 
angle, t.e, Z1=Z 2. 


A 


B K c 


Pros. 31. Prog. 32. Pros. 33. 


33. Using three strips, construct an isosceles triangle as shown in the figure 
making AB = AC. From the vertex suspend a plumb line. The surface support- 
ing the triangle is level when the plumb line coincides with the mid point K of the 
base. Why? 

34, Surveyors often locate a point such as K in the river by observations from 
the bank as follows: Two stakes A and B are set and the distance AB is accurately 
measured. Observers are stationed at A and B with transits and the angles A and 
B are measured while a rodman in a boat holds the point K. How may the 
engineers re-locate this point, providing A and B are not disturbed? 


SSS “Ss: 
——————— 


———__ 


Pros. 34. Pros. 35. 


35. A parallel rule for drawing parallel lines may be constructed as shown in the 
figure. CDBA is a parallelogram. ‘C, D, B and A act as pivots allowing the frame 
to be opened or closed freely. AB and CD are straight edges. The rules are in 
position to draw a line through P || to CD. 

36. Show why a floor may be laid off in regular hexagons only. 

37. Why not in regular pentagons or regular octagons? 

38. Why may it be laid off in a combination of regular octagons and squares? 

39. The lines joining the mid-points of the sides of a triangle divide it into four 
equal triangles. , 


40. If the bisector of an exterior angle of a triangle is parallel to the base, the 
triangle is isosceles. 


41. If the sum of two angles of a triangle is equal to the third, the triangle is a 
right triangle. 


42. In A ABC, if Z A = 73° and Z B = 68° 32’ find Z C and the exterior 
angle at B. 


43. If one acute angle of a right triangle is four times the other, how many degrees 
are there in each? i 
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44, If a base angle of an isosceles triangle is 60°, find the vertex angle. What 
kind of a triangle is this? 
—— 45. If the vertex angle of an isosceles triangle equals three times the sum of the 
two base angles, how many degrees are there in each angle? 
46. If the vertex angle of an isosceles triangle is one-fourth each of the base angles, 
find each angle. 
47. Find the three angles formed by the bisectors of the angles of a triangle, 
whose angles are 54°, 68°, and 58°. 
48. If Z A of A ABC is 35° and the exterior angle at B is 108°, find ZC. 
_——49._If the vertex angle of an isosceles triangle is one-half of either exterior angle 
at the extremities of the base, find each angle of the triangle. What kind of a tri- 
angle is this? 

0. If one angle of a triangle is double another, the line drawn from the third 
vertex and making with the longer adjacent side an angle equal to the less given angle, 
divides the triangle into two isosceles triangles. 

51. Find the number of degrees in the angle formed by the bisectors of two com- 
plementary adjacent angles; of two supplementary adjacent angles. 
52. One angle of a triangle is 50°, find the number of degrees in each of the other 
angles if one of them is twice the other. 
__—53. In triangle ABC, 4B is twice ZA and ZC istwice Z B, find the number 
of degrees in each angle of the triangle. 
54. If the vertex angle of an isosceles triangle is 70°, find the number of degrees 
in the angle formed by the bisectors of the base angles. 
55. The difference between two adjacent angles of a parallelogram is 40°, find the 
number of degrees in each angle. 
56. If one side of an equiangular pentagon is extended, how many degrees will the 
exterior angle contain? 
____257. The stim of the angles of a polygon is equal to 32 right angles, how many 
sides has the polygon? 
58. @ bisectors of the base angles of an isosceles triangle make an angle which 
_ is equal to, the exterior angle ‘at the base. 
——59. The angles of a triangle are x°, 27° and y’, and the angle y is 8° larger than the 
angle x. Find the number of degrees in each angle of the triangle. 
60. The angles of a triangle are 10x°, 152°, and 30°. Find each angle of the 


triangle. } 
61. If the angles of a triangle are denoted by (x + 20)°, (x + 16)°, and (10z + 


24)°, find them. 


~175. Circle-—A circle is a portion of a plane bounded by a curved 


lines all points of which are equally distant from a fixed point within \ 


called the center. This curve is the locus of a 
all points in a plane at a given distance from 
a fixed point. 

In elementary work in mathematics the 
bounding line is called the circumference of 
the circle. However, in more:advanced work 
the locus itself is often regarded as the circle. 

176. Radius (plural radii) —A radius of a 
circle is a line drawn from the center to any 


point on the circumference, as OA. 
‘ 177. Diameter—A diameter of a circle is a line drawn through the 


r 


~ center and terminated by the circumference, as EB. 


2 ‘5 
a j 


\( 2 
\\" 
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178. Chord.—A chord is a line joining any two points on the circum- 
ference of the circle, as DC (written DC). A diameter is the greatest 
chord of a circle. A chord subtends an arc. : 

179. Arc.—An arc is any part of the circumference, as DC (written 
ravers Every chord divides the circumference into two ares. If the ares 
are equal each is a semi-circumference, or a semi-circle. If the arcs are 
unequal the smaller is called the minor arc, as DC, and the larger is 
called the major arc, as DAC. 

180. Secant.—A secant is a line which cuts the circumference in two 
points. 

181. Tangent pa tangent is a 
line which touches the circumference 
at only one point. This point is 
called the point of tangency, or point 
of contact. 

182. Line of Centers.—The line 
of centers of two circles is a line join- 
ing their centers. 

183. Central Angle. —A central 
angle is.an angle whose vertex is at the center and whose sides are radii 
of the circle. An angle, or more properly the sides of an angle, inter- 
cepts an arc, and an are subtends anangle. Other angles will be defined 
as needed. 

184. Concentric Circles. —Concentrie circles are circles having the 
same center. 

185. Fundamental Properties of Circles——These properties should 
be remembered because of their importance in later work. 


: - D 
<e 


1. Radii of the same circle, or of equal circles-are equal. 

2. A diameter of a circle equals twice a radius. 

3. In the same circle or in equal circles, equal central angles intercept 
equal ares. For, if Z Bis placed on Z E it will coincide. Also point 


A will coincide with D and C with F. §90-6 §185-1. 
All points on the arc are e equidistant from the center, therefore, AC 
will coincide with DF. .«.AC = DF. §90-6. 


4. In the same hrcle or in equal circles equal arcs subtend equal 
angles at the center. 


=< 
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For if AC is made to coincide with its equal DF, point B will coincide 
with point HZ, and therefore Z B coincides with Z E. 
ae 6 = 4ZE. Why? 
5. In the same circle or in equal circles, equal chords subtend equal 


arcs. 
B D 


A C 
For A AEB = A CFD. §111. 
ZLE= ZF Why? -. AB = CD. §185-3.— 
6. In the same circle or in equal:circles, equal arcs are subtended by 
equal chords. 


For ZE = ZF. §185-4. 
. A AEB = A CFD. Why? 
/ = AB = CD. §104. 


-— 186. Theorem.—A line drawn through the center of a circle perpen- 
dicular to a chord bisects the chord and the arcs which it subtends. 


Given the circle C in which DE passes through C and OAR: 
To prove that AF = FB, AE = EB, and AD = DB. 
Proof.—Draw the radii CA and CB. . 


Then rt. A AFC = rt. A FBC. Why? 
« AF =FBand 41 => 22. Why? 
- AH = EB. §185-3. 
VL ee veg §83. 
-. AD = Bp. Why? 
Q.E.D. 


187. Corollary 1.—A Seeeter of a circle divides the circumference 


into two equal arcs. 
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188. Corollary 2.—A line joining the center of a circle to the mid- 
point of a chord is perpendicular to the chord. 

189. Corollary 3—The perpendicular bisector of a chord passes 
through the center of the circle and bisects the arcs which the chord 
subtends. 

190. Theorem.—In the same circle or in equal circles, if chords are 

Bee they are equidistant from the center. 


| C 


—_| SA 


iL" ms 
A 

Given the circle O in which AB = CD, OE 1 AB, and OF 1 CD. 

To prove that OE = OF. 

Proof.—Draw the radii OA and OC. 
OE bisects AB and OF bisects CD. §186.» , 
Then rt. A AEO = rt. A OFC.  - $1425 
_. OE = OF. Why? 
Q.E.D. 
191. Theorem.—In the same circle or in equal circles, if chords are 
equidistant from the center they are equal. 


o 


- 
pn Eee 


Use the figure of §190. Bes 
Given OE = OF. 
To prove that AB = CD. 
Proof. Rt. A AHO = rt. A OFC. Why? 
AR = OR Why? 
- 2AE =2 (CF, or AB = CD. Why? 


Q.E.D. 
~_ |192. Theorem.—In the same circle or in equal circles, if two chords 
are unequal, the greater chord is nearer the center. 


C 


Given the circle O in which AB > CD, OE 1 AB, and OF 1 CD. 
To prove that OE < OF. 
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Proof.—Draw AG = CD and OH 1 AG. Draw HE. 


Then OH = OF, §190. 
AE = 3 AB, and AH = 3 AG. §186. 
oo Ae > AM. Aw. 11, 
mA ane. £14 > 23. §143. 
£AHO= ZAEO. Why? 
etn ik, 7b Az. 10. 

-. In A HEO, OH > OE. §144. 
x OF > OF. ARS. 
Q.E.D. 


193. Theorem.—In the same circle or in equal circles, if two chords 
are unequally distant from the center, the one nearer the center is the 
greater. 

Use the figure of $192. 

Given OF > OE. 

To prove that AB > CD. 

Proof.—OF > OE. 


Given. 

-. OH > OE. Axo. 
In A HEO, 24> 2. Why? 
In A AEH, 23 <1. Why? 
-. AE > AH and 2AE > 2AH. i.e. AB > AG. Why? 
Ans CD. Why? 
Q.E.D. 


194. Theorem.—A line tangent to a circle is perpendicular to the 
radius drawn to the point of tangency. 


Cae B 
Given AB tangent to the circle O at point K. 

To prove that OK 1 AB. 

Proof.—Take C any point on AB except K and draw OC. 


A 


Then the point C is outside the circle O. §181. 
Hence OC > OD or its equal OK. Ag. As: 
:« OK 1 AB;i.e., AB 1 OK. §145. 

Q.E.D. 


195. Corollary 1.—A line perpendicular to a radius at its outer 
extremity is tangent to the circle. 

196. Corollary 2.—A line perpendicular to a tangent at the point 
of tangency passes through the center of the circle. 
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197. Corollary 3—A diameter perpendicular to a tangent passes 


through the point of tangency. a 
198. Corollary 4—Tangents to a circle at the extremities of a diam- 


eter are parallel. ’ 
199. Theorem.—Two tangents drawn to a circle from a given external 


point are equal. 


bh i ecg * 


Given PA and PB tangents to the circle O from a given point P. 
To prove that PA = PB. 
Proof.—Draw the radii OA and OB, and the line PO. 


Then OA 1 PA and OB 1 PB. §194. 
Rie PAO = rt WOR: §142. 
ed ee ee aay Why? 

Q.E.D. 


Show that 21 = Z2; 23 = 24; BC = GA;PO 1 bisector of AB. 


che tha dC ME 


200. Common Tangents.—A common tangent to two circles is a 
line tangent to both circles. A common tangent which intersects the 
line of centers is a common internal tangent. 

A common tangent which does not intersect the line of centers is a 
common external tangent. How many such tangents may be drawn 
to two circles? 


Common External Tangent 


201. Tangent Circles.—Two circles tangent to the same line at the 
same point are tangent circles. Two circles are tangent internally 
when they lie on the same side of the common tangent, and tangent 
externally when they lie on opposite sides of the common tangent. TIllus- 
trate by use of drawings. 


inne 
ky 
x 
AY, 
Fy 
AY 
a 
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202. Theorem.—If two circles intersect, the line of centers is the per- 
pendicular bisector of their common chord. 


i 
i 


Given circles C and D intersecting at points A and B, CD the line of 
centers and AB the common chord. 

To prove that CD is the L bisector of AB. 

Proof.—Draw the radii CA, CB, DA, and DB. 


C and D are each equidistant from A and B. Why? 
.. CD is the perpendicular bisector of AB. §169. 
Q.E.D. 

CONSTRUCTIONS 


203. Problems of Construction—In the work thus far it has been 
assumed that the figures needed for proving theorems and solving 
problems could be drawn accurately enough to serve their purpose. 
Now figures will be constructed by methods which can be proven to be 
as exact as it is possible to construct them by the use of the straight edge 
and compasses, the only instruments allowed in geometric construction. 

204. Assumptions.—It is necessary to agree that a few simple 
operations which underlie all construction work are possible. Thus: 

1. Through any two points a straight line can be drawn. 

2. A straight line may be extended indefinitely or it may be limited 
by any two points. 

3. A circle can be described with any given point as a center, and any 
given line as a radius. 

205. Solution of a Construction Problem.—The solution of a problem 
is naturally divided as follows: 

1. Analysis.—It must be determined from the statement of the 
problem what is given and what is required. 

2. The Construction.—It will often be a great help in making a con- 
struction if a trial sketch of the required figure is made before using the 
straight edge and compasses. 

3. Proof.—After the required figure is constructed, the theorems 
of geometry will be used in proving that the figure is the one required. 
All given and required lines are drawn full lines. Auxiliary lines are 


used to aid in the proof. 
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206. Problem.—To erect a perpendicular to a given line at a given 
point on the line. 
i 


Aa e 0 D 


Given the line AB and point O on AB. 

To construct a L to AB at O. 

Construction.—With O as a center describe an arc meeting AB at 
Cand D. With C and D as centers and a radius greater than OD describe 
arcs intersecting at P. Draw PO. 

Then PO is the perpendicular required. 

Proof.—P and O are each equidistant from C and D by construction, 
hence determine the perpendicular bisector of CD. 


= Us a AB; §169. 
Q.E.F. 


207. Problem.—To draw a perpendicular from a given point to a 
given line. 


Q 


; 
A B 
Given the point P and the line AB. 


To construct a | from P to AB. 

Construction.—With P as a center and any convenient radius describe 
an arc intersecting ABin C and D. With C and Das centers and a radius 
greater than one-half CD, describe arcs intersecting at Q. Draw PQ 
and extend it to meet AB in O, 

PO is the perpendicular required. 

Proof.—P and Q are each equidistant from C and D by construction. 
Hence P and Q determine the perpendicular bisector of CD. 


Aa ORT 
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208. Problem.—To bisect a given angle. 


Given the ZA. 

To bisect Z A. 

Construction.—With A as a center and any convenient radius 
describe an arc intersecting AB in D and AC in E. 

With D and E£ as centers and a radius greater than one-half DE, 
describe ares intersecting at P. Draw AP. 

Then AP is the bisector required. 

Proof.—Draw PD and PE. 


Then A AEP = A APD. §111. 
mL= 22. Vn §104. 
Z A is bisected by AP. Q.E.F. 


209. Problem.—To construct an angle equal to a given angle, given 
one side and the vertex. 


B 


AS E C P Q x 


Given Z BAC and vertex P on the side PN. 

To construct at P an angle equal to Z A. 

Construction.—With A as a center and any convenient radius 
describe an arc intersecting AB in Dand AC in EL. 

With P as a center and with the same radius describe an are RQ 
intersecting PN at Q. With Q as a center and a radius equal to DE, 
describe an arc intersecting arc RQinS. Draw PS. 

Then Z P is the angle required. 

Proof.—Draw DE and QS. 

Then A AED = A PQS. Why? 
ee eet es Why. 
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Problems 


1. Construct an equilateral triangle. 

2. Construct the following angles: 90°, 45°, 60°, 30°, 15°, 755 400s 
120° 130°, 150°, 7.05 22.00 © 

3. Trisect aright Z. 

4. Can any given angle be trisected by using only the straight edge 
and compasses? 

210. Problem.—To construct a line parallel to a given line through 
a given external point. 


Given line AB and point P. 

To construct a line || AB through P. 

Construction.—Through P draw any 
line intersecting AB at—Q. 

At P construct an Z MPN equal to the 

Z MQB, as in the above figure. §209. 

Draw CD through P and N. 2 B 

Then CD is the line required. 

Proof.—If two straight lines are cut by 
a third, making the corresponding angles 
equal the lines are parallel. 

Construct CD parallel to AB through P 
i 211. Problem.—To bisect a given 

straight line. 

Given line AB. 

To bisect AB. 

Construction.— With A and B as 
centers and a radius greater than one-half 
AB describe arcs intersecting at P and Q. 
Draw PQ. 

Proof.—PQ isthe Lbisectorof AB. §169. 

212. Problem.—To bisect a given arc. 

Given arc AB. 

To bisect arc AB. 

Construction.—Draw the chord AB and 
construct PQ the perpendicular bisector 
of AB. §211. 


es 
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Proof.—PQ bisect AB at C. §189. 
213. Problem.—To divide a given line into any number of equal parts. 


K L ae 


B 


Given the line AB. 

To divide AB into any number of equal parts. (For example five 
parts.) 

Construction.—Draw AC making any convenient angle with AB. 

With the compasses mark off on AC five equal distances from A. 
From H the fifth point of division draw HB. Through D, E, F, andG 
construct lines || HB meeting AB in K, L, M, and N. 

Proof.—The divisions AK, KL, etc., are the divisions required. §162- 


CONSTRUCTION PROBLEMS 


In every problem prove that the construction is correct. 
1. Divide a given line into 3 equal parts. 
2. Divide a given line into 12 equal parts. 
3. Construct a triangle having given. 
(a) Two sides and the included angle. 
(b) One side and two adjoining angles. 
(c) Three sides. 
4, Construct a triangle having given two sides and an angle opposite one of 
them. 
Given A, a, and b. 
Name the cases in which a triangle is impossible. 
(a) ZAacute, a=b. (6) ZAacute, a> b. - 
(c) ZAacute, a<b. (d) ZA obtuse, a = 0. 
(ec) ZAobtuse,a<b. (f) Z A obtuse, a > b. 
(9) ZAart.Z,a=b. (h) LeAva tia <a: 
@) ZAart.Z,a> 6. 


5. Construct a right triangle having given: 


(a) A leg and an acute angle. 
(b) The hypotenuse and an acute angle. 
(c) The hypotenuse and a leg. 


6. Circumscribe a circle about a given triangle. §168. 
7, Construct a circle through any three points not in the same straight line. 
8. Inscribe a circle in a given triangle. §174.. 
9. Construct a tangent to a circle at a point on the circumference. 

10. Given the perimeter, construct an equilateral triangle. 

11. Given the altitude and a base angle, construct an isosceles triangle. 


14. Construct a circle passing through two points, with its center on a given line. 

15. To lay off a 60° angle using a 100 ft. metallic . 5 
tape. Lay off a straight line AB 50 ft. long. Fasten the 
zero end of the tape at A, the 100 ft. end at B, and stretch 
the tape as shown in the figure, locating C at the 50 ft. 
mark. Why is each angle 60°? Construct to scale. 

16. To continue a straight line through an obstacle 
such as a building. AB is to be extended beyond the 
building K. Extend ABto N. At B lay off a 60° angle 
-NBC and run the line BC to a point C clearing the Pros. 15. 
building and allowing space to complete the triangle. 
At C lay off a 60° angle and run CD = BC. At D lay 
off a 60° angle CDM locating the line ME. Why is ME 
a continuation of the line AB? Construct to scale. 
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12. Given the perimeter and the base, construct an isosceles triangle. 
13. Given the diagonal, construct a square. 


LOCUS PROBLEMS 


Read again §167. 
Draw the following loci, all points being in the same 
} plane. 


1. A point 2 inches from a given point. c ; 


2. A point 2 inches from a given line. Pros. 16. = 
\o 3. A point equidistant from two intersecting lines. . 
\ 4. What is the value of the angle between the two lines representing the locus. 


\] in problem 3? 

| 5. A point equidistant from two intersecting lines and 3 inches from the point 
of intersection. 

, 6. A point equidistant from two parallel lines. 

¥ \\) 7. A point equidistant from three given points not in a straight line. Why is 

\ j this construction impossible if the three points are on the same straight line? 

\ “¢——~8. Surveyors are often required to find the locus of a point whose marks of 
| identification have been lost. Thus, locate a point 13.5 ft. from A and 22.6 ft. from 
\B. The location of points A and B are accurately known. 

“9, Locate a point described as being 15 ft. from a certain point, A, and 18 ft. 

from a givenline. Hint. Find first the locus of all points 15 ft. from the given point. 
Second find the locus of all points 18 ft. from the given line. The locus common to 
both of these will at once suggest itself. E. 

10. Find the locus of a point within a triangle equidistant from the three sides. 

11. Find a point or points equidistant from two || lines and at a given distance 
from a given point. What conditions will result in the finding of one point only; 
two points. Show why this construction may be impossible. 

12. Find the locus of points equidistant from two given points and equidistant 
from two || lines. Discuss fully, 


CHAPTER V 
PRODUCTS AND FACTORS 


214. Product.—When two or more expressions are multiplied together 
the result is a product. 

215. Factors.—The expressions multiplied together to form a product 
are the factors of that product. 

Illustrations.—1. 2:23 = 12. 2, 2, and 3 are the factors of 12. 

2. a(b+c) =ab+ac. aand (b+ ¢) are the factors of the product 
ab-+ac. ab is alsoa product for it means a times 6. Therefore a and 
b are the factors of ab. 

Pao. (a + 2)(a + 3) =a?+5a+6. The quantities (a+ 2) and 
(a + 3) are the factors of a? + 5a + 6. 

From the above illustrations it is evident that we must be able to 
multiply numbers and quantities together before we can factor any 
expression. 

216. Prime Factors.—A prime factor is a number which has no 
factors except itself and unity. Thus 2, 2, and 3 are the prime factors 
of 12. aand (b + ©) are the prime factors of ab + ac. When a number 
or a quantity is to be factored, it is understood that the prime factors are 
required. 7 

217. Factoring.—Factoring is the process of resolving an expression 
into its factors. It is the reverse of multiplication. In the study of 
arithmetic the multiplication tables were memorized as a foundation for 
accurate and rapid computation in later work. In algebra the same kind 
of preparation is necessary for handling the operations of multiplication 
and division by inspection, and in fact wherever factoring is required. 
We know the factors of an expression only because we know the expres- 
sions which when multiplied together will produce the expression to be 
factored. 

218. The Product of a Monomial and a Polynomial. 

Study again §41. 

To factor an expression containing a monomial factor, (a) Determine 
by inspection the monomial factor common to all the terms of the given 
expression. (b) The other factor is obtained by dividing the given expression 
by the monomial factor. : 

Illustrations.—1. mz + my = m(x + y)- 

2. mz — my = m(x — Y)- 

3. 3a3 — 6a°b = 3a2(a — 2b). 

4. 3¢ — 3a? + 32? = 32(1 — + + 2). 

77 
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— 1. b(a +c). 
3. kl + w). 
iste +) —y Fe): 


PROBLEMS 


Find the product of the following: 

2. 
4, 
6. 


a(m — n). 
dja —b+¢c). 
pti—-u+a—k). 


Factor the following and note carefully the six preceding problems. 


~~7. ab + be. 8. zm — Zn. © 
9. kl + kw. 10. da — db + dc. 
— 11. er —ek + e*— ey + ec. 12. pt — pn + px — pk. 
Remove the parentheses in the following: 
3. 3a(a — 2). 14. 5k(k + 2). 
115. 2b(b — 2). 16. —3d(d — 2). 
117. 5y(y + 8). 18. a2(a + 2ab + 6?). 
\19. 8m(1 +7). 20. 3a(a? — ab — 2b?). 
le oni) s 22. 2x(x? — 3” + 2). 
23. 3d(2d? —d +1). 24. m®*n(n? + 2m — 4). 
25. am(a? —a +1). 26. x?y(1 + 2x — x? + 273). 
Factor the following. 
(27. 3a? -- 6a. 28. 3m — 3mn. 
| 29. ab + ab®. 30. 2r + 72, 
: 31. 5y? — 15y. 32. 3r + 5r3. 
| 33. 6d? + 3d — 2d?. 34. 10k — 5k?. 
| 85. a%m + a2m + am. 36. 3d? — 6d. 
\ \ 37. 3a3 — 6a2b + 8ab?. 38. a? + 2a%b + ab?. 
\39. 273 — 8x? + 8x. 40. m2n3 — m3n + m2n. 
41, ay? — Qe2y? + aty? + aty%, 42. m?(a + b) + m(a + BD). 
‘43. m%p + mp? + mp. 44. y?(x — 1) — y’ax(x — 1). 


219. The Product of Two Binomials Having a Common Term.—The 
multiplication of terms and quantities must now be practiced so that the 
products may be found quickly without actually writing all the steps of 
the work. 


Thus, the method now is, 


(a+ 2)(a+ 3) =a?+ 5a4 6. 
Instead of a + 2 


Wan 
Lot A a+3 
- a? + 2a 
j + 3a +6 
a’ + 5a + 6. *  §42. 


The first is shorter and therefore saves time. 
Notice the steps (a)(a) + [(8)(a) + (2)(a)] + (2)(8), 
or a +. 5a =a us 
This abbreviated method may be expressed as follows: 
The product of two binomials having a common term is equal to the 
square of the common term, plus the algebraic sum of the products of the 
common term and the unlike terms, plus the product of the unlike terms. 


— ee eee 
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It follows that the factors of an expression of the type x? + bx + care 


two binomials. One term of each factor must be x and the algebraic sum of 
the unlike terms must be b and their product c. 


PROBLEMS 
Find the product of the following: 
j1. (@ + 2)(a@ + 4). 2. (6 — 7)(6 +11). 3. (& — 2)(@ — 3). 
} 4. (e+ 9)(e — 7). 5. (m + 5)(m — 2). 6. (s — 18)(s + 7). 
ef. (m + 2)(m + 2). 8. (p + 14)(p — 7). 9. (r — 8)(r — 8). 
\ 10. (m —18)(m+6). 11. (p — 6)(p + 2). 12. (m — 13)(m — 6). 
| 13. (c& + 9)(e + 6). 14. (m + 13)(m + 6). 15. (r — 9)(r + 11). 
16. (ge + 9)(2 + 18). 17. (a + 4)(a — 7). 18. (n — 12)(m + 18). 
Factor the following: 
19. a? — 6a + 8. 20. e? — 2e — 63. 21. 2? —2z — 6. 
22. s? — 6s — 91. 23. m? + 3m — 10. 24. p? — Tp — 98. 
25. m2 — 4m + 4. 26. m2 — 7m — 78. 27. 7? + 6r -- 9: 
28. m2? + 19m + 78. 29. p? — 4p — 12. 30. m2 — 19m + 78. 
31. x? — 15x + 54. 32. r2 — 2r — 99. 33. 62 — 4b — 77. 
220. The Product of Binomials of the Type (mx -+ p)(nz-+ 71). 
By multiplication, (2x — 3)(8a + 2) = 6a? — 5x — 6. 
That is, (2x) (3x) + [2(2x) — 3(3x)] + (-3) (2), 
or Td le 5x = 6. 


Hence, the product of two binomials having all terms unlike is equal to’ 
the product of the first terms of the binomaals, plus the algebraic sum of the 
cross products, plus the product of the second terms. The product 1s readily 
obtained as shown by the following arrangement. 


(22 — HBx $2) = 6x* + (4x — 92) — 6. 
= 627 — 5c — 6. 

It follows that the factors of an expression of the type ax® + ba+e 
are two binomials. The product of two of the terms of the factors is ax? and 
the product of the other two terms is c, so arranged that the algebraic sum of 
their cross~products 1s bx. 

The above type can be factored when, and only when, b? — 4ac is a 
square. The proof of this is found in §400. Piz 


PROBLEMS 
Find the following products: : 
1. (2¢ + 3)(¢ — 1). 2. (3 — 2)(2r + 3). 3. (a + 2)(8¢ + 5). 
4, (3b — 1)(6 + 2). 5. (24 — 3)(a — 2). 6. (8b + 1)(6 + 2). 
7, (22 + 3)(2 + 2) 8. (3b — 1)(b — 2). 9. (2x — 3)(x + 2). 
10. (2ax — 3)(4ax + 1). 11. (5a — 2)(2a — 1). 2. (2rs + 5)(8rs — 4). 


1 
13. (Zab + 2)(8ab — 5). 14. (12cd + 9)(2cd — 3). 15. (5r2p + 9)(3r°p + 7). 
Factor the following, when possible. 


16. 22? + 5a + 3. 17. 3b? + 7b + 2. 18. 322 + llz + 10: 
19. 302 — 7b + 2. 20. 222 — 7x + 6. 21. 12a%x? — Yar — 3. 
92, 22? a +6. aatY -23.-6r%s? + 7rs — 20. 24. Qu? + Tx + 6. 

25. 56a%b? + 51ldb-+- 10. 26. 10a? —a +2. 27. 20c?d? + 12cd — 27. 


98. 6x? + 52 — 6. 29. 56p%q? — 113pq + 56. 80. 3b? + 5b — 2. 
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221. Squafe of Binomials of the Types (c+ y) and («x —y). The 
first type is called the square of the sum of two numbers and the second 
type, the square of the difference of two numbers. 


That is, (ety(a+ty) =@t+y)? =2 + day + y?’, 
and (c —y)(2@—y) = @—y)*? = 2? — day + y’. 

Hence, the square of the swm of two numbers is equal to the square of the 
first, plus twice the product of the first and second, plus the square of the 
second. 

The square of the difference of two numbers is equal to the square of the 
first, minus twice the product of the first and second, plus the square of the 
second. 

These types may be combined as follows: 

(ety =2 + 2ey + y’. 

Note the use of the double sign (+). Thus, +2zy is read plus or 
minus 2zy. 

Illustrations. 1. Study carefully the following drawing and the 
areas and dimensions of each of its ath—————+ 
divisions. It proves graphically that the — 
square constructed upon the line (a + b) 
‘is equal to the sum of the squares a? and 
b? and two rectangles (a by b). 

Therefore (a + b)? = a? + 6b? + 2ab. 

2. Again study the graphic proof of 
the square of the difference of two num- 
bers, as (v7 — y)? = x? — 2ry + y?. 

Let AB = 2, AE = y,and EB =xz-y. 

Then it is evident that HKMB = 
ACDB + AESO — (ORKS + RCDM) or 
(a — y)? = 2? + y? — Qay. 

Hence, the factors of a trinomial square 
are two equal binomials. The terms of the 
binomial are the positive square roots of ¢ 
the squares. These terms are separated 
by the sign of the remaining term of the 


trinomial, 0 
RROBLEMS 

Find the values of the following: 
1. + a)(x2 + a). 2. (2x — 1)%. L—-3. (x + a)? 

4, (8a — 2)(8a — 2). -+5. («4 — b)(@ — BD). 6. (2% — 5)2. 
eT. (@ + 7)?2. 8. (8a — 2b)% +9. («& + m)(x +m). 
10. (2r — 3s)2. ‘ll. (2 — 3)(@ — 8). 12. (8% + a)2. 
13. (« + 6). 14, (4a — 3q)?. 15. (« — 6)2 
16. (6m — 7s)?. 7. (« + 10)2. 18. (10x — 7y)2. 


719. (e — 9)2. 20. (12m? + 9b)? 21. (8r — 4s)? 


ee ee 
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Factor the following: \ 

22. 22+ 2ey ty | £23. 22-122+36. \ 24. 

25. 2? + 18t + 81. 26. a? — 40 + 4, \ £27. 

28, 2? + 2ra + a?. 29. 42? + 40 +1. \ 30. 

31. 9x? + 122 + 4. 32. 22° +62 +9. 14-33 

34. 2? + 10x + 25. 35. 9a? — 12ab + 40%. | 36. 422 — 12zy + 9y?. 
87. 9a? + Bry + y2. 38. 36r? + 84rs + 49s2,_//89. 16a? — 24ak + 9k? 


40. 10022 — 140zy? + 49y4.906 “41. 144a4 + 216a% + 81b?. 
42. 1212? — 66ry + 9y?. : 
222. Application.—The methods in §221 are very useful for squaring 
arithmetic numbers. 
Illustrations. 1. (14)? = (10 + 4)? = 100 + 80 + 16 = 196. 
2. (18)? = (20 — 2)? = 400 — 804+ 4 = 324. 


PROBLEMS 


Square the following numbers: 

sn tOns2nob, 1¢; 25, 16,73, 123; 112; 157,128. 

223. The Product of the Sum and Difference of Two Numbers. 
By multiplication, (a + 6)(a — b) = a? — b? and(8x + 2y) Bx — 2y) 
= 92? — 4y?. 

Hence, the product of the sum and difference 
of two numbers is equal to the square of the first 
minus the square of the second. 

Illustration. AE =a .«. AETM = a’. 

BE =} -. BESR = 6°. 
AETM — BESR = ABRSTM. 
a? — b? = ABRSTM. 
But ABCD = ABRSTM, since 
(t) = (2). 


atb 


Again, ABCD = (a — b)(a + 5). a 
- a? — b? = (a — b)(a +6) by sub- 
stitution. 


Hence, the factors of the difference of two squares are two binomials. 
One factor is the sum and the other factor is the difference of the positive 
square roots of the terms. The terms of the factors must be the same as in the 
given expression. 

Thus, 22 — y2 = (x + y)(@ — y) not @ + y)(y ~ 2). 

PROBLEMS 
Find the following products: mei 


i. + 2)(p — 2). 2. (a + m)(a — ™). 
3. A + 3)(m — 3). alr 4, (1 —2)(1 +2). 
5. (« — 7)(x& +7). 6. (« — 11(e¢ + 11). 
7, (2a — d)(2a + d). 8. (Sab + 3)(5ab — 3). 
9. (5ab — x) (Sab + 2). 10. (3m — 5y)(3m + 5y). 
11. x(x — 1)(@ + 1). 12. x(x — y)(x + y). 
13. a(a + b)(a — 5). 14. 5(32 — 5)(3x + 5). 
15. y(z — 4)(z + 2). 16. b2(b + 3)(6 — 4). 
17. 3(2r — 4)(2r + 4)- _ 18. a(mn — p*)(mn + p?). 


é 
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Factor 


19. p? 21. m? — 1. 
22. 1 — 24, 4a? — b?. 
25. 25a? 27. 9x? — 25y?. 
28, a(a? 30. a* — ab’. 
31. 282? — 63. 33. b? — 4. 


34. y — y5. 36. 4m? — $n? 
224. Special Cases of the Type x? — y’. 
Illustrations. 
1. By abbreviated multiplication, 
(a+tb+c(a—b+0 =[a+o++ ][a@+ec) — b] 
(a + c)? = ‘bh? 
a? + 2ac +c? — b?. 


dl 


2, Factor.2* — y*? — by — 9: 

Solution.—Enclosing the last three terms in parentheses, - s 
A> @-y-by-9=2- (4+ by +9) «N 
| — (y+ 3) 


yt y = [t+ (y+ 8)]lz — Yt 3)] © 


\ 


= (e+y+ 3) — y — 3). 
3. By abbreviated multiplication, 


(a? + Bay + y?) (x? — Bay + y?) = [a + y?) +. 82yl[(@? + y?) — 32y] 


(a? + y%)®— (Bay)? 
at + 2074" + af* on 9x7y? 
xt. — Tx?y? + y*. 


ll 


4. Factor a* — 23ab? + 54. 
Solution.—Add and subtract 250b?, which is a square, and we have 
a* -+- 2a7b? + b* — 25a%b?. 
Now a* + 2ab? + b+ — 25a?b? = (a? + b?)2 — (5ab)? 
= (a? + b? + 5ab) (a? + b? — dab) 
= (a? + 5ab + b?)(a? — 5ab + b?). 
Hence to factor an expression of the type x* + bx*y? + y*, add and 
subtract the same square in order to get an expression in the form of the 
difference of two squares. 


PROBLEMS 
Factor the following: 
1. a? + 4ab + 4b? — 22. 2. a®? — 2ab + Bb? — 
3. 9x? — a? + 4ab — 462, 4. a? — Qry — x? — y?, 
o— 5. a? — 6? — 1 — 20. 6. 4m? + 6n — n? — 9. 
7. 10bx + 256? + x? — 100. 8.7 — Qey — a? = y?, 
9. 9a? — 6a + 1 — 25b? + 20bx — 42?. 
10. m? + 12mn + 36n? — 10y — 25y? — 1. 
ll. aA +a?+4+1. 12. 424 — 13x2y? + yf, 
13. 9m4 + 3m2n? + 4n!. 14. 16y4 — 9y? + 1. 
15. 24 + wy? + 4, 16. 9at + 3a?b? + 464. 
17. 100n4 — 61n? + 9. 18. at + 464. 


19. 1 + 642%, 20. 32c4 + 2d* — 56c?d?, 
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225. The Product of Binomials of the Type (a + b)(c + d). 

By multiplication, (a + 6)(c +d) = ac + be 4+ ad + bd. 
Illustrations. 

1. Consider (a + b)(c + d) = ac + ad + be + bd shown graphically. 
The figure is composed of four rectangles with dimensions as indicated. 


The rectangle MRSK = (a+ b)(c+d),* 
and also MRSK = ac + be + bd + 
ad. 
2. Again, (a+b) (c—d) = 
ac — ad + be — bd. 
The rectangle AEKM = 
(c — d) (a+b). 
But AEKM = M 
ARPM + REKP. 
Also AEKM = 
ue 4 be— dd). f 
-. AEKM = 
ac — ad + be — bd. 
Hence, to factor ac + be + ad + bd, 


(a) Group terms having a common a 
monomial factor. Thus, (ac-+ be) + (ad 


+ bd). 

(b) Take out the monomial factor in each tg ey 
group which will give the same expression in [~~~ a+b 
the parentheses. Thus, c(a + b) + dia + 6). 

(c) Add the coefficients of the common expression (a+b) and get 
(c+ d)(a + 6). 

Note.—The addition of coefficients wn the above problem is the same 
as in 3(a + 6) + 5(a4+ 6) = (3 + 5)(a + b) or 8(a + 5b). 


PROBLEMS 
Find the products: 
1. (a + b)(e + d). (2. (a — c)(b — 4). 
- 3. (a + 2)(c — 3). 4, (2—z2z)(5+y)- 
5. (c —1(e@+2)a@+ 1). 6. (a — b)(a + b)(a — B). 
\ 7. (ax + 2)(x — 1). 8. (m2? + p)(m — Nn). 
\ 9. (ce —1)(a—b —¢). ae 10. (+d — b)(ed — 4). \g 
tsi: ° i 
11. ac + be + ad + bd. 12. a3 — a% — ab? 4+ b*. 
13. ab + ad — be — cd. 14. ax? —x + ax —1. 
15. ac — 2c + 3a — 6. 16. m3 + pn + mn + mp. 
17. 10 — 5y + 2a — zy. leh az t+batert+tatbte. 
C19. a8 — 2 + 20? — 2. 20. c8d — od? + bed + ac — ad + ab. 


226. Sum and Difference of Two Cubes. 
By multiplication, 

1. (a + b)(a? — ab + b?) = a + b8, 

2. (a — b)(a? + ab + b= a? — 6%. 
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From (1), it is evident that one of the factors of a* + Bbisa+t+b, 
and by the division of a* + b*’ by a+ 6, we obtain the other factor, 
a? — ab + b?. 

Hence, the factors of the sum of the cubes of two numbers are a binomial 
factor, which is the sum of the two numbers, and a trinomial factor which 
is the sum of the squares of the numbers minus their product. 

From (2) it is evident that one of the factors of a* — 6° is a — b, 
and by the division of a’ — b* by a — b, we obtain the other factor, 
a? + ab + b?. 

Hence, the factors of the difference of the cubes of two numbers are a 
binomial factor, which is the difference of the two numbers, and a trinomial 
factor, which is the sum of the squares-of the numbers plus their product. 
Illustrations. 

1. 8x? — 27 = (24 — 3)(4a? + 62 + 9). 

“™ 2. 125c? + 1 = (5c + 1)(25c? — 5c 4 1). 


a 


Find the products: 44> } Factor: 
1. (y — x)(y? + ye + 2’). 2. y3 — 23. 
3. (y—1)(y2 +y4+1). 4 4, y3 — 1. 
Find the products of the following: 
5. (a — c)(a? + ac + c?). 6. (y — 8)(y? + 3y + 9). 
1. yy--+ 1)(y? — y + 1). Se (eh be) (at 2 ey. 
9. m2(1 — m)(1 + m +m’). 10. (2a — 3b)(4a? + 6ab + 9bF 


11. ab(a + b)(a?2 — ab + b?). 
12 pe? -h ey + 7) (@ + 9) * — ay oy). 


13. (8a — 4b) (9a? + 12ab + 16b?). 4. ie Ae _ i)(# +5 a+ a 
15. (m? + 5)(m*— 5m? + 25). ey? ee sah + 2). 
Factor the following: 

17. a? + 3. 18. «3 + 27. 19. x4 + 2. 

20. 8a? — 2763. 21. atb — ab‘. 22. 8a? + 2763. 
23. x® + 8, 24. a? — a>. 25.28 — ¥8, 

26. 27a? + 6463, PAROS) Eire ig 28. m& — 125. 


227. Summary.—Practically all the expressions can be factored by 
using one or more of the foregoing types of factoring. 

First, factor out a monomial factor wherever possible. Then in 
factoring a binomial expression consider if it is of anyone of these three 
types. 

Lye eae ge) 

2, 2° — y® = (x — y)(a* + ay + y*). 

pe y= tor yt ey a yl, 

In factoring a trinomial expression consider if it comes under one of the 
following types. 

1. e+ 2ey+y? = (@+y)(e+y). 

2. 2? — Qay + y? = (2 — y)(a—y). 

3. 27+ (b+c)a+be = (44+ b)(a@+ 0). 

4, ax? + br + ¢ = (ma + p)(nz +71). 

5. t4 + bay? + y* = (a? + day + y?) (a? — day + y?). 
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If the expression to be factored is a polynomial of more than three 
terms use the method by grouping, re-arranging terms if necessary, or 
use §232. 

228. Test of Divisibility. 

By actual division, 


I. (2? + y?) + (x+y) = 2 — y, Rem., 2y?. 
ar) @+y) = 2 — cy + yy. 
(xt + y*) + (w+ y) = 2? — xy + cy? — y®, Rem., 2y*. 
(a5 + y®) + (e+ y) = xt — ay + xty® — ay’ + 
Note that in the above illustrations only the sum of the same odd powers 
of two numbers is divisible by the sum of the numbers. 


Il. (a? + y?) + (@—y) =x+y, Rem., 2y’. 
(28 + y?) + (ew —y) = 2? + ay + y?, Rem, 2y’. 
(xt + y') + (@—y) = 284 zy + ay? + 9%, Rem., 2y%. 
(25 + y®) + (a — y) = at + ay + vy? + ay? + y*, Rem., 2y?. 
Note that in the above illustrations the sum of the same powers of two 
numbers is never divisible by the difference of the numbers. 
Ill. (2? —y2)+(a@+y) =z —y. 
(x3 — y3) + (ea ty) =2?—zy +Yy’, Rem., —2y’. 
(xt — yt) + (a ty) =8— vy + ay? — ¥, 
(25 — y) + (ety) = 2t — aty Poy ay’ + 9", Rem., 
—2y’. 
Note that in the above illustrations only the difference of the same 
even powers of two numbers is divisible by the sum of the numbers. 
IV. (2? -—y) +@-—y=rTy. 
@—y)+@-yaHvtryty. 
(at — yt) + (e@—y) = et wy t oy? +. 
(os — y) + (@—y) = att ty t oy + oy’ +. 
Note that in the above illustrations the differences of the same powers of 
two numbers is always divisible by the difference of the numbers. 
229. Laws of Signs. P 
1. When z + y is the divisor the signs of the terms in the quotient are 
alternately plus and minus. 
2. When x — y is the divisor the signs of all the terms in the quotient 
are plus. 
230. Laws of Exponents.—In the quotient the exponent of x decreases 
and that of y increases by 1 in each succeeding term. 
231. Generalization When n is any positive integer, §228 may be 
stated more briefly and in general terms as follows: 
I. a + b* is exactly divisible by a + b if nis odd. 
II. a” + b” is never exactly divisible by a — b. 
III. a* — 6” is exactly divisible by @ + b if n is even. 
IV. a® — b” is always divisible by a — b. 


arn, « P= ax 
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Find the prime factors of the following, removing a monomial factor first wherever 


possible. ; 
1. 5a? — 25a + 30. 2. ay® + bay? + 9a. 3. 23 — 64m’, : 
4, 403 + 32. 5. m2 + 12m — 45. 6. 4x2 — 322 + 64. ( 
7. xy? + 17zy — 60. 8. m3 — mn’. 9. 24x22 + 462 — 18. 
10. 327° — 3y%. 11. b2 + 24b + 143. 12. a + 2a — 99. 
13. 6425 + 27y'. 14. 2? — “ ie 15. 528 — 5y%. 
16. 16y4 + 40y? + 25. 17. x2 — y}2, 18. 24 — QaTy + y2. 
19. 16922 + 104zy + 16y?. 20. ac—cx —ad+dz. 21. 10a? —a — 3. : 
22. 6b? + 13be — 63c?. 23. 6c? — 43c + 72. 24. 6c? — 1le — 72. 
25. 6c? + 11c — 72. “26. 6c? + 43c + 72. 27. 25a? — 90ab + 81b?. : 
28, 244% — Sify’. 29. y — 16 + 15y%. 30. x2,+ llx — 126. . 
és 2 2 
31. 36 + 23 — 12z. 32. 16922 — - £3. 5 — 10x + 225. 9 
. 34, 4a4 — gy. 35. 1624 — z1.\° 36. 5at— 5b. 
87. a? + 17a — 270. 38. 6x? — 1lx — 182. 39. 16x? — b%. 
40. m? + 5m — 14. 41, m§ — 1. 42, —28 + m? — 3m. 
43. b? + 12b + 32. 44, b? — 4b — 32. sc45. k? — 2k —99.——__ 7 
46. ac — bd? + be — ad. 47. p? — 6p — 7. 48. 2 + y'. 
49, x5 — y, 50. m4 — 16n°. Bl. a® — Bs, mS 
52. 62? — 7x — 3. G3. 16x? — 4y4. 54. 12m? + 7m 
GB a? — 2ab +b? — 7%. 56. m? — n? + 2ma + a, 67) 4b? + 8b + 3. : 
58. 422 — 402m + 100m?2. (59) 24a? — 28% — 12. 60. 60m? + 35m — 60. ; 
(62, 325 — 3y%. 62. 7p? — 42p — 49. 63 24y3x + Siz. 
64, 16922 — 4y%m. (65) c? + 9c — 52. 66. 169d? + 78rb + 92. 
67) 25y? + 60xy + 3622. 68. 2? + 42 + a4. 69.) 3d? — 15d — 42. 
70, —12% + 2? + 36. 71) 1 + 32m, 72, x10 — a 
(3. 26 + y%. 74, a? + 2ab + Bb? — x2. @5. x2 — (m — n)?. | 
76. 22 — y? + Qyz — 22. (72 (a + x)? + 23(a + x) + 60. 
78. (m — n)? + 2(m — n) — 15, 79) (c@ + y)3 — ms. 
80. (r + s)3 + 2783. SL. a? — 2ab + b? — c? — 2cd — d®. . 
82. (72? +2 —9)? —9. 83) mit ni. 


theorem gives a method of finding a divisor, or factor, of an expression 
without actually going through the process of division. 


i 
; 
232. The Remainder or Factor Theorem.—The remainder or factor 
Illustration 1. By actual division, 
x? — 5a +6\|x2—a 
xt+ta-—5d ' 


Oi eae +6 
— 5x + 5a 


*— 5a + 6 Rem. 
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Note.—The remainder is the same as the dividend except that every 
xis replaced bya. This means that if x — a is an exact divisor the remain- 
der is zero. 

Illustration 2. By actual division, 


a? — 227 — 34+ 8|ar —2 Substituting 2 for x in 
~x3 — 2x? x’ — 27? — 3x + 8, we have: 
z= 3 23 — 2(2)? — 3(2) +8 = 
— 32+ 5 S-— 8 = 96 oe Sr 2 
—3r4+6 7: i ee 
2 Rem. 


Illustration 3. By actual division, 
x? + 2x7? — 3a —8|x +2 Substituting (—2) in 


x + 22? x? + 22? — 3x — 8, we have: 
ee lez —3 (—2)?--2(—2)? — 3(-2) —8 = 
— 32 —8 —8—+_8. 4 LO Bi, 
— 3 —6 ae aes 


— 2 Rem. 


Note. Here (—2) is substituted in the expression to be tested and not 
(+2). In illustration 2, (+2) is substituted and not (—2). In illustra- 
tion 1, (+a) is substituted and not (—a). 


PROBLEMS 


Find the remainder in each of the following by the above method. 
1. 23° +227-—2—6 (2008 ~ a8 1a 

z+2 z—3 
3. 2° +62? +52 —3 4, a8 722" Se 2 

2+3 i z+2 


233. Abbreviated Division.—Abbreviated or synthetic division is a 
short method of division in which we find both quotient and remainder. 
The divisor must be of the form x — a. The remainder may be zero. 


(1) 28+ 42? +2-—8\e+ 2 (2) Dividend Divisor 
x? + 22? 14+4+1-8|-2 
— x? + 22 — 3 —2-4+6 
277 + 2 ————— 
Qn? + 4x Quotient = 1+ 2 —3 | — 2 = Remainder. 
—__— The bar (|) separates the quotient from the 
— 3x —8 remainder. 
— 3x —6 
a . 
—2 


”. Quotient = 2? + 2% — 3 and Rem. = —2. 
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We are familiar with method (1). Now study method (2) where we 
have performed the same division but have omitted the letter bases and 
used only the numerical coefficients. 

Explanation. 

1. We change the divisor to —2 instead of x + 2. Be careful to 
change the sign of the 2nd term of the divisor. 

2. The coefficient of the first term in the quotient is the same as that 
in the dividend. 

3. Multiply the divisor by 1 of the quotient and put —2 under 4 of the 
dividend. Now add. (Do not subtract as we have changed the 
sign of +2 of the divisor to —2 and this allows us to add rather than 
subtract.) 

4, Now multiply the divisor by +2 of the quotient and put —4 
under 1 of the dividend and —3 in the quotient. 

5. Multiply the divisor by —3 of the quotient and get +6 under —8 
of the dividend and add getting —2 for the remainder. 

Practice this method of division in the following problems and you 
wili learn to save time in divisions of this type. 


Note.—To apply abbreviated division to an expression as b® + 1, tt 


must be written b? + 0-62 +0: +1. When the coefficient of a term is 
zero, that term does not appear in the expression. 


PROBLEMS 
Factor (Use Arts. 232 and 238): 
1. 23 + 32? — 97 + 5. 2. a? + 8a? + 8a + 12. 5. 1 +m — 2.09 8 
4, y® — y? + dy — 5. 5. m3 + 2m? + mn + 2n. 6. 228 —2—1. - | 
7. 228 — x? — 182 — 6. 8. «3 + 62? + lle + 6. 9. m3.+ 2m? — 16. \ 
10. 223 — 4x? — 7x + 6. 11. 2? — 2x? — 23x + 60. 12. 28 +2? —2 —-1.) 
13. v4 — 1823 + 21x? — 182 — 22. . 14. 24 + 7x3 + 8x? — 282 — 48. 


Application of Factoring to the Solution of Equations. 

A common method of solving an equation of the type az? + br +c = 
0 is by factoring. 

Illustrations 1. Solve 7? —x-—6=0. 

Sea the first member of the equation we get (x + 2) 
a) ee 

If the cae of two or more factors equals zero, then one of the fac- 
tors must equal zero. It must be understood that any one of the factors 
may equal zero. 

Hence, to obtain the roots of the above equation, let each factor in turn 
equal zero, and solve the resulting simple equations. The number of roots is 
the same as the highest power of the unknown number. 


Ifz+2=0, and ifz — 3 = 0. 
Then + = —2, * then x = 3. 
Check for x = —2. Check for x = 38. 
4+2-6=0. 9-—-3-—6=0. 
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2. Solve 3x22 — 4x = 4. 
Transposing, 3x2 — 4x — 4 = 0. 
Factoring, (82 + 2)(a — 2) = 0. 


Hence, if 32 + 2 =0 and if z — 2 = 0. 

Then z = —2 then x= 2. 

Check for x = —#. Check for x = 2. 

Bein dl — 9) nd. 9 (4) 8a 4, 

3+ $= 4. 12—8 = 4. 
PROBLEMS 


Solve and check the following: 


—— 1? — 92 + 20 = 0. 2.223-21—-2=0. 
ao 2° +a = 6. 4. 77 — 25 = 0. 
5. e(2 +7) +12 =0. 6. 2? — llz +28 =0. 
7. 23 +22 — 16x = 16 8. 228 +22 — 52 +2 =0. 
9. 322 + 42 = 4. 10. 25y? — 49 = 0.——___ 
11. 3y3 + 5y2-—lly+3=0. © 12. m4 — 4m? = 0. 
13. 2? — 2? —4r+4=0. —~14. 3(2? — 1) — 2(2 +1) = 0. 


\, 15. 224 + 523 — x? — 62 = 0. 
“6. The square of a certain number diminished by the number equals 2, Find 
the number. 
17. The square of a certain number increased by 3 times the number equals 28. 
Find the number. me = 8 i 
&. The cube of what number equals 36 times the number? 
a What number plus its square equals 6? * ’ 
. ~ 20. Find two consecutive numbers whose product is 12. 
{\ 21. The length of a lot is 5 yards more than the width. Its area is 104 square 
yards. Find the length and width. 
me 227 1f times the square of a certain number twice the number is added the 


result equals 85. Find the number. 
~~, 23. What is the width of a walk surrounding a rectangular plot 50 feet by 30 feet,., 


if the walk contains 704 square feet? 

ise Highest Common Factor (H. C. F.).—The highest commom 
factor of two or more expressions is the highest divisor common to each 
of the expressions. It is the product of all the common factors, each 
common factor being used the least number of times it occurs in any 
expression. : 

Illustrations. 1. Find the H. C. F. of 12, 4, 8. It is evident that 
2 and 4 will divide each of them exactly. Therefore 2 and 4 are both 
factors of 12, 4, 8, but 4 is greater than 2 and is the largest number con- 
tained in each of these three numbers. Therefore, 4 is the H. C. F. of 
12, 4, 8. 

2. Find the H. C. F. of 3a%b, 6ab?, and 15076’. It is seen that 3ab 
is contained in 3ab, a times; in 6ab2, 2b times, and in 15a7b?, 5ab times. 
Hence, 3ab is the highest number, for we can find no other divisor con- 
tained in the quotients a, 2b and 5ab. 

3. Find the H.C. F. of 52?y°, 1527y’, and 20 ant” 

1. 5is the highest divisor of all the numerical coefficients. 

2. x? is the highest power of © contained in each. 

3. y? is the highest power of y contained in each. 


— 
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Then 522y* is the H. C. F. of 527y%, 15a%y?, and 20z%y°. 

Therefore, to find by inspection the H. C.F. of two or more monomial 
expressions proceed as follows: 

1. Find the greatest number which will divide exactly all the numerical 
coefficients. 

2. Choose the highest power of each literal factor used in each expression. 

3. Write all these factors as a product. 

936. Highest Common Factor of Polynomials. 

Problem.—Find the H. C. F. of 8a? — 28” + 24 and 12a? + 16x — 36. 

Solution.—F actor each expression and arrange in a column as shown. 


Sp. 28¢ + 24 = 4 — 2) (2a — 3). 
1227 + 64 + 36= 6(z + 2)(2e — 3). 


Now consider 4(x — 2)(2% — 3) and 6(2 + 2) (22 — 3) as monomial 
expressions and by inspection find their H.C. F. §234. 

Therefore, since 2 is the greatest divisor of the numerical coefficients 
and (2x — 3) is the only-other factor common to both, we have the 
H. C. F. of 822 — 28% + 24 and 122? + 6x — 36 is 2(2x% — 38). 


PROBLEMS 


Find the H. C. F. of the following: 


1. (w — 2)(x — 3) and (x — 2)(x + 4). 

2. wo + 2¢ and x8 + 2x. 

3. 2a% + 49 and 327+ 62% ; 

4. a — 5+ 6 and «? — 4. , 
5. 22 — x — 6 and 2? — 4.4 a 
6. a2b? + ab? and a%4 + ab rn ¥X iv | 
7. 22 — y2 and 2? + 2zy + y?. 

8. ac + ad + be + bd and.ac — ad + be — bd. 

9. a? — 2ab + b? and a’ — B'. 
10. 4? — 9,2? —62+9,2? +2—T2. 

11. a2 — 4a + 4, a? —4, a? +a — 6. 

12. 2? — 8a + 2, 2? + @ — 6, v? — 62 + 8. 


237. Multiple.—A multiple of a number is any number which will 
contain the given number without a remainder. Thus, 8, 12, 16, 20 are 
all multiples of 4, since 4 will divide into each of them without a remainder. 

238. Common Multiple-—A common multiple of two or more num- 
bers is a multiple of each of them. Thus 12 is a multiple of 2, 3, 4, 6, and 
12, since each of these numbers can be divided into 12 exactly. 

239. Least Common Multiple (L. C. M.).—The least common 
multiple of two or more expressions is the product of all the different 
factors, each factor being used the greatest number of times it occurs in 
any expression. 


oe 


Illustrations.—1. 3, 4, and 5 can each be divided into 60. There- | 


fore 60 is a common multiple of 3, 4, and 5. Again, 3, 4, and 5 can each 
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be divided into 120, but 60 is less than 120 and therefore 120 is not the 
least common multiple, while 60 is. 

2. By inspection, the L. C. M. of 3a2b’ and 5a4b is 15a‘b3. 

240. The Least Common Multiple of Polynomials. 

Problem. Find the L. C. M. of 2x — 16, x? — 2x — 48, and 2? + 
12a” + 36. 

Solution.—F actor each expression and arrange in a column as shown. 

1. 22 — 16 = 2(x — 8). 

2. 2? — 2x — 48 (a — 8)(x + 6). 

3. 2? + 12” + 36 (a + 6)(a + 6). 

The. L. C. M. of any number of expressions must contain all the 
factors of each expression. ‘Therefore, to contain (1) we need 2(% — 8); 
to contain (2) we need (# — 8) and (2 + 6). But we have the factor 
(a — 8) and need to take from (2) only the factor (x + 6), giving 2(z —8) 
(x + 6). To contain (3) we need (x + 6) twiceasafactor. In2(x — 8) 
(2 + 6) we have (2 + 6) once, therefore we need one factor (x + 6) 
from (3). Finally the L. C. M. of (1), (2), and (3) is 2(a — 8) (% + 6) 

xz + 6) or 2(a@ — 8)(a + 6)?. 

To find the L. C. M. of any number of expressions: 

1. Arrange all the expressions in a column. 

2. Find the prime factors of each expression. 

3. Select all the factors of the first expression, and all the factors of each 
expression following which have not already been used as factors, from the | 
preceding expressions. 

4. Write these factors as a product. This product is the L. C. M. of all 
the given expressions. 


ll 


PROBLEMS 
_ Find the L. C. M. of the following: 


. a’b, ab, and a*b?. 

az +2and 2? — 4. 

a? + ab and a? + a%. 

az? — Qry + y? and 2? — y*. 

3x — 6, 2x — 4, and x? — 34 + 2. 

x? —z —6and x? +2 — 2. 

2? — 7x +12 and xz? — 22 — 3. 

. 22 + Qry + y? and xz? — y’. 

m2 + mn — 2n? and m? — mn. 

10. a? + b3 and a? — ab + 6. 

11. 2? — xy, cy — zy®, and x? + zy? — xy — zy. 
12. m? — m — 6 and m? — m — 2. 

13. 23 — 22+, 2% +2, and z +1. 

14, 62? — 17xy + 12y? and 122? — zy — 20y?. 


a alot eles 


CHAPTER VI 
FRACTIONS 


241. Importance of Fractions —A great many engineering problems 
involve the solution of equations containing simple and complex fractions, 
as well as mixed expressions. The engineer must be able to simplify 
and solve these expressions either mentally or by rapid calculations. 

242. Integer.—An integer is a whole number as, 5, 9, 27, ax, br + cy, 
etc. 

243. Fraction.—In Arithmetic we learned that a fraction is one or 
more of the equal parts of a whole number, or unit, as 3, 3, $, ete. Itis 
now necessary to extend the idea of a fraction and consider it as an 


1 : : 
indicated quotient. Thus 3 > % oa etc. In the fraction = a is the 


numerator and b, the denominator. The numerator and denominator 
are called the terms of the fraction. ; is read a over b, or a divided by b. 


244. Proper Fraction.—A proper fraction is a fraction whose numera- 
tor is less than or of lower degree than the denominator. 

Geary 
ae xe 
indicate the degree of a. 

245. Improper Fraction.—An improper fraction is a fraction whose 
numerator is of a degree equal to or greater than that of the denominator. 

Thus é 9) a°b? min 

’3 7 ab mn 
mn 

Note.—The fraction, ae is said to be improper with respect to 
m and proper with respect to n. 

246. Principles of Fractions.—Given the fractional form § which 
equals 3. If we multiply both numerator and denominator by 2 we get 
12 which also equals 3. If we divide both numerator and denominator 
by 2 we get 3 or 3. 

It is evident from the above that multiplying or dividing both numera- 
tor and denominator of a fraction by the same number does not change 


the value of the fraction. 
f a+b n_an+obn Pi, 
It follows that de on Eee Why? 
2 
and also that Hd AMRELLS n(m — n) ry Le si 
on + gn’! np 47a) eg 
92 


: a” 
Thus, ., 5 » are proper fractions. In aS the exponents 2and3 


» are improper fractions. 


Why? 


ee ee oe ———— 
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247. I. Signs of a Fraction.—The sign before the fraction is the sign 
of the fraction, as —3. In addition to this sign, the numerator and 


denominator each have a sign, as _+. The signs of the numerator 


and denominator combine according to the law of signs in division. 
Illustrations.—By arithmetic numbers we have, 


1. +22 = 43, for +1415) + (+5)] = (48) = +3. 
2, +24? = —3, for +[(+15) + (—8)] = +(-8) = -3. 
3. +792 = —3, for ${(—15) + (+5)] = +(-3) = 2. 
4. +1) = +3, for +[(—15) + (—5)] = +(+8) = 43. 


II. Laws of Signs of Fractions—By comparing each illustration 
with the first we derive the following laws of signs. 

(a) If the sign of the numerator or the denominator of a fraction 1s 
changed the sign of the value of the fraction is changed. 

(b) If the signs of both the numerator and the denominator of a 
fraction are changed the sign of the value of the fraction is not changed. 

By algebraic numbers we have, ; 


+2 a +2 x 

1, += = 42. 8 te Re 
Thy ty Tay y 
bh rs zx al 4 H 1 
tof 2 4, = = +5, 
3 eee 7 egg ny 


Note.—When the numerator or the denominator of a fraction is made 
up of two or more factors, the sign of that term is changed 7f the signs of an 
odd number of factors are changed. The sign of that term is not changed 
if the signs of an even number of factors are changed. This follows from 
the law of signs in multiplication. 


(a—b)\(e—d) (a—b)d—c) (a — b)d —¢) 


Thus, Gofq@-h ~ e€-Ng-h”" F—ag—h) 
wae (@—y(@—-y) _y-ay—2),_@-py-2) 


= fC) 
(p—gir—s) (p—aQ)(r—s) q=pe 7) 
Prove each of the above equalities by multiplying out each numerator 
and denominator. 


PROBLEMS 

Study carefully the following and determine which are true. Give reasons. 

at ens, yom 
es aes baat 
i ais lass yg SOEs ee ee. 

b —b m-n n—-—m 

m ™m 6 b a —b , 

aa mH ‘@-O@-y) C-—a@-y 


248. Lowest Terms of a Fraction.—A fraction is in its lowest terms 
when the numerator and aa no common factor. 


—— 


denominator and divide out the common factors. 


is the same as in arithmetic. 


V 
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: ol Ko Me eee 
Illustrations.—1. id 8 ee 
expressed in lowest terms for we can divide out factors common to both 
the numerator and the denominator and get the resulting equal fraction 3. 


; ee 
The fraction, ig 3 not 


243 243 
2: be ns thus, us is not expressed in lowest terms, but-reduces 
abt sb ab‘ 


oe 
°b 
Hence to reduce a fraction to its lowest terms, factor both numerator and 


3 a+5at+6 (a+38)(at+2) _at+3 
-@—-a-6 (@—s)@+2) a—3 


PROBLEMS 
Reduce the following fractions to lowest terms: Check as in §31 
1 ab. 3min | 3 east 
SeenOC ~ 18mn? a (ie 
ad 3 
i 6kr?s 5 —122?yaz4 6 17a*bc3d_ 
* <Bhrs® * Tharty22s ; oe 
Anr? a(t - ; (x —/y)(e +9) 
Lf 8. 9. 
Meus | y Ve | oar oem 
a? — b? a? — ab + b? a? — 2ab + b? 
10. Se ses coy ie 
agaist) ae (a —1)(a +2) 
BGthe@t) “aa aeri 1: a + 2)(a — 8) 
16 a(a? — 4)(a — 3) 17 ac + bd + ad + be. 18 22° + 7x — 15 
* a3(a2 — a — 6) “ax — ay + bx — by ~ 22 — 24 — 35 
3x? + 202 — 63. 200-2 a*bx? 
19. ease 09 «©6710 + 102 — Iba ae et 
fis ihe ant aye TREE Se Se 
OD feo ee awe - 24, - 
Gr = max? + my + my? = FAN Sn 


MULTIPLICATION OF FRACTIONS 


249. Process.—The process of multiplication of fractions in algebra 


Illustrations. 
: ey 
1. In arithmetic, 3 xX2= . 2. In algebra, : xc = = 
KD 
3. In arithmetic, 2 x aa 4. In algebra, ai p _ ab. 
eee) ; 6 Here fe C 
yaa 3abd? 6a? 
‘D: j at So . 
Again, “Shas ~ abdd? — Bbd? 
6. Also, Cafe?) xX is 2xy + y? 
(x — y) Pitas 


- Gy), pee 
(7>—~y) “ +4) (—y) 1 


1 


TE ee ee 
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Therefore. 
1. To multiply a fraction by an integer, multiply the numerator only 
by that integer. 

2. To multiply a fraction by a fraction, divide out all the like factors in 
the numerators and denominators. Multiply together all the remaining 
factors in the numerators for the numerator of the product and all the remain- 
ing factors of the denominators for the denominator of the product. 

250. Powers of a Fraction. 

By multiplication, 

Piss eee a+b\? ato atb (a+ 6) 

ol) = 5 *%o = jaand (¢ —d) ~e-d*c—d (e—d 

Therefore, any given power of a fraction is the given power of the numera- 

tor over the same power of the denominator. 


x 


PROBLEMS 
Find the values of the following: Check as in §31. 
; as 
7, 2.8 73) ae. By? 
a A 2 OX; 3. ay X 6x8 
4 m? NEU Ac ee 6 —Tbz ,, 6bry? 
™ mn 3ay? “~ 12ry5 ie SS GS BATE 
‘4 ‘ me 
7, 3a? 5b? | 12a | 3, Zia? , 350% Late 
4b “3a “~ 10a%b Sty 
= ar 38 4(2 — 2) _, 6(@? + 42 +4) 
4 35 + 8a “2 Bd Se +2) 
3(a — b)  a* + ab +d? a? — 54+ 6 a? — 3a. 
we a? — b 6(a? — b?) #2. a—9 - a — 2a? 
a3 + zy? 2? — y? 14 5m — 10 _, 18m + 36 
Ke ey * 6m? — 24 “35m — 70 
45, 122? — 14pq + 2¢° Bp? + 2p7 = a? 


4p* + Tpq — 2q? 12p? — 27pq + 6q? 
16 + be + ad + bd 3ac — 3be + 3bd — 3ad_ 
7 + bd — be — ad 4ac — 4bd + 4ad — 4be 


DIVISION OF FRACTIONS , 


251. Division of a Fraction by an Integer.—To divide a fraction by an 
__integer, divide the numerator of the fraction by that integer. Thus, 
4+2=. This is the same as multiplying the fraction by the recip- 


rocal of the integer. 
Thus, #+2=4X%=#- 


Note.—The réciprocal of a number is 1 divided by that number. 
Thus the reciprocal of 2 is 3. 

252. Division of a Fraction by a Fraction.—To divide a fraction 
by a fraction invert the divisor and proceed as in multiplication, Since 
an integer may be considered a fraction with 1 as a denominator, we 
have the general method for division of fractions as follows : 

1. Factor all terms of the given fraction which are not prime. 

2. Invert the divisor. 

3. Proceed as in multiplication. 
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PROBLEMS 

Perform the indicated operations: Check as in §31. 
ae Bee 2. 49 + ay: 3. 44 + 4BSS 

cee ace 21m2n , Tmn? 18abe , 12b?ac. 
ey ae 5m Oo e 3ac ~ 8ca 

2 3 3x z 

ide om 8. pq? + T 9. yee aggre 
10 aoe Sat 11 2m —5 | 2m —5 12 Che Ne eee oe 
“7p? —4 “r+2 “4m? —9 ° 2m'— 3 “ e+d c—d 

e—y e+Yy Det = Ay ar 
Mee ae iteetas ha 
18 ai —2ai-+a . (@ — 1)? 16 oo a= 2 
“@+t2a+1° atl “@a@+2°a+4a+4 
17 a@—ta-14 , ¢vta—s6. ~18 ot 27 | 2? — be — 21 
‘“@t+2a—-8 § a+5a+4 “ g+2 ~ z—4 

m3 +m? — 6m , m3 — 2m? — 15m 
Cs gor ay Balen Ue | gaa 
20 ac+ad+be+bd , 2ac + 2bd + 2be + 2ad 

* ad + bd — ac — be © a+b 

m2 —n? _, m+ — nt m? + n? 
21. m2 + n? mt — nt ee aryl 


b? — ¢? DERE re Ste 
Pa gee p = SaaS) 


ADDITION AND SUBTRACTION OF FRACTIONS 


253. Method.—In addition and subtraction of fractions in algebra 
we follow the same method as in arithmetic. 

254. Least Common Denominator (L. C. D.).—The L. C. D, of two 
or more fractions is the L. C. M. of all the denominators of the fractions. 
We can add and subtract only such fractions as have the same 
denominators. 

(a) In arithmetic } +4 = $+ 3 = 

x+y 


(b) In algebra + cat Fei Here we have the same denominator, 


namely b. 
(c) Find the value of s he .: 


Solution. 1. The L.C. D. = ab. 


2. Change each fraction to an equivalent fraction having ab as a 
denominator as follows: 
ab 
= 6. Multiplying both numerator and denominator of ro b, 


D. “be 
we have = X 5 ee 


y _ ay. 
b= ab 


a ed 


In like manner, = 


bx ba + ay 


+= 


ae es From 2. 


— 
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Therefore, to add and subtract fractions: 

1. Find the L. C. D. of all the denominators. 

2. Reduce the given fractions to equivalent fractions having the same 
denominator. 

3. Write the algebraic sum of the numerators over the L. C. D. 

4. Collect like terms in the numerator, if any occur. 

5. Reduce to lower terms if possible. 


PROBLEMS 
Perform the indicated operations: Check as in §31. 
3, 5 RY 5 2 Seed 
eve HR 7 +3 oo ees 
a b 5a , 3a =r , OF 
@o-B te poe 
Bee at, 5 oy et 
pp 22 4 Ba _ a. Br _ 3y, 7a _ 5b, 
10. ats 2 ae y x i. a 
Be+4 QWwt+5 
3... 18 
Solution 1.—The L. C. D. = 36. : 
3o—_—«s36 = 
§252-2. 36 
3(80 +4) 2(22 +5) | 12 ~ 3, then 3(32 + 4). 
36 
6 2 = 2, then 2(2% + 5). 


2) — (4 10 
aaa = Aetls Note that (4% + 10) is ‘preceded by the 
§252-3. minus sign. When the parentheses are 


| 9x + 12 —* = 10, removed, we write —4a — 10. 
oy a ae 
17. ete oe 2a. 18. 3c ena a 5d, 19. seu —w tt 
20. — 2s ~#t s. 21. mt 5 a arene ( 
29. ae = 3u _ —o ty ure. 23. Se 8 4 ete -#—*. 
24. Sept ,eote oie 25. im +n _ 1m = 2 nom. 
26. 342 _2. 27. 4-2 
28. 8 2. 29. of. 
80. aa ion ~ nt Usp 
ayy Ih ae (Rand St Bers 2-2 


32, 2 —-— 4 2- 336 


: | ry 3} 


p) - 
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“fe d-—e weshe: 2a 4-0. 2e—b bie 
34. © i Gas de ce oe ab be ca 
3 
36. . 


a+ab a? —ab 


Solution.—See prob. 13. 

2 3 
a(aa+b) a(a—b) 
*. The L. C. D. is a(a + b)(a — 6). 

2(a — b) 3(a + b) 


1. Factor the denominators. 


A= a+ HG ob) ala Pua —d) 
3 _ 2(a — b) — 38(a +b) _ 2a — 2b — 3a — 3b 
; a(a + b)(a — 6) a(a + b)(a — b) 
_ -a— bb: —(@+5b)  a-+5d- 
So, Gare) > ae 
b a ab ‘. Me 
Suk Ppt ba The L. C. D. = (a + b)(a — B). 
i b(a — b) eS a (a+b) 4 ab 
~ (a+b)(a—b)° (a+b)\(a—b) (a+b)(a — 6) 
_bta—v? +a? +a —ad_ at—b*? +a 
Carran ig 8) wiacibuet ) Boeke 
an 1 3 
ne og oe. ee eri 
Bo 2 ee Urs ail oe ee : 
OS ey ESD / lr sages ye oe 
ae bw 3G Dy 
a2. Qa+2y 32 + 3y Se y—-xu2 yts 
4a 5a 6a m+n,m—n 2mn 
oe eas SEE = ne Cae ut 
sz +1 , 224+1 Ag ax a ap 
46: Be Bedi eee 47. qa g Vigith wes ate 
3 tS 7 1 if 1 
2. yt y—3 by +o od eee ere 
; 2 1 A 1 1 
50. pas oo Hint. — eo ree’ §247-IlIa. 
51 a-1l a+2 x a-—3: : 
“ at—8a+2 a?—5a+6 a*—4a+3 
oy Hint. The L. C. D. ts (a — 1)(a — 2)(a — 8). 
(a — 3)(a — 1) ft (a — 1) (a + 2) (a — 2)(a — 3) 
(@—1)(a@—2)(a—8) ' (a@—1(a—2)(a—38) (a—I1)(a— 2)(a— ~ 3) 
Y—44a$¢3 +e +o —2—0' +ha— 67 a?+2a—5 
(a — 1)(@ —=2){a.— 8) (a — 1)(a— 2)(a — 3) 
Result. 
~~ m + 2 m+3 
— (3. mm —om+9t m9 
4 5 6 
ager graces Yokes pene ey Xo eae 
4 3 6 


54. 


2079-2 —3 Wt+e2—3 Ww—5e+3 


1 1 2 — ab 

55. a+ ——> Solution, ¢+——> -o—e tt Ans. Or use §256. 
—5 : Beal 
bi a 3 eee = — 5 
a-3+—— B7. 18 + — 5 
a—b 3r > y 
58. 3. - 
TERE eg et 2y +2 
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52x 3 
2a —3 61. ay a ee, 
ul 2 a 2 
eS ates gee 


60. 2a—1 


62. 


m i 1 
64. — ta age se x Date 
m+2 cu se Sl eee lama det 
66. m* — mn + n* + pie 
m+n 
3x 
x—2 


255. Mixed Expressions.—A mixed expression is one which is com- 
—— of both integral and fractional parts. 


1 b b : 
Thus, 2 + 374 + - and 2 — care mixed expressions. 


256. To Change a Mixed Expression to a Fraction. 
In arithmetic, 2-+4= 4%. For2 = $ and §+ 4 = f. 


Again, 3 — 3 = $ — $ or 3. 


y y Y y x x x x 
ba — cz —d 
or ——————_- 
zx 


Therefore, to change a mixed expression to a fraction, multiply the 
integral part of the expression by the denominator of the fractional part 
and add or subtract the numerator of the fraction as indicated by the sign 
before the fraction. me 

Write this result over the denominator. 
4ab—b? _ (a +b)(a — b) — (4ab — Gb?) at = ao: 


Thus, a + — “7 = = O) = (tat ee 
PROBLEMS 
Change the following to fractions: Check as in §31. 9 a Lf 
1. 2a + *. , 2. 3p +32. 3. Qn — 2. —o 
4. 5x — 2. bm 4 me 6. ar — +? 
7. 2m + 2. 8. 6 — mF? p.t6e = oe 
10. 7c + 22+" i. ar + 24" oe a q 
13. a +24 °@—* 44, b+ — ete 
15 pty-2=t 16. 2 —3 +2 —3 
ty +p Ciarts ee 
3mn +n? 20. y -—2 2_— 6 
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257. To Change a Fraction to an Integral or Mixed Expression. 
In arithmetic, $ is made os of $+ %o0r2+ 3 


In algebra, ees =U +e + orb +°, 
Also mre cgi 
n n n 


Therefore to change an improper fraction to an integral or mixed expres- 
sion, divide the numerator by the denominator. Write the remainder, if any, 
over the denominator and add this fraction to the a quotient. 


a? + 4ab + 3b? b? 
Thus, 2b + ——~or a + 2b — é 
BR Oe wae es ee 
PROBLEMS 
Change the following to integral or mixed expressions: 
zw? —4 a? — 2ab + b? 4c? —a2 —1 
q. x —2 fr a-—b j a x ; 
4 a? — 2ab + 5b? 5 3a? — dary + y* 6 ab + ac 
™ a+ 3b 4 zy ~~’ b+e 
7. 2x? — y? 8. 4y2 — 207 9. a? + b 
25 S 2(y — 2) a+b 
Cae dee 5a? — 2ab +3. 3822 — Qay + y? 
WO G5 am 2a By tH) 
5a? + 322 — 22 +1 4c? —ax —1 
es a? —1 Ee een 


258. Multiplication and Division of Mixed Expressions.—In the 
following problems simplify each mixed expression before performing the 
indicated operation. 


PROBLEMS 
1. (4+ 3) — 9). 2. (8 — #) + (4 + 9). 


a (bea) (a3): : (m+5, ye sca): 
aa a) ala 6. (4-3) (ea): 

* Gara) +2) a (4-7 eats) 
‘ (a+ 2%) i (o-5 +7): os (+t FP) (a a) 


259. Complex Fractions.—A complex fraction is a fraction one or both 
of whose terms are fractions or mixed expressions. 


Thus, 

Ue x 2. ws er and ta. a 
b 1p ty 2G Age 
a n y 


Bee ae ee 
x = 
are complex fractions. ‘ aac 


‘4 
: 
; 
i 


a en ll Ml 


al ef ih 
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Follow the solutions of the above illustrations. 


neg <a. ee 2 m m m n 

ano Slee AN, = ae peo 

b Lee 0 b han 1l1+m ntm [omen m+n 
a nN n ns 
a 


a ne 
Giteol.. .@ a? + 2a — a? + 2a 4a 

Pop at2_ (a—2)(+2) (a—2)(a+ 2) 

ee. 58 a? + 2a + a? — 2a 2a? : 

a—2 a+2 (a — 2) (a + 2) (a — 2)(a + 2) 

° : 
A te y Cr )lerh) _ 2 a 
(a—2) (a2) Sa? Osbares 
a 
Simplify the following: 

No ge ye 3. Bey Be OUT 
2 3 ae 9a7y_ Ln eS 
| Re 3 y peas 
213 ee * te 

ee ee TE nt 

a igi by lees c 
1 1 ay aCe 2 
a= 2+7 Fel x ar 

9 21 IDs, dah? 
ei rc ote y 

3 y? 

ren §! a? + 2a+ 1 12 —m 
a —2a+1 m 

a+t+i-+ oa ay | "umes 

Gio b Wi 1 
a+b b-—a 2 ee 
a b Pee y 
en kb yey 

Ba db 16 
bee ea 0. (1 -*) y ues 
a,b a+b A Me en NB 
ee 

f 17. m?—m +1 
j mn mt — 2mn + 1? = 1 
m—mn—1—- m—n— 1 


CHAPTER VII 
FRACTIONAL AND LITERAL EQUATIONS 


260. Fractional Equations.—A fractional equation is an equation 
containing one or more fractions. 

The fractional equation is the tool without which the engineer is 
unable to make a large number of his computations. Thus in planning 


the construction of a steam engine, the engineer knows that the formula, 
LAN 


or fractional equation, HP = BON" enables him to compute all the 
dimensions of the cylinder which will develop a certain horsepower. 

Note.—An equation, none of whose terms contain fractions, 1s usually 
called an integral equation. 

261. Method of Solving Fractional Equations. 

First, clear the equation of fractions by multiplying both members of 
the equation by the L. C. D. 

Second, solve the resulting simple equation. 

Note.—If a fraction is preceded by a minus sign, the signs of all the 
terms in the numerator are changed when the fraction is eliminated. 


. Illustrations.—1. Solve for g, -= ne og BE 
Solution.— Multiplying each term of both members of the equation by 


“24, the L. C. D., thus, 24 (2) — 24(" 5 *) = 24 (75 .. 


Simplifying, 8x — 34 +3 = 242 — 168. 
Transposing, 8x — 3x — 24% = —3 — 168. 


Collecting like terms, —192 = —171. 
Dividing by —19, 2 = 
9 9-1 
Check. cy ee ea = 9 — 7. 
a3—1=2. 
2 = 2. 
32.4) 3a. 1 12 


2. Solve for z, reas Rae eS ah on 


Solution.—The L. C. D. is (8% + 1)(8x — 1). 


Multiplying each term of both members of the equation by the 
L. C. D., we have, (8% + 1)? — (8a — 1)? = 12. 


3a +. 1 
Thus, aay | X (382 + 1)(8a-—1) = (82 + 1)?, ete. 


Expanding, 92?+ 62+ 1 — 92?-+ 67 — 1 = 12. 

Collecting like terms, 12% = 12. 

Dividing by 12, =. eae 
102 , 4 
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PROBLEMS 
Solve and check: 2 
ee O geet 2 ee 2 

fe ee SO en be rf 
mort ce Wee SEY hy ea tee 
ee Bete! GO Sigh eal at 
7, Ht T_T k g, BoP ett? 

1 
eet et gg) eg et 8) = es 
_ oes St i SS a 
= 5 oy ec ial ia Soe ee 

ee a ai : ig tees Fomeie 
19. S(@ —1)=5 (@ — 2) 20 3(F-5 ‘ +3)-2 
7 eee poe ig moar eta 
aa ts ee hae 


262. Literal Equations.—A literal equation is an equation containing 
one or more known literal expressions. 


Illustrations.—1. Solve for z, an = ra 
aE ta Lb 
Solution.— Multiplying both members of the equation by the L. C. D., 
x(x + 1), 
we have, (a+ b)(2 +1) =z. 
Expanding, ac t+a+bre+6 =z. 
Transposing, ax + br —x = —a— b. 


Factor the left member of the equation to get the coefficient of z. 
Then, (a + b — 1)z = —a — b. 
—a—b a+b 


Dividing by the coefficient of x, x = ey a a i 


The value of x contains the literal numbers a and b because they are 
known numbers. ras Cla 
ax br _ 3a*a 
2. Solve for z, Se Be Ee a= bt 


Solution.—Multiplying both members of the equation by the L. C. D., 


9a? — D?, 
we have, ax(3a — b) + ba(3a + b) = 8a? + b= 
Expanding, 3a24 — aba + Baba + b’x = 3a7x + B?. 
Transposing, 3022 — abx + Babe + b2x — 3a2x = b?. 
Collecting like terms, Qabx + b?a = 0. 
Factoring, (2ab ag = a 


Dividing by the coe cet of x, © = eRe Sone . 


| 
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PROBLEMS 
Solve for z. Check. 
1.2 = 5 2) Ent, 3. az —b =0 
a a 
21 : ad 
oe ee 5. cx — dz =e Gi d : 
a= * 8. a= — baz. 9. 2ax = 3b — 5cz. 
m+n _at+b Do, Be POE ie ee. 
10. 7; mes ‘} Ly ge 4, pees me 
1 I x i eg E = (oy glk ee (nae 
hee ars Me Bat eae 
1 fed L/=x 
5. 5 (= + 1) -3(2 1) 
2a 22 e zZ_xta de, dh Se 
16. 3 Soa Aes 3a 18. 7 aeicee 
21e oe a b 
alae pea (ees ; pee = ah 2s 
19. 3 (2 +1) a9 1) 20 r c(a os. i 
9a 3c 4b 2a. L—m ec TN c—b_@—a 
eG ie 6. Ged ic Hke ee a 
Caos 3cx :s m+t+nxe ctdz 
x Cenc a+2ce 42 
Re nig ware tes Fa aT OP 4? — a? 
x 
ae 
29. fb que 
+= ; 
< a—b 


30. How many sides has an equiangular polygon if each angle is 120°? 
™81. How many sides has an equiangular polygon if each angle is 152745°?. 

32, Can the following be interior angles of an equiangular polygon? 150°; 108°; 
140°; 155°; 85°; 95°; 120°; 160°. If so, compute the number of sides. 

33. Can the following be exterior angles of an equiangular polygon? 120°; 60°; 
30°; 10°; 18°. If so, compute the number of sides. 

34. How many sides has a polygon, if the sum of the interior angles equals the 
sum of the exterior angles? 

35. How many sides has a polygon, if the sum of the interior angles is double the 


\ sum of the exterior angles? 
% 


36. How many sides has'a polygon, if the sum of the exterior angles is double the 
sum of the interior angles? 

37. Each exterior angle of an equiangular polygon is equal to an angle of an 
equilateral triangle. Find the number of sides in the polygon. 

88. The acute angles of a right triangle are to each other as Sisto. Find them. 

“39. The area of a triangle is expressed by the formula A = 3bh. (a) Find A, 
when b = 10 and h = 7.5. (b) Find b, when A = 98 and h = 12. (c) Solve for b. 
(d) Solve for h. 

40. The area of a trapezoid is expressed by the formula A = 3h(b + di). (a) 
Find A, when h = 8, b = 12.5, and b; = 9.5. (b) Find b, when A = 180, h = 9, 
and b; = 12. (c) Solve for h. (d) Solve for bi. 

41. The area of a circle is expressed by the formula A = mr?- (« = =). (a) 
Find 7, when A = 440. (6) Solve for r?. 

42. : =—-+ : is a formula used in physics. (a) Find f, when a = 3 and b = 5. 


a 
(b) Solve for a. (c) Solve for f. 


Se —E————u@me ss Se eee eee es 


ee jag 
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43. The volume of a rectangular parallelopiped is expressed by the formula 
V = abe. (a) Find a, when V = 300, b = 5, andc = 6. (b) Solve for a. (c) Solve 
for b. (d) Solve for c. 

44, The lateral area of a regular pyramid is expressed by the formula S = SPU Es 
(a) Find S, when P = 15.5 and L = 12. (b) Find P, when S = 30 and L = 6. (c) 
Solve for L. (d) Solve for P. 

45. The lateral area of a cone of revolution is expressed by the formula S = xRL. 
(a) Find R, when S = 425 and L = 28. (b) Solve for R. (c) Solve for L. 

46. The formula for velocity is V = gt. (a) Find ¢, when V = 128 and g = 32. 
(b) Solve for g. (c) Solve for ¢. 

2 


47h = 125r is a formula used in engineering. (a) Solve for W. (6) Solve for 
r. (c) Solve for V2. 
48. The formula for the amount of money on interest at a given rate after a given 


eae Pri : 

time is A = P + (a) Find A, when P = $1000, r = 6, and t = 5 years. (b) 
Find ¢, when A = $900, P = $750, andr = 5. Ans. =4. (c) Solve for P. (d) 
Solve for r. (e) Solve for ¢. 


~ 49, [= R is a formula used in electrical work. (a) Find J, when # = 300 and 


R = 400. (6) Find Z, when] = .5and R = 250. (c) Solvefor R. (d) Solve for #. 
50. The formula for converting a temperature of C degrees Centigrade into its 
equivalent of F degrees Fahrenheit is F = $C + 32. (a) Find F, when C = 25. 


(b) Find C, when F = —40. (c) Solve for C. Ans. C = 3(F — 82). 
51. The pressure per square inch allowed by the U. S. Steamboat Inspection rules 
T Xt, 


on boilers is given by the formula, P = 6xXR P = pressure in pounds per sq. in. 


T = tensile strength of the material of the shell (pounds per sq. in.). ¢ = thickness 
of plate in inches. R = radius of shell in inches. If T = 60,000 pounds per sq. in., 
which boiler will stand a greater pressure; one 60” in diameter, 3’’ thickness of plate 
or one 48” in diameter, 74,” thickness of plate? 
52. A boiler is to stand a pressure of 160 pounds per sq. in. Find the radius if 
T = 50,000 and t = 2”. Use the formula in problem 51. 
53. The indicated horsepower of an engine is expressed by the formula, 
PLAN 
HP = 33000. 
HP = horsepower. 
P = average cylinder pressure in lbs. per sq. inch. 
A = area of piston in sq. inches. 
L = length of stroke in feet. 
N = Strokes per minute, or 2 Xr.p.m. of drivers or flywheel for each 
cylinder. 
Suppose we wish to find, from the above formula, the diameter of the cylinder 
' in terms of the other letters in the formula. From the formula we get 33,000 HP = 


33,000HP d? 

PLAN. Divide both sides by PLN, pry = 4. ~But A = wy = -7854d%, Sub- 

33,000HP,, 

stituting the value of A we get .7854d? = pray 

cae 33,000HP . 
~  .7854 PLN é 
3,000HP 

f Taking square root, d = oer PrA N’ (a) Solve for P. (b) Solve for L. (c) 


Solve for A. (d) Solve for N. 


/ 54, From the preceding formula find the value of N, when P = 175 lbs. per ; 


square-inch, the cylinder-24” X 23’ and HP = 1250." _ GS STs eo 
—— 55. Using the same formula, find the pressure in Ibs. per sq. in. upon the cylinder 
if HP = 1000. N = 160, A = 530.93, and L = 2 feet 6 inches. 
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56. A double acting steam engine develops 1100 HP with an average steam pres- 
sure of 150 lb. per sq. in., the length of the stroke is 2 ft., and the engine runs at a 
speed of 200 r.p.m. (400 strokes). What is the diameter of the cylinder? 


57. The Philadelphia Column Formula is 
B 16,250 


NAOT. 1 pte 
11,000r? 

The Straight Line Column Formula, used by New York, 
~The American Railway Engineers Association is 


gee EN 16,000, — 70) where 
A r 


S = unit stress (pounds per sq. in.). 
P = total load in pounds. ; 
‘A = area of cross section in sq. in. 
1 = length in inches. ; 
r = least radius of gyration in inches. 
Find the total load which a column will support, if A = 113 sq. in., | = 12 ft., 
and r = 2 inches. 
Solve by both formulas. Compare results. 
58. Find the area required and the unit stress of a column supporting a total load 
of 100 short tons, if the unsupported length is 16 ft. and the least radius of gyration 
is 1.80 in. Solve by both formulas. 


59. The formula for coefficient of Elasticity is H = = (a), Solvefor D. (0), 


Solve for A. (c), Solve for P. 
60. Flexural Formula for Beams. 


Chicago, St. Louis, and 


v 


Vv 


M 
Ss= = Show that S = Gy 3 A is the Section Modulus. 
¢ 


61. Solve for =. 


b b 
oe ea 
J DF iE 1s ona 

/ x—1 0 stk 

| rr 62. The current expressed in amperes flowing through an electrical circuit may 
be found by the formula 
Te ne 
R. a, where J = current in amperes; n = no. of cells in series, 
m 

e = emf. of 1 cell; m =no. of groups in parallel; R, = external resistance in 


ohms; 7; = internal resistance in ohms. 
(a) What current would 20 dry cells of 1.5 volts e.m.f. supply to an external 
resistance of 5 ohms, if the internal resistance of each cell is one ohm and they are 


1 Cell E.M.F. 1.5 Volts 


HHHHAH AHH 


ri=10hm 


HAH HHA HEA 


Knob to Movable Plates 


12 Plates 
11 Plates 


Resistance of 5 Ohms 
Pros. 62. Pros. 63. 
arranged 10 in series and two groups as shown in drawing? ,(b) If 100 cells were 
used how much current would they supply? \ 
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/ ) ~~" 63. The capacity of a radio air condenser is 0.001 microfarads. How large is 


/ / each plate in square inches if they are semicircular in shape, 23 in number, spaced a 
/ distance of 0.1 inch apart? 
Formula eo 
2 oe An = 1) 5 A OF On 
i ~ 4xt X 9 X 105 
ro C = capacity in microfarads. 
\ K = constant for air or 1. 
>» A = area of one plate in square centimeters. (1 inch = 2.54 cm.) 
n = total number of plates. 


t = distance spaced apart. 
Suppose one plate were used, how large would it be? 
64. Two wires are connected in parallel and have a combined resistance of 10 
ohms. If one resistance is 12 ohms, find the other. 


a 
R= 1 1” where R = combined resistance in ohms; r; = resistance in ohms. 
Th T2 
of first resistance; r2 = resistance in ohms of second resistance. 


Resistance in Parallel Q: 
Pros. 64. Pros. 65. 


65. Find the potential at a point due to the following charges: one of 40 e.s. units 
at a distance of 15 cm., another of 50 e.s. units at a distance of 25 cm., and a third of 
45 e.s. units at a distance of 30 cm. 


i = = + = ; where V = potential in electro-static units. Q:, Q:, 
3 


A 2 
and Q; are the charge in e.s. units, and di, ds, and d; are the respective distances of 


the charges. 
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CHAPTER VIII \° 
RATIO, VARIATION, AND PROPORTION 


263. Need of Ratio, Variation, and Proportion.—In many problems 
in engineering we deal with related values as used in formulas. It is 
often necessary to find how a change in the value of one or more quan- 
tities effects the values of other quantities in the same problem. That is, 
we find the variation of one quantity with respect to another. These 
relations will be brought out more fully by a study of the problems which 
follow. 

264. Ratio.—A ratio is a relation between two quantities of the same 
kind. It is expressed as the quotient of one quantity divided by another. 
2 3 apples 
5a and 5 apples 
written 2:3, a:b, 2:52, and 3 apples:5 apples. 


2 ; : 
Thus, 3’ , are ratios. These ratios may also be 


VARIATION 


265. Constant.—A constant is a number which has the same value 
throughout the discussion of a problem as 2, a, etc. 

266. Variable.—A variable (fluxion) is a number which has different. 
values throughout the discussion of the problem. 

Illustration.—Given the equation 2x — 3y = 6. If x =6, then 
y = 2, but if e = 12, then y = 6. Hence z and y are variables. 

267. Function.—When two variables, such as x and y, are so related 
that a change in the value of x causes a corresponding change in the value 
of y, then y is said to be a function of x. In a similar way x may be a 
function of y. 

Illustrations.—1. The area of a rectangle is given by the formula 
A =bh. Here A is a function of b and h. 

2. The velocity of a body is given by the formula v = at. Here 
visa function of t only, for a is a constant. ; 

3. In the equation y = 2a — 3, every change in the value of x causes 
a change in the value of y. Hencey isa function of x. 

Give numerous other illustrations where one variable depends upon 
another. 

268. Direct Variation——When x and y are so related that the ratio 
of y to x is constant, y varies directly as x. Thisis written y « x. Itis 


also written 2 = Kory = Kz, where K is a constant. 


108 


RATIO, VARIATION, AND PROPORTION 109 


Illustrations.—1. The number of dollars in the cost ¢ of automobiles 
at a fixed price varies as the number n, bought, since the ratio : is a con- 


stant or the cost of each automobile. .°.c < n. 

2. In the formula, s = 4 gt?, $ g is a constant, s varies directly as t?, 
that is the space passed over varies directly as the square of the time, or 
ey tho 

269. Inverse Variation.—When x and y are so related that the ratio 


fhe coer Ae 
of y to 78 constant, y varies inversely as x. This is written y « . It 


is also written = K, zy = K, ory = 3 
x 


Illustrations.—1. In the formula for the area of a parallelogram, 
A ; } 
A = bh, bd = x If the area A remains constant b varies inversely 
as h, because as h becomes larger, b becomes smaller and vice versa. 
2. If y varies directly as x, and y is 200 when x is 50, what equation 
expresses the relation between y and x? 


Solution.—If y « 2, then = = Kory = Kz. (1) 


Substituting y = 200 and x = 50, we have 200 = 50K. (2) 


.. K =4. Substituting the value of K in (1), we have y = 4z. 
3. The distance a body falls from rest varies as the square of the time 
it is falling. Ifa body falls through 144 feet in 3 seconds, how far will it 
fallin 6 seconds? | @ ; 
Solution.—Let s = Mistance and ¢ = time. 


Then | = K. 
ae 144 
Substituting the values of s and ¢ we have, foe a K. Hence, 
K = 16. 
8 


*.=> = 16, ors = 576 feet. 
36 : 
PROBLEMS 

\ ¥iy = Xi; 
{ 1. If x varies as y, and if y = 6 when z = 10, find x when y = 10. © 
2. If W varies inversely as P, and W is 8 when P is 30, find W when P is 12. 
3. The area of a circle varies as the square of its radius, and the area of acircle 
whose radius is 2 feet is 12 square feet. Find the area of a circle whose radius 
is 12 feet. 

4. The volume of a sphere varies as the cube of its radius and the volume of a 

sphere whose radius is 1 foot is 4.1888 cubic feet. Find the volume of a sphere whose 
| radius is 3 feet. ot. 

5. If x varies inversely as y and y varies inversely as z, show that x varies directly 


as Z. 
6. If x varies inversely as y? — 1, and is equal to 24 when y = 10, find z when 
y = 5. ; 


_— 
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7. If 52 — y varies as 102 — lly, and when z = 7, y = 5, find the equation 
showing the relation between x and y. Ans. 52 — Ty = 0. 
8. If the square root of a varies as the cube root of b, and if a = 4 when b = 8, 

/ Yfind the equation between a and b. 
9. The distance of the offing at sea varies as the square root of the height of the 
eye above the sea level. The distance is 3 miles when the height is 16 feet. Find 
the distance when the height is 64 feet. Ans. 6 miles. 


10. Given the formula } =5 . How does b vary when c becomes larger? When c 
becomes smaller? When d becomes larger? When d becomes smaller? 


11. Given the formula i = rk Does ‘ become larger or smaller when M becomes 


S 
larger? When M becomes smaller? When S becomes larger? When S becomes 
smaller? 


12. Giver the formula = How does é vary when a becomes smaller? When 


; 
c becomes smaller? 


rer Cems teacla Pie 


C1 + C2 


Answer larger or smaller to the following. 


bi, be, c1, and cz are all positive. 


(a) If b: becomes larger, P will become 

(b) If bs becomes larger, P will become 

(c) If c: becomes larger, P will become 

(d) If cz becomes larger, P will become 

(e) If b: becomes smaller, P will become 

(f) If bz becomes smaller, P will become 

(g) If c: becomes smaller, P will become 

(h) If cz becomes smaller, P will become ————. 
ab 1.414 


14. Given the formula N = — — d(e — f) + ——- 
c 1 
I~ h 


Answer larger, smaller, or you cannot tell to the following. 


(a) If a becomes larger, N will become 

(b) If b becomes smaller, N will become 

(c) If ¢ becomes larger, N will become ; 

(d) If d becomes larger, N will become ————. 

(e) If e becomes smaller, N will become ————— 

(f) If f becomes larger, N will become 

(g) If g becomes smaller, N will become . 

(h) If h becomes smaller, N will become ————. * 
(¢) If h becomes larger, N will become 


270. Measurement of Angles.—A direct application of ratio and 
variation to geometry is seen in the measurement of angles. For many | 
purposes it is desirable to deal with magnitudes by taking a certain part 
of the magnitude, called a unit, and see how many times this unit is 
contained in the given magnitude. This is especially useful in proving 
some very important theorems. To measure a given quantity is to find 
the number of times a given unit is contained in the given quantity. 


A degree of arc is 3$oth part of a circle. A quadrant is ¢ of a circle and 
contains 90°. ) 


RATIO, VARIATION, AND PROPORTION Lid 


271. Theorem.—In the same circle, or in equal circles, two central 
angles have the same ratio as their intercepted arcs. 


Given the equal circles C and C’, central Zs ACB and A’C’B’, and 
arcs AB and A’B’. 


FS 

Z ACB AB 

To prove that = : 
nt y iN 

ZA'C'B AB! 


Proof.—Let the arc PQ, with radius OP equal to OA, be a common unit » 
of measure of the ares AB and A’B’. Suppose this unit, when applied 
Ci Coa 
to the ares, is contained m times in AB and n times in A’B’. 


“~~ 
AB _m (ae quantities of the same kind have the cae} 
n 


Then“ = ratio as their numerical measure. 
A'B’. oy 
Draw radii from C and C’ to the points of division of the arcs. 
Then these unit central angles will all.be equal. Why? 
There will be m equal anglesin Z ACBandnin Z A‘C'BS 
Yes 
£LACB = om ZACB AB Aca 
= = 7? - — 

Hence, eR oh Wits". 7 A'C'B! cae Q.E.D. 


In case the arcs AB and A’B’ have no common unit of measure, 7.€., 
a unit arc that is contained in AB may not be contained in A’B’, they are 
incommensurable. The proof for this case may be given if desired. 

272. Corollary 1.—The number of degrees in the central angle is the 
same as the number of arc degrees in the intercepted arc. 

273. Corollary 2.—A central right angle intercepts a quadrant of arc. 

274. Segment.—A segment of a circle is the part of a circle bounded 
by a chord and its subtended arc. 
; 275. Inscribed Angle.—An inscribed angle of a circle is an angle whose 

vertex is on the circumference and whose sides are chords. 

276. Angles Inscribed in a Segment.—An angle inscribed in a 
segment is an angle whose vertex is on the arc of the segment and whose 
sides are chords drawn to the ends of the chord of the segment. 
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277. Theorem.—An inscribed angle is measured by one-half the arc 
intercepted by its sides. There are three cases to be considered. 


= C 
J , D 
Hie. 1. Fra. 2. Fie. 3. 


“Case 1.—When one side of the angle is a diameter, as in Fig. 1. 
Given the circle O, the inscribed Z BAC and AC a diameter. 
To prove that Z BAC is measured by 3 are BC. 


Proof.—Draw the radius OB. Then A AOB is isosceles. Why?’ 
Henee, Z1 = Z 2. Why? 
heed Ne Lh) ts Ze 2, §129. 
£3 =2Llor$ lq Zi. 
But 23™ BC. §272. 
Zim} BC. Why? 
mi Q.E.D,. 


Case 2.—When the center of the circle is within the angle, as in Fig. 2. 

Hint.—Draw a diameter from the vertex of the given angle and refer 
to case 1. 

Case 3.—When the center of the circle is without the angle, as in 
Fig. 3. 

278. Corollary 1.—Angles inscribed in the same segment, or in equal 
segments, are equal. 

279. Corollary 2.—An angle inscribed in a semicircle is a right angle. 

280. Corollary 3—Angles inscribed in a segment larger than a semi- 
circle are acute. 

281: Corollary 4.—Angles inscribed in a segment smaller than a semi- 
circle are obtuse. 

282. Corollary 5.—The opposite angles of an inscribed quadrilateral 
are supplementary. pore 

283. Theorem.—An angle formed by a tangent and a chord is mea-\_ 
sured by one half the intercepted arc. 


9 
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Given AB, a tangent, and PC, a chord of circle O. 
To prove that Z1™4 PC, 


ema 
and 22™4 PDC. 


Proof.—Draw the diameter from P. 
Then Z DPBisart. Z. Why? 


Z3m4 DC, Why? 
and Z DPB} DCP. 


a—~ 
For DCP isa semicircle and contains 180°. 
Subtracting, Z1™ 4 PC. 


But Z 2 is the supplement of Z 1. Why? 
—~ 
*. ZAPC™ 3 PDC. OE OPER Ress 


—284.\ Theorem.—The angle formed by two chords intersecting within 
a circle is measured by one-half the sum of the arcs intercepted between 
the sides of a pair of vertical angles. 


Given the chords AB and CD intersecting at HE forming Z 1. 
To prove that 214 (AC + BD). 
Proof.—Draw the chord CB. 


Then 41 = 42+ 23. §129. 
But 22 ™ 3 BD, Why? 
and 23 ™ 4% AC. Why? 


Substituting, 213 AC+32 BD. 
"£1 mi(40 + BD). Why? Q.£.D. 
285. Theorem.—An angle formed by two secants, by a tangent 
and a secant, or by two tangents meeting without the circle, is measured 


by one half the difference of the intercepted arcs. 


\ 
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1's Given Z P formed by the secants AP and BP, as in Fig. 1. 


To prove that 2P™4 (AB — DC). 
Proof.—Draw the chord AC. 


Then 22 = =a e272. Why? 
REPOS Ne eee Az. 2. 

But 22m 2 ABand 21™3 DC. Why? 
Substituting, 2 P ™ 3 (AB — DC). Q.E.D. 


2. Given Z P formed by the secant AP and tangent BP, as in Fig. 2. 
To prove that 2 P m4 (AC — DC). 

The proof is left to the student. 

3. Given Z P formed by the tangents PC and PD, as in Fig. 3. 


——~, 
To prove that Z P is measured by 4 (AEB — AB). 
The proof is left to the student. 
286. Corollary—In Fig. 3, the number of degrees in AB and ZP 
together = 180°. 
287. Theorem.—Two parallel chords of a circle cut off equal ares. 


Given AB and CD two || chords in the circle O. 
To prove that AC = BD. 
Proof.—Draw the chord AD. 


Then Z1= 22. §119 

But Z1™4 Bp, 
and £2 m2 AC. Why? 
Hence, 3} AC =3 BD or AC = BD, Azs. 7 and 3. 
Q.E.D: 


288. Problem.—To draw a tangent to a given circle from a point 
outside the circle. 


Given the circle O and point P outside the 


circle. ee 
To construct a tangent from P to the circle O. ee 
Construction Draw OP. On OP asa diameter 

construct the semi-circle OAP. Draw AP. AP is 

the tangent required. 
Proof.—Draw OA. 
Then Z OAP is art. Z §279. 
Hence AP 1 OA. 
... AP is tangent to the circle O. §195. Q.#.D. 
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PROBLEMS 


1. A chord of a circle forms equal angles with the tangents at the points of 
tangency. . 


te i Given O the center of a circle and AB a tangent. Prove that Z ABC = 

3. If a hexagon ABCDE#F is inscribed in a circle the sum 
of the angles A, C, and £ is equal to the sum of the angles B, 
D, and F. 

4. If a circle is circumscribed about an isosceles triangle, 
the tangents drawn through the vertices form another isosceles 
triangle. $286. 

5. Two sides and the included angle of a quadrilateral are 
fixed. If the angle opposite the included angle is its supplement, find the locus of 
the vertex of the angle opposite the given angle. §282. 

6. Two secants meet without a circle and intercept arcs which are respectively 
$4 and +4; of the circumference. Find the number of degrees in the angle formed by 
the secants. 

7. Two secants which meet without a circle form an angle of 70°. If one of the 

- intercepted arcs is 160°, what is the other? 

8. The are intercepted between two tangents drawn from an external point is 
equal to one-ninth of the circumference; find the angle formed by the tangents. 

9. Two tangents drawn to a circle form an angle of 75°. Find the number of 
degrees in the arc between the two points of contact. 

10. If two chords of a circle are perpendicular to each other, the sum of two 
opposite arcs is equal to a semi-circumference. 

11. The interior angle of an inscribed quadrilateral is equal to the exterior angle 
formed by producing a side through the opposite vertex. 

12. Two equal chords drawn from the point of contact make equal angles with 
the tangent. . 

13. An angle formed by a tangent and a chord is equal to the angle inscribed in 
the segment opposite. 

14. One of the arcs made by a diameter and a chord drawn perpendicular to it is 
equal to 42°. How many degrees in each of the other arcs? 

15. A chord divides a circle into two segments? An angle inscribed in one seg- 
ment is 112°. How many degrees in the angle inscribed in the other segment? 

16. A chord divides a circle so that an angle inscribed in one segment equals three 
times an angle inscribed in the other segment. Find the number of degrees in each 
are of the segments. 

17. Two intersecting chords make an angle of 40°. If one of the arcs contains 
36°, how many degrees in the arc intercepted by the vertical angle? 

18. Two intersecting chords intercept opposite arcs of 25° and 101°. Find the 
angle between the chords. 

19. Two secants intercept arcs of 20° and 84°. Find the angle made by the 
secants. ‘ 

20. The angle formed by two secants intersecting outside the circle is 15°. If 
one of the intercepted arcs is 120°, find the other arc. 

21. The-angle formed by two tangents is 62°. Find the number of degrees in 
the arcs into which they divide the circumference. : 

___—.22. Find the angle formed by two tangents which intercept an arc of 90°. 

ae The angle formed by a tangent and a secant is 35°. If the larger intercepted 
arc is 110°, find the other arc. 

~~ 24. What angle is formed by two tangents which intercept an arc of 120°? 

a Two sides of an inscribed triangle subtend arcs of 122° and 156° respectively. 
Find the number of degrees in each angle of the triangle. ; 


A B 


PROB. 2. 
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26. The base of an inscribed isosceles triangle subtends an are of 92°. Find the 
angles of the triangle. 

27. The bases of an inscribed trapezoid subtend ares of 82° and 124° respectively. 
Find the angles of the trapezoid and also the angle formed by the nonparallel sides 


produced. 

28. Find the angles between the diagonals of an inscribed trapezoid if one of 
the legs subtends an arc of 68°. 

29. If the angle formed by two tangents is 78°, what is the angle formed by one 
of the tangents and the chord joining the two points of contact? 

30. The bisectors of the angles A, B, and C of an inscribed triangle meet the cir- 
cumference at D, E, and F respectively. If the angle A is equal to 84°, and the angle 
B is equal to 50°, find the number of degrees in the angle EDF. 

31. The vertices of an inscribed quadrilateral divide the circumference into arcs 
which are to each other as 1, 2, 3, and 4. Find all the angles of the quadrilateral. 
(Let the arcs = 2, 22, 3z, etc.) 

32. The diagonals AC and BD of an inscribed quadrilateral intersect at E. If 
the sides AB and BC subtend ares of 43° and 97° respectively, and the angle between 
the diagonals is 105°, how many degrees are there in each angle of the quadrilateral? 


NATURAL FUNCTIONS OF ACUTE ANGLES 


289. Natural Functions of Angles.—Another direct application of 
ratio is found in defining the natural functions of angles. For the 
present we will confine ourselves to the functions B 
of acute angles as applied to the solution of right tri- 
angles. Later on we will need the functions of obtuse 
angles, for the solution of oblique triangles. 

Let ABC be a right triangle; a, b, and c the lengths j 
of the sides opposite the angles A, B, and C respec- 
tively. There are six simple relations called functions 
of an angle namely; sine (sin), cosine (cos), tangent 
(tan), cotangent (cot), secant (sec), and cosecant 
(ese). i b q 

The word, function, as here used is justified by §267. The cosine, 
cotangent, and cosecant are called co-functions. 

The functions of A and B are defined by the following ratios. 


sin A = * = cos B; cot A Seige 
c a 

: b : c 

cos A = 7 = sin B; sec A = 7, = ose B; 

tan A =F = cot B; ese A =< = sec B. 


= Angles A and B are complementary. Hence the functions of an 
/ angle are the same as the co-functions of its complement. 
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PROBLEMS 


The following table is computed from the natural functions of the given angles. 
It is to be used in solving the following problems. 


Degrees sin cos tan 
15° .259 .966 . 268 
30° .500 .866 577 
~ .643 166 - .839 
45 . 707 .707 1.000 
\ 50° . 766 . 643) 1.192 
60° . 866 . 500° 17732 
75° .966 .259 3.732 
ee Se 
ul 1h 40 ~ sin 30°, find 6. 2. ; = tan 60°, when 6 = 40, find a. 
a = gi ° b ae ° 
3. If sin 30°, find a. Sed aia aa ay 
36 : 40 
5. If — = 30° : : 
: sin 30°, find c 6. If = = aas' find b. 
40 _ 40; Pert 
ve Uf oo 1 » find a. 8. If es! cos 75°" , find b. 
40 _ We 3 
9. If Se min a : find a. 10. If 3920 = cos 50° find b. 
ee . bine % 
1 399 — sin 40°, find b. 12 aif ris tan 45°, find b. 
13. If 2 = tan 45°, find a. 14, If 4 = sin 45°, find b. 
15ce0f a = tan 75°, find a. 16. If % = tan 60°, find b. 
17. 1¢ 78 = tan 15°, find b. iy Les ee ey lia: 
a cos 60 
% 22.98 - 
19. If Cag tf 1, find A. yt cos A = 30" find A. 


290. Proportion.—A proportion is the statement of the equality of 


two ratios. 

Thus : = ° also written a:b = c:d, is a proportion. 

The extremes are the first and last terms, as a and d. 

The means are the second and third terms as, b and c. 

The antecedents are the first and third terms as, a and c. 

The consequents are the second and fourth terms, as b and d. 

A mean proportional is the second or third term of a proportion 
in which the means are the same, as b in a:b = b:c. Z ok 

A third proportional is the last term of a mean proportion, as c in the 
above. 

A fourth proportional is the last term of any proportion, as d in 


a:b = ce:d. 
A continued proportion is a series of equal ratios in which the con- 


sequent of any ratio is the antecedent of the one following, as a:b = 
b:e = cid, ete. 
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991. Theorem.—In any proportion the product of the extremes 
is equal to the product of the means. 


: GPE fos 
Given fan or a:b = c:d 
To prove that ad = be. 
Proof. ; = ‘ Given. 
Clearing of fractions, ad = bc. Ax. 3. 
Q.E.D. 


292. Corollary 1—A mean proportional is equal to the square root of 
the product of the extremes. 

293. Corollary 2.—If any three terms of one proportion are equal 
to the corresponding three terms of another proportion, the fourth 
terms are equal. 

Suggestion.—Apply §291 and Az. 6. 

294. Theorem.—If the product of two quantities is equal to the 
product of two other quantities, one pair may be made the extremes and 
the other pair the means. (Converse of the theorem in §291.) 


Given ad. = be. 

To prove that a:b = e:d. 

Proof. ad = be. Given. 
aie ad lite c - 

Dividing by bd, ae ed Az. 4. 


Q.E.D. 


295. Theorem.—If four quantities are in proportion, they are in 
proportion by alternation, that is, the first is to the third as the second 
is to the fourth. 


Given a:b = Cid 
To prove that a:c = b:d 
Proof. aco =\erd. Given. 
Then ad = be. §291. 
Dividing by cd, . = 3 or a:c = bed. 

Q.E.D. 


296. Theorem.—If four quantities are in proportion, they are in 
proportion by inversion; that is, the second is to the first as the fourth is 
to the third. 

The proof is left to the student. 

297. Theorem.—If four quantities are in proportion, they are in 
proportion by composition; that is, the sum of the first and second is to — 
the second as the sum of the third and fourth is to the fourth. 


Given GIRL SOIC 
To prove that a+b6:b =c+ did. 
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Proof. ; = + | Given. 
Adding 1 to each member of the equation, ; +1 = : + 1. 
Simphfying, . + ; = * + . ora+b:b =c+ d:d. Q.E.D. 


Prove that a+b:a =c+ dic. 

298. Theorem.—If four quantities are in proportion they are in 
proportion by division; that is, the difference of the first and second 
is to the second as the fitctenes of the third and fourth is to the fourth. 

Suggestion.—The proof is the same as in, §297, except that 1 is 
subtracted from each member of the equation. 

Prove that 6b — a:b = d — e:d. 

299. Theorem.—If four quantities are in proportion, they are in 
proportion by composition and division; that is, the sum of the first and 
second is to their difference as the sum of the third and fourth is to their 
difference. 

Suggestion.— Divide the result of §297 by the result of §298. 


PROBLEMS 
1. If 45:68 = 90:2, find z. 2. If 6:3 = 2:7, find z. 
3. If 2:14 = 14:14, find z. 4. If 3:% = 7:42, find x. 


5. Given m:n = p:g. Write this proportion, (a) by alternation, (b) by inver- 
sion. (c) by composition, (d) by division, (e) by composition and division. 

6. Given 2:3 = 6:9. Write as in Prob. 5. 

7. Given 6 X 4 =3X8. Write eight proportions using these numbers. 

8. Given z+ y:2 —y = 5:3. Write (a) by composition. (b) By division. 
(c) By composition and division. 


300. Theorem.—Like powers and like roots of the terms of a propor- 
tion are in proportion. 

Let the student supply the proof. 

301. Theorem.—In a series of equal ratios, the sum of all the ante- 
cedents is to the sum of all the consequents, as any antecedent is to its 
consequent. 


i | ee ere 
Given oon 7 etc 
Ger Oa ria Ae wee Ce 

ee ee eh -b a pcan 

Proof.—Let 5 = ee and? =r 

Then a = br, c = dr, e = fr, and g = fr. Why? 

Adding,atetet+tg=br+adr+fr+hr,or(6+d+ft+hyr. 
atctetg 


imeem eG bre dt f+ h- " 
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eS ace ee eh Mat 


c Peal gp: 
ad b+dtfth wk har foh 


PROBLEMS 


. Find the mean proportional between 8 and 2. 

. Find the third proportional to 3 and 9. 

. Find the fourth proportional to 6, 10, and 12. 

. Find the mean proportional between —20 and —5. 
. Find cif 5 +a4:1 —2 = 3:5. 

Find the third proportional to 3 and $. 

. Find ab fourth SA ape y to a, ab, and 3a’. 


Ca ee 
If b => show that ~ bd 2 = 


9. What number must be added to each of the terms of $ to make the value of 
the fraction 3? 

10. What number must be added to each of the numbers 3, 7, 15 and 25 so that 
the resulting numbers will be in proportion? 

11. The horsepower generated by a stream falling over a dam is proportional to 
the height of the dam. If a dam 10 feet high generates 200 horse power, how high 
must a dam be to generate 750 horse power? 

12. A window makes the best appearance when its height i is to its width as7:5. 
If a window is to be 4’ 6” high, how wide should it be? 

13. If a steeple in Washington, D. C., 100 feet high casts a shadow 40 ft. long, 
how high is the Washington Monument hh casts a shadow 222 feet long at the 
same time? 

14. If a piece of ground can be divided into 50 building lots each 25 feet wide, 
how many lots each 31} feet wide would it make? 

15. If z is a mean proportional between y and z, prove that y — 2%:z% — 22 = 
2y — 8% :2x — 3z. 

16. If 3000 shingles 3 inches wide will cover a roof, how many shingles 4 inches 
wide would be needed to cover the same roof? 


NOoa Prk WN 


9 


Ne ee 
17. The law of levers is given by the proportion 7; = at 


Solve for W, for w, and also for p. A 

Find P, if W = 250 lbs., w = 10 ft., and p = 26 ft. 

18. Find w, if P = 400 lbs., W = 1000 lbs., and p = 5 ft. 

19. A brakeman pulls with a force of 125 pounds on a brake wheel 20 inches in 
diameter, ‘The force is communicated to the brake chain by means of an axle 23 
inches in diameter. Find the pull on the brake chain. 


20. The pressure P exerted by a book press is connected with the force F, r the 
radius of the wheel, and h the pitch of the screw by the following proportion: 


Pn ae ( _ 22). 
Par’ yg, 


What pressure is exerted by a force of 28 lb. applied to the wheel of such a press 10 
inches in diameter if the threads of the screw are 3 inch apart? 


302. Lines Divided Proportionally.—Two lines are said to be divided 
proportionally, if any two segments of one line are in the same ratio as 
the corresponding segments of the other line. 
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303. Theorem.—If a line is parallel to one side of a triangle, it divides = 
the other two sides proportionally. 


C 


Given A ABC and DE || to AB. 

To prove that CD:DA = CE:EB. 

Proof.—Take a unit of measure, as DF, which will divide exactly into 
CD and DA. 

Suppose this unit is contained in CD m times and in DA n times. 

Then C2 _m_ (Two quantities of the same kind have the same\, 

DA on ratio as their numerical measure. ) 

Now draw lines || to AB through these points of division. These 

lines will divide CB into m + n equal parts, CE into m parts and EB 


into n parts. §162. 
CE m™ CD «GE 

a ee ? —— = ——_ se 

Then oY tet Why? .. DA ~ EB . Why? 

Q.E.D. 


304. Theorem.—If a line is parallel to one side of a triangle and inter- 
sects the other two sides, one of the intersected sides is to a segment of 
that side as the other side is to its corresponding segment. 


C 


af B 


Given A ABC and DE || AB. 
To prove that (1) AC:DC = BC:EC. 
(2) AC:AD = BC: BE. 
Proof.—(1) AD:DC = BE: EC. §303. 
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Va 


Then AD + DC:DC = BE + EC:EC. §297. 
« AC:DC = BC: EC. Azs. 12 and 5. 
Q.E.D. 


(2) The proof is similar to (1). 

305. Corollary.—If two lines are cut by a series of parallel lines, the 
corresponding segments are proportional. 

Suggestion.—Extend AG and BH to intersect at K. 


AC CK 
KR Then, BD DE a and §295. 
Ch TC 
and DF = DK : §304 and §295. 
PAN ath Cues 
In the same manner, 
CE _ EG 
DE FH, 
AGC! Cit. BG Q.E.D. 


i PDeo kw nr 
‘s 306. Theorem.—(Converse of §303.) If a line divides two sides of a 
triangle proportionally, it is parallel to the third side. 


C 


Given A ABC and DE drawn so that AC:AD = BC:BE. 
To prove that DE || AB. 
Proof.—If DE is not || AB, draw DF || AB. 


Then AC:AD = BC:BF. §303. 
But AC:AD = BC:BE. Given. 
Ce BF = BE, §293. 
Hence F falls on EF and DF coincides with DE. Why? 
“ DE || AB. “Why? 
Q.E.D. 

PROBLEMS 


1. In the figure of §303, if AD = 4, CD = 6, CE = 3, find BE. 
2. In the same figure if CD = 6, CE = 3, and BH = 4, find AD. 
3. In the figure of §304, if AC = 5, CH = 12, and BE = 8, find AD and CD. 
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4. In the same figure if AD:CD = 1:3, and BC = 20, find BE and CE, 
5. In the figure of §305, if AC:CE:EG = 3:2:1, BH = 12, and FH = 2, find 
BD and DF. 


307. Similar Polygons.—Two polygons are similar if their corre- 
sponding angles are equal and their corresponding sides are pro- 
portional. The ratio between any two corresponding sides is the ratio 
of similitude. 

Illustration.—Two or more triangles are similar if they are mutually 
equiangular and their corresponding sides are proportional. 

308. Theorem.—Two mutually equiangular triangles are similar. 


(OF 
G 
ga t \ 
A B N B’ 


Given As ABC and A’B’C’ in which ZA = 2A’, ZB= ZB’, 
and ZC = £C’. 

To prove A ABC similar to A A’B’C’. 

Since the corresponding angles of the two triangles are equal, it remains 
only to prove that AB: A’B’ = BC:B'C' = CA:C’A’. 

Proof.—Place A ABC upon A A’B’C’ so that ZC coincides with its = 
Z C’, and AB takes the position of DE. 

Then Z1 = ZA’and DE || A’B’. Why? 

Hence C’D:C'A’ = C'E:C’B’. Why? 

Substituting CA for C’D and CB for C’E weget,CA:C’A’ = CB:C’B’. 

In like manner, by placing 2 Bon Z B’, we prove that AB: A’B’ = 
BOs C’. 

Hence AB:A’B’ = BC: B'C’ = CA:C'A’. Ax: 6, 

*. The As ABC and A’B’C’ are similar, by the definition of similar 
As. 

309. Corollary 1.—If a line is parallel to one side of a triangle, the 
small triangle formed is similar to the original triangle. 

310. Corollary 2.—If two triangles have two angles of one equal 
to the corresponding two angles of the other, they are similar. 

311. Corollary 3.—If two right triangles have an acute angle of one 
equal to the corresponding acute angle of the other, they are similar. 

312. Corollary 4.—If two triangles are each similar to the same tri- 
angle they are similar to each other, for they are mutually equiangular. 

313. Corollary 5.—Two triangles are similar if their corresponding 


sides are parallel or perpendicular, for they are mutually equiangular. 
§§126 and 127. 
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314. Theorem.—Two triangles are similar if an angle of one equals 
an angle of the other and the sides including these equal angles are 
proportional. 


Cr 
C 
ea 2 \ 
A B N B’ 


Given the As ABC and A’B’C' in which ZC = ZC’ andCA:C’A’ = 
CB:C’B’. 

To prove A ABC similar to A A’B'C’. 

Proof.—Place A ABC upon A A’B’C’ so that Z C coincides with 
its equal Z C’, and AB takes the position of DE. ; 


Then’ DC Al a= CB:C'B. Given. 
Hence DE || A’B’. §306. 
Then Z1 = ZA’and 22= ZB’. Why? 


.. As DEC’ and A’B’C’ are similar. . 
Substituting A ABC for its equal A DEC’, we have A ABC similar 
£0 0A B'C". 
Q.E.D. 
315. Theorem.—Two triangles are similar if their corresponding 
sides are proportional. 


‘ ce 
C 
me 4 \ 
A B AY B’ 


Given As ABC and A’B'C’ in which AB:A’B’ = BC:B'C’ = 
CA:C’A’. 

To prove that A ABC is similar to A A’B’C’. 

Proof.—On C’A’ take C’D =CA and on C’B’ take C’E = CB. 
Draw DE. 


Now C’D:C'A’ = C’E:C'B’. Given. 
Hence, DE || A’B’. §306. 
.. 4 DEC’ is amilarto 2A‘ R’C'. Why? 

It remains to prove that A ABC = A DEC’. 
AB:A'B' = AC:A'C", Given. 
and DE: A'B’ = DC':A'C’. (Since As DEC’ and A’B’C’ are similar.) 
But DC’ = AC. Hence AB = DE. §293. 
A ABC = A DEC’. §111. 
“ A ABC is similar to A A’B’C’. Az, 5. 


Q.E.D. 
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PROBLEMS 


1. Prove that two isosceles triangles are similar, if the vertex angle of one equals 
the vertex angle of the other. 

2. Prove that all equilateral triangles are similar; that all squares are similar. 

3. Are all rectangles similar? 

4. The sides of a triangle are 7, 9, and 12 and the shortest side of a similar triangle 
is 103. Find the remaining sides. 

5. The sides of a triangle are 3a, 4a, and 5a and the longest side of a similar tri- 
angle is 10a. Find the remaining two sides. What kind of triangles are these? 


316. Theorem.—The corresponding altitudes of two similar triangles 
are to each other as any two corresponding sides. 
C’ 
C 


A D B A’ D’ Be 
Given As ABC and A’B’C’, and CD and C’D’ two corresponding 


altitudes. 
To prove that CD:C’D’ = AB:A’B’ = BC:B'C' = CA:C'A’. 


Proof.—As ACD and A’C’D’ are rt. As. Why? 

Paves et A. 

-. A ACD is similar to A A’C’D’. §311. 

so ODAG Df = CA:C' A’. Why? 

But C4:C A’ = AB: A'R' = BC:B'C’. Why? 

* CD:C'D!’ = AB:A'B' = BC:B'C' = CA:C'A’. Azz 5: 
Q.E.D. 


317. Line Segments. The segments of a line are the parts of the 
line between the extremities and any point in the line as A P B. 
AP and PB are the segments of the line AB. 

But a line is divided externally into segments when the point ison the 
line extended as A B P. AP and PB are the segments of 
the line AB. ; hx 

318. Theorem.—The bisector of an angle of a triangle divides the 
opposite side into segments proportional to the adjacent sides. 
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Given A ABC and CD the bisector of Z C. 

To prove that AD: DB = AC:CB. 

Proof.—Through A draw AO || DC and intersecting BC, extended, 
at O. 


Then AD:DB = OC:CB. §303. 
Le Zee. Given. 
L bce 24; §119. 
L422 23. §120. 
Le = LA! Axo, 
Hence, A ACO is isosceles and AC = OC. Why? © 


Substituting AC for its equal OC we get, AD: DB = AC:CB. Q.E.D. 
Note.—The bisector of an exterior angle of a triangle divides the opposite 
side externally into segments proportional to the adjacent sides. | 


PROBLEMS . 


1. In figure of §318, if AD = 4, AC = 8, and BC = 10, find DB. 
2. If DB = 2, AC = 7, and CB = 4, find AD. . 
3. If AB = 5, AC = 6, and CB = 4, find AD and DB. | 
4, If AB = 24, AC = 24, and CB = 12, find AD and DB. 


319. Theorem.—The perimeters of two similar polygons are to each 
other as any two corresponding sides. 


BK’ 
F’ 


A’ 


B G B’ C! 


Given similar polygons Q and R whose perimeters are P and P’ 
respectively. 


To prove that P:P’ = AB:A’'B’ = BC:B’C’ = ete. : 
Proof.—AB:A'B’ = BC:B’'C’ = CD:C'D' = DE:D’E' = etc. §307. 
“ AB+ BC+ CD + DE + etc.:A’B! + B'C’+ C'D’ + D'F’ + 
etc. = AB:A'B’ = BC:B'C’ = ete. §301. 
“ P:P’ = AB: A'B’ = BC: B'O’ = ete. Why? 
Q.E.D. 
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320. Theorem.—Two similar polygons may be divided into the 
same number of triangles, similar each to each and similar placed. 


Given similar polygons AD and A’D’ divided into the same number of 


triangles by diagonals drawn from two corresponding vertices, as A 
and A’, 


To prove that the corresponding As are similar. 


Proof.—Z B = Z B’ and AB:A'B’ = BC:B'C’. §307. 
Then A ABC is similar to A A’B’C’. §314. 
Hence BC: B’C’ = AC:A’C’ and BC: B'C’ = CD:C'D’. Why? 
wae = OD:CD". Ax. 6. 
New 2C = 4C’,and 2 BCA = Z BCA’. Why? 
Subtracting, Z ACD = Z A’C'D’. 

.. A ACD is similar to A A’C’D’. §314. 
In like manner A ADE can be proved similar to A A’D’E’, ete. 
.. The corresponding As are similar. Q.E.D. 


321. Theorem.—(Converse of §320.) If two polygons are divided 
into the same number of triangles similar each to each and similarly 
placed, the polygons are similar. 

It must be proved that the corresponding Zs are equal, and the 
corresponding sides proportional. Use Fig. of §320. 

322. Theorem.—If two chords are drawn through a fixed point 
in a circle, the product of the segments of one chord is equal to the 
product of the segments of the other chord. 


Given circle O and chords AB and CD intersecting at P. 
To prove that AP X PB = CP X PD. 
Proof.—Draw AC and BD. 
‘ Then A ACP is similar to A PBD. §310. 
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For Z1= Z2and 23 = 24. §§84 and 277. 
SA APIPD = CPU. Why? 
« AP X PB = CP X PD. §291. 

Q.E.D. 


323. Corollary 1.—The product of the segments of all chords drawn 
through the same point in a circle is constant. 


PROBLEMS 


1. In the figure of §322, if CP = 5, PD = 3, and PB = 2, find AP. 

2. In the same figure if AP = 6, PB = 2, and PD = 3h. Ce. 

3. Two corresponding sides of two similar polygons are 7 and 15. The perimeter 
of the first polygon is 98 ft. Find the perimeter of the second. 

h 4, The perimeter of two similar polygons are 60 and 90. Find the ratio of any 

\ two corresponding sides. 

N\ 5. The perimeters of two similar polygons are 50 and 125. If the shortest side 
‘\ of the first is 3, find the shortest side of the second. 

6. The sides of a polygon are 3, 5, 7, 9, and 10. The shortest side of a similar 
polygon is 6. Find its perimeter. 

7. In the triangle ABC, the altitudes AD and CE intersect at P. Prove that 
A APE is similar to A PDC. Draw a figure. 

8. A and B are two points on an arc of a circle. Lines AC, AD, BC, and BD 
are drawn to the extremities of the are DC, If AD and BC intersect in P, prove that 
triangles APC and BPD are similar. 

9. Construct two rectangles whose bases are 4 and 8, and altitudes 3 and 6 
respectively. Show that they are similar. Draw two corresponding diagonals and 
prove the rectangles are divided into two triangles similar each to each. 

10. If AD and BC of an inscribed quadrilateral are extended to meet at P, prove 
that the triangles APB and DPC are similar. 

11. Construct a fourth proportional to 2, 3 and 5. 

12. Construct two similar triangles in which the ratio of similitude is 3 to 4. 

13. Given AC a line passing through the center of circleO. AD 1 AC and DC 
intersecting the circle at E. Prove that A ACD is similar to A BCE. 


a Pros. 13. Pros. 14. Pros. 15. 


14. Given A ABC inscribed in a semicircle. FD and GE 1 AB. Prove - 
\ that As ABC, AFD, and BEG are all similar. 

15. ABCD is a parallelogram, H any point in CD and AE extended to meet BC 
extended to F. Prove that As ADE, HFC and AFB are.all similar. 

16. The line drawn bisecting any two sides of a triangle forms a triangle similar 
to the given triangle. 

17. If the diagonals of a trapezoid be drawn two similar triangles are formed. 

18. In triangle ABC, AD and BE are altitudes. Prove triangles ADC and BEC 
similar. 

19. Two corresponding medians of two similar triangles have the same ratio as 
any two corresponding sides. 
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20. A monument casts a shadow 40 feet long when a pole 20 feet high casts a 
_ shadow 5 feet long. Find the height of the monument. 
“~~ 21. Find the height of Smith-Memorial in Fairmount Park, if it casts a shadow 
213 feet long when a tree 40 feet high casts a shadow 60 feet long. 
22. If a man five feet tall casts a shadow 98 inches long, what will be the length 
Nof the shadow cast by man 6 feet 2 inchés tall at the same time? 
\ 23. A building casts a shadow 200 feet long, at the same time that a 25 foot tele- 
\ graph pole casts a shadow 102 feet long. Find the height of the building. 
\y 24. Two chords AB and CD are drawn in a circle intersecting at P. Join their 
extremities by lines and prove the two pairs of triangles formed similar. 
25. Prove that two isosceles triangles are similar if a base angle of one equals 
\* base angle of the other. 

26. Suppose it is desired to find the width of a lake AB. Select a point D and 
measure distances DA and DB. Take DC =} DA and DE =% DB. Prove that 
DA:DB = DC:DE. CE was measured and found to be 350 feet. How long is 
the lake AB? : 


Al) 


Pros. 26. Pros. 27. Pros. 28. 


4 


27. Given arc AC = arc BC. Prove As AOC and ADC similar. 
. 28. AB is a chord in a circle, CD is a diameter 1 to the chord intersecting 
in O; CE any other chord intersecting AB in P. Prove As COP and CDE similar. 


CHAPTER IX 
SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE 


324. Relation between Simple and Simultaneous Equations.—(See 
§325.) If we have one unknown number and one equation we can 
solve for the unknown as has been seen in Chap. III. But if we have 
two unknown numbers and only one equation we cannot determine 
the values of the unknown numbers as will be seen from the equation, 
2c — 3y = 4. Forwhenz = 1,y = —3, but whenz = 4,y = 4. Hence 
in order to determine the value of the two unknown numbers we must 
have two equations. 

325. Simultaneous Equations.—Simultaneous equations are equa- 
tions in two or more unknown numbers which are satisfied by the same 
values of the same unknowns. Thus, «+ y = 4 and «— y = 2 are 
satisfied when + = 3 and y = 1. 

326. Elimination.—Elimination is the process by which two equations 
are combined so as to form one equation containing one unknown. 
When the equations contain more than two unknowns the process of 
elimination must be repeated. 

327. Methods of Elimination.—There are three common methods of 
elimination: Addition and Subtraction, Substitution, and Comparison: 

328. Addition and SubtractionIn the method by addition and 
subtraction, make the coefficients of the same unknown number equal by 
multiplying or dividing the equations through by some number. Then 
add the equations if the signs of the equal coefficients are unlike and 
subtract if they are alike. 

Illustration.—Solve for x and y, 


3a — 2y = 5, (1) 

Solution. 22 + 3y = 12. (2) 
Multiplying (1) by 3, 97 — 6y = 15. (3) 
Multiplying (2) by 2, 47 + 6y = 24. (4) 
Adding (3) and (4), 13a = 39. 

~ r= 38. 
Substituting 3 in (1) for z, 9 = 2y) = 5, 
Transposing, —2Qy = —4. 
Therefore y = 
The result is written, /2, y 

& Hi 
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Check both equations by substituting the values of x and y in the 
original equations as, (1) 9 — 4 = 


(2)6+6= \ 
- 
PROBLEMS *\ 
Solve by addition and subtraction and check. Ps ¥ 
soe y= 11, ee Sania tas, 3. 15e — 4y = 8, 
ei Pate 3x2 — 4y = 17. 9x — 2y = 2. 
eat oe ee ee te \\ 
ea Ta 30 ved “Gat aie (7 8). 
a Teeth at Result, (7) _2) 
J 6 + ; 12 10 +60 
»\ Hint.—Clear of fractions first. 
6. 7 ah eo P25 8. + 3y = 11a, 
Vy Ce. 3 ; 52 — 2y = 4a. 
ze, gy _ 12 ort 1] ig tly Cannel 
a aa z ea al Result (dq, 3a) 
9. ax + by = m, 10. x + ay = —1, ll. c+ay =k, 
ax — by =n. y = b(@ +1). az +y =p. 


329. Substitution—In the method by substitution, solve one of 
the equations for the value of one unknown in terms oftheother. Then 
substitute this expression for the unknown in the other equation and 
solve the simple equation thus formed. 

Illustration.—Solve for x and y, 


3a — 2y = 5, (1) 
2x + 3y = 12. — Q) 
Solution.—Solving for z in (1), 82 = 2y +5 
dy cas UEP) 
ae 2 5 
Substituting fy for z in (2), a") + 3y = 12. 
Clearing of fractions, 4y + 10 + 9y = 36. 
Transposing and collecting, 13y ax 26. 
Y= 2. 
: : 4+ 5 
Substituting 2 for y in (3), Bae ag = a 
; ; oy 
Result (3 3 
Check the result as in §328. 
PROBLEMS 
Jove by substitution and check. cy 
Y 1. 42 — Sy = 4, Kh te + 6d = 20, 3.\ 3a + 7c = 50, 
| 8¢—2y = 10 iS reba Sige a — 2c = 15. 
M2404 tT _ MAU _ gy —5, 
Cee ey [Ee ee See ee a a 
. JE ie = 4+ 6 18 — 52 
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rDeney Maw Me ded Smee Pye) Wel 
ae at eee 7. 50 + 3 = G5 
pate ae Be ote he 
eek bales pre oe 24 
3 9. bx + cy = abe, 10. 2x2 — 3y =a +8, 
v 8 ot = 8, be ar 82 —2y =a—b. 
7x — 13 a 
3y — 5 


330. Comparison.—In the method by comparison, find the values 
of one of the unknowns in each equation in terms of the other unknown 


and equate these values. 


Illustration.—Solve for x and y, 


From (1), z = 


Solving equation (5), 


- _ Bx —2y = 5. (1) 
2x + 3y = 12. (2) 
Solution.—Solve for x in both (1) and (2). 
ye. (3) From (2) # = ee. (4) 
A iZ-= 
Equating the values of x in (3) and (4), 2y = oes ae : (5) 
4y + 10 = 36 — 9y. 
“ y = 2. 
x= 3. 


Substituting 2 for y in (8) or (4), 


Check as before. 


Result, (2, 4). 
3, 2 


Solve by comparison and check. 


ly—ax-—1 =8, 
za—6=-y. 

4, 2+ 2y = 3}, 
Go si. 

7. ax + by = 1, 
ax — by = 3. 


PROBLEMS 
2. 5& + 8y = —1, 3. 4c — by — 42 = 0, 
7y + 38a ="15. 52 — Ty — 50 = 0. 
an — SUT Wo, 1-252 4u, 
aie 9.2 — Y—* - 294, 
es y+ 2S ay 58. 


331. Equations Having the Unknowns in the Denominator.—Simul- 
taneous fractional equations with the unknown numbers in the denomi- 
nator should be solved without first clearing of fractions. 

Illustration.—Solve for x and y, 


Solution. 


Multiplying (1) by 2, 


a 3 
ae ats a) 
Fe 
- oy =r ic (2) 
4 6 
pea (3) 
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Multiplying (2) by 3, 


Adding, 


Clearing of fractions, 


Multiplying (1) by 8, 
Multiplying (2) by 2, 


Subtracting, 


Clearing of fractions 


Note.—It is always advisable to 


and subtraction. 


9 6 
ys Ode 
1 
Bey ome 89. 
zx 
1 = $92. 
le 
oer ee 
Bik Meera: 
v y 
6 4 
Ape ey 34. 
Pe ger ag, 
y 
—13 = —52y. 
1 
oS oe 


PROBLEMS 
Solve and check the following. 
Bb 5 6 oe aS 
er = Th, 27+, 718 
SP en 13 Sr ERT 
x y zx y 
2. 5 Sie ey 
ee go Epaaede a 
3 1 3 ry 
een ia 
5 2 41 
ook By —2 8" Ss 
6 _ 23 
22-3 dsy—2 4 
Se a 10. 
ir PT al STD 
oe £ 
ores. a 
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(4) 


zt, Y 
Result, (: ' 
3 4 


solve equations of this type by addition 


sla siesie 


gio 


Solve the following by any of the above methods and check. 


11. 22 + 7y = 17, 
5a — 9y = —37. 
2 3 
14, 3P rac Ge —5, 
3 2 
ies nae 
17. 5r + 2s = > 
Tr — 3s = 7 


12. 44 — 7y = —1, 


82 + 2y = 21. 

38m — 2n = II, 
42: 4m + 5n = 7. 
18. ¢+ 6 = 2u, 


3t + 5u — 29 = 26. 


13. 


16. 


3y 


7 22 = —I11. 
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ety 8 eyes 4, ai ea 

e—y 7 M—-y_1 4a —y _ 22, 

I Mee 3 oe ae 

t+5_ 3 23. fe ee 
22. 9 = 2! vor ae a 

2+4 _ 38y — 22 9. 
o4, 7m _ 3n _ _97, eee 

2 5 20 x 7] 

5m , In _ _ 83. ieee ay 

3 5 30 aC y 

2 5 9 2 31 

2—-2=- Oy ieee ae 
26. 37 2y 3, : y 3” 

3 5 2s 

Oe f= ee — —=0. 

2 Ske 2: zt y 

2 3 5 ra 
irk See UNO Decl = Q2+3 3y—2 7 

3 2.5 7 3 ey ties 

Ci yt eG: 227+3 s8y—2 ’ 
30. 3x — 3y = 10a, z+1 y+1 

3a — 2y = 10a. eh a <2 b 2 

atlagytt 1 
b a 


332. Equations Containing Three Unknowns.—To solve simultaneous 
equations containing three unknowns, proceed as follows: 

1. Select any pair of equations and eliminate one unknown. 

2. Select another pair of equations and eliminate the same unknown. 

3. Solve these resulting equations for the two unknowns. 


4. Substitute in any one of the given equations the 
obtained and solve for the third unknown. 
5. Test results. 


two values thus 


Note.—There must be as many equations as there are unknown numbers 


involved. 
Illustration.—Solve for 2, y, and z, 
22 —3y+4z= 11, 
32 + 2y — 52 = — 8, 
br — y+ 2z = 15. 


First, eliminate z between equations (1) and (8). 
Multiplying (3) by 2, 10x — 2y + 42 = 30. 
Using (1), 22 — 38y + 42 = 11. 


Subtracting, 8r+ y = 19, 


Second, eliminate z between equations (2) and (8). 
Multiplying (2) by 2, 6x + 4y — 102 = —16. 
Multiplying (3) by 5, 25a — 5y +102 = 75. 


Adding, 3l~z— y = 59. 


(1) 
(2) 
(3) 


(4) 


(5) 
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iy now have two equations (4) and (5) involving two unknowns, 
x and y, 


8x + y = 19, (4) 
3lz — y = 59. (5) 
Adding, 39x = 78. 
ae ee eee 
Substituting x = 2 in (4), 16+y=19. 
. . 2 Y sy 3. 
Substituting r = 2 and y = 3m (1),4—9 + 42 = 11. 
ec 844 
Result, /x, y, 2 
2,3, 4 
PROBLEMS 
Solve the following. 2 
/ 2+ y+ 2 = 6, 7 2. 3x + 2y — 52 — 17 = 0, Result, 
22 — 3y + 22 = 2, aye 4x — 3y +42+5 =0, LBM FS 
5 +2y—42=-3. % Qr + 4y — 32-19 = 0. ei: 
3 2+y =, 4,3a-—y+2z2 = —13, Result, 
ytz2=, By + 22-2 =2, ( 2, y, z 
z+z2z=%, 8z+e+2y = -9. = 1, —3/) 
5. 32 — 4y =a, 22, 3 5 1 
Bes ie >— Sa, MS i Abe ete ae 
5y + 42 = 14a. Se By . az 19 Result, 
Leen (iti) 
x y 3z 1 ee a 
ee Ma mae ts 2'3’ 5 


333. Problems Involving Two or Three Unknowns. 

Illustrations.—1. The sum of two numbers is 12, and 3 times the 
first equals the second. Find the numbers. 

Solution.—Let x = the first number. 

Let y = the second number. 
Then x + y = 12, 
and 32 = y. 

Solving, x = 3 andy = 9. 

Check.—In checking a reading problem, it is always best to check it by 
using the conditions of the problem rather than the equations formed. 
If the equations are incorrectly formed but correctly solved the answers 
would check in the equations, but not by the conditions of the problem. 
Thus, the sum of 3 and 9 is 12, and 9 is 3 times 3. Hence both conditions 
of the problem are satisfied. 

2. If the numerator of a fraction is increased by 3, the value of the 
fraction is 1. If the denominator is increased by 1, the value of the frac- 
tion is }. Find the fraction. 

Solution.—Let x = the numerator, 

and y = the denominator, 


Then a the fraction. 
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+3 x 1 
By the conditions of the problem, ark = 1, (1) and eat Sa (2) 


From (1), r—-y = —3. (3) 
From (2), 27—-y= 1. : (4) 
Subtracting, —2z = —A4, 

fre aA, 
Substituting 4 for x in (3), 4 — y = —3. 

.y= 7, 


.. the fraction = 7. 

Check.—By the first condition, if 3 is added to the numerator the 
fraction becomes 4 or 1. By the second condition, if 1 is added to the 
denominator, the fraction becomes $ or }. Both conditions are satisfied. 
Therefore the result is correct. 

3. A certain number is expressed by two digits. The sum of the 
digits is 12. If the number is divided by the sum of the digits the 
quotient is 4. Find the number. 

Solution.—Let x = the tens’ digit, 

and y = the units’ digit. 


Then 10x + y = the number. Why? 

By the conditions of the problem x + y = 12, (1) 

aod LOY ST va (2) 
oy 

Clearing (2) of fractions, 10x + y = 4a + 4y. 

Simplifying, 24 —y = 0. 

Equation (1), xg+ty = 12. 

Solving simultaneously, x=Aandy = 8. 


.. The number is 48. 


Check.—First, the sum of 4 and 8 is 12. Second, 48 divided by the 
sum of 4 and 8 is 4. Both conditions are satisfied. 
4. Find two numbers whose sum is 8 and whose difference is 2. 
5. Twice the difference of two numbers is 6 and 4 of their sum is 53. 
Find the numbers. 
6. The sum of two numbers is 1.3 and 3 times the first less 4 times 
~ the second is equal to .4. Find the two numbers. 
\. 7, Find two numbers such that if the first is increased by 16 the 
result will be twice the second, and if the second is diminished by 10 the 
result will be 4 the first. 
“ss 8. A certain fraction will become equal to 4 if both numerator and 
denominator are increased by 1 and will become equal to 4 if the denomi- 
nator is increased by 2. Find the fraction. 
~9. If the numerator of a certain fraction be increased by 3 its value 
will be 2. If the numerator be decreased by 2 and denominator increased 
by 3 its value will be 4. Find the fraction. 
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= 10. There are two fractions whose denominators are 8 and 5 respec- 
tively and whose difference is ;. If their denominators are interchanged 
their sum will be equal to 144. Find the fractions. 

11. A certain fraction will equal 3 if 4 is added to the numerator, and 
3 if 8 is added to the denominator. Find the fraction. 

~~ 12. A number consisting of two digits is equal to eight times the sum 
of its digits. If 45 is subtracted from the number, the resulting number 
will be composed of the same two digits in reverse order. Find the 
number. 

13. The sum of the two digits of a certain number is equal to 9. 
The number is equal to 5 times the sum of the digits. Find the number. 

14. A number is expressed by three digits. The sum of the first and 
second digits is 5. The sum of the first and third digits is 6 and the 
number is equal to 26 times the sum of its digits. Find the number. 

15. The tens’ digit of a two digit number is equal to 2 of the units’ 
digit. The number increased by 27 will give a number composed of the 
same two digits in reverse order. Find the number. 

16. A number consisting of three digits is equal to 33 times the 
sum of its digits. The sum of the hundreds’ and units’ digits is equal 
to the tens’ digit and the tens’ digit is 5 more than the units’ digit. 
What is the number? 

17. The sum of the angles made by one straight line meeting another 
straight line is equal to 180°. Find the angles, if one angle is twice the 
other. 

18. The ratio of the angles made by one line meeting another is 2:3. 
Find the two angles. 

{>> 19. The acute angles of a right triangle are complementary. Find 
the angles, if their difference is 25°. 

20. The difference between the two acute angles of a right triangle 
isa°. Find the angles. 

~o-~21. The sum of the angles of a triangle is equal to 180°. If one 
angle of a triangle is 38° and the second angle decreased by 34° is equal to 
three times the third angle, find the remaining two angles of the triangle. 

22. Find the angles of a triangle, if the difference between the first 
and second is 10°, and the sum of the second and third is 110°. 

———23. The first angle of a triangle is equal to $ the second and 5 times 
the third. Find the angles. 

24, Find the number of degrees in an angle which equals 3 of its 
complement. 

——.25. Find the number of degrees in an angle which equals 3 of its 
supplement plus 25°. 

26. The sum of two angles of a triangle is equal to 150°. Find these 
two angles if 2 of one diminished by 8 of the other is equal to 18°. 

27. I bought three boxes of berries and 5 boxes of cherries for $1.11 
and 5 boxes of berries and 3 boxes of cherries for $1.05. How much per 
box did each kind cost? 


|b 
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28. A man purchased 10 typewriters for $680. Some of them were 
bought for $60 each and the remainder for $80 each. How many of 
each kind did he buy? 

1 29. Five transformers and six distributors can be purchased for — 
$140. At the same rate six transformers and five distributors will cost 


ied $135. Find the price of each. 


nana If 2 of A’s money is added to § of B’s money, the sum is $72; 
but if 4 of B’s money is added to $ of A’s money the sum is $145. How 


much money has each? 
Note.—Problems 31 to 34 inclusive are formulas given in Mechanics 


of Materials. 
31. Given the following formulas; 
FP e@ S 
(1) Saat (2) Ey = 7? and (3) t= 


To find e in terms of P, L, a and E. 


Dividing (1) by (2), = z 
1 


But by (3), z =H : 2. be (4) 


Clearing of fractions, H.ae = PL and e = se 


Another method for obtaining the same result is as follows; 


From (3), #1 = 2 and from (2), e = H.L. 


Then ¢ = I, 


ms 


Substituting” for S,¢ = “5~ = is 


4 Py a 
32. Given (1) Si = om (2) Pi; =P cos 6, (8) ai = ayy and (4) 
sin 6 cos 6 = 3 sin 20. 


Derive by substitution, the formula, Si = Ls sin 26. 


2a 
33. Given (1) #(Si + S:)a = P and (2) P = 4a. 7 = 


Derive the formula, Sz = us € atin : 

a d ; 
Sit Se : 
ek 


ee 


Hint.—Multiply (1) by 2, and (2) by 


values of Si + Se. 
34. The following illustrates the old rule for determining the pitch in 
butt joints. 


Given (1) S = ig sp (2) S = 


Show that p =d + ee 


Then equate the 


2P 
rd? 
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DETERMINANTS 
334. Definition—The symbol 5 i is called a determinant: 
1 4 


It is equal to 2 X 4 — 5 X1, or3. 

|a, b,| is called a determinant of the second order and is equal 

| Qe be 
to aybe — Qed}. 

The numbers a, 2, bi, and be are called elements of the determinant; 
a; and az form a column; a; and b; form a row; a; and be form one diag- 
onal; b; and a2 form the other diagonal. 

A determinant of the second order has two rows and two columns, one 
of the third order has three rows and three columns. 

335. Advantage of Determinants.—In addition to the methods 
already given for solving simultaneous equations, the method by deter- 
minants is often more convenient and shorter because the form of the 
result can be written by inspection. This form must be reduced by, 
evaluating the determinants thus involved. 

336. Evaluation of Determinants.—To evaluate a determinant of 
the second order, take the product of the elements of the diagonal 
down to the right and subtract from it the product of the elements 
of the diagonal down to the left. When an element is negative the 
minus is placed above it to avoid confusion. 


Thus, rl = ab — cd. 


~ ~ 
If the determinant is of the third order follow the method given 
in §338. Determinants of higher order than the third will not be treated 
in this text. 


PROBLEMS 
Evaluate the following. 
36, a8 Ht 3. |8a 2b], 4.|5m nj, 
A S4 Zl b 2a} |2n 3m 
5. | 22 — 3y some 3a a: 7, |3 it 
at+y 22 + 2y 2c 5b i. 4 


337. Solution of Equations by Determinants.—Given the two 
simultaneous equations, 
QA1x a. by = ki, (1) 
aot + bey = ke. (2) 
Multiplying (1) by be, aibex + bibsy = bok. 
Multiplying (2) by 61, aebiv + bibsy = bike. 


Subtracting, G1bex — Aobye = beky — dike. 
Factoring, (aibe — Q2b1)x = bok = bik. 
_ Bakty — dike 
aybe —— aob1 
aiks— ask 


In the same manner, -Y = 94 —a,b, 
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These values for x and y may be derived by arranging their coefficients 
and the constants 1, and k2 in rows and columns called determinants as 
follows: 


ky by | a1 ky | 

ko bo a2 ke) 
t= and 4 =>—=— == 

las by las by 

| 2 bo |e be 


To solve two simultaneous equations by determinants, proceed as 
follows: 

(a) Arrange the equations thus, aiz + biy = ki. 

Ax + bey = ko. 

(b) The values of x and y are fractions whose denominators are the 
same determinant, formed by the coefficients of x and y placed in the 
same order in which they occur in (a). The numerator of x is the same 
as the denominator except that the coefficients of x are replaced by the 
constant terms (k; and kz). Likewise the numerator of y is the same as 
the denominator except that the coefficients of y are replaced by the 
constant terms (k; and kz). These simple rules will be clearly seen and 
understood by comparing them with the above solution of x and y. 

Illustration.—Solve for x and y. 


22 + 3y = 9, 
32 — Qy= 7. 
Solution. 
9.3 
7 2 —18—21 —39 
ot a oer ee 
2° 3 
3 2 
Vio en 
ee Socal. 2 ie" l4tseat Ge lse, 5, 
2 3 —-4-— 9\ —18 : 
ae 
Check the result in the usual way. 
Solve the following by determinants. Check. 
1. 23 — 8y = 2, 2.32 —2y= 8, 3. 4x + 5y = 10, 
32 + 2y = 16. ox — 4y = 12. Sy —4x% = 4. 
4. 2a + 5y=15, 5. 4+ 3y = — 38, 6. lbxz — 4y = 3, 
52 — Qy = 23. 3x —4y = 17. 97 — 2y = 2. 
x 
7.54% 2110, 8. ¢- Oy = Bh, 9. 4¢ — 6y — 42 = 0 
are 3 : 
Sry 1 
tet t= 3y. 52 — Ty — 50 = 0. 


a 
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Liga cae 
yY—2 
3y + 44 11 
oh Pa ee ek oe 
| ay by Cy 
338. Determinants of the Third Order.— a2 be cel! is called a 
(Q3 bs 63 


determinant of the third order. 

To find the value of a determinant of the third order, proceed as 
follows: (a) Write the determinant repeating the first two columns. 
(6) Find the sum of the products of the elements of the three diagonals 
down to the right. (c) Subtract the sum of the products of the elements 
of the three diagonals down to the left. 

Thus, 


= a; be c3 + a3 bi Co + a2 b3 1 — a3 bec, — 
a1 bs Co — ae bi C3. 


This method of evaluating a determinant is true only for determinants 
of the second and third orders. 
Illustration.—Find the value of the determinant: 


eae | 
RD nie 
’ I 2] 
Repeating the first two columns, 
PA EW 7h AY 
yes 40 = 2 2i +4 — 15 — 6-24 = 6. 
a ee ee ae 
PROBLEMS 
Evaluate the following determinants. 
iene oD wei 3206. 9 SeriesOG 2 ANG rge ch 
6 2 41. 4 7 10 ESS g ha 
3.7.1 6 § 11 Sem | hea 9 
Det 1 1 6. /b+c a a 
1 1i+2 1 b c+a as We 
J iJ 1+y c cL a+b 
i x y zt+y 
ct+y x x 
y c—yYy y 


339. Solution of Simultaneous Equations of Three Unknown 
Numbers. J 
The method is the same as for two unknowns shown by the following 
illustration. 
Given the equations, aiv + bry + G12 = fi, 
ax + bey + coz = he, 
asz + bsy + cx = k3. 
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Solution. 
ky bi Cy a4 j ky Ci ay bi ky 
| ke be C2 | Ag ke C2 a2 be ko 
| ks bs C3 a3 ks C3 a3 b3 ks 
ee oe , ea 
ai by Ci ay by Ci ai bi Ci 
dz be Ce |@2 be Ce G2 be Ce 
| a bs C3 a3 bs C3 a3 bs C3 


Illustration.—Solve for z, y, and z. 
4x — 5y +22 = OQ, 
24 + 38y — z= 13, 
7x — 4y + 32 = 10. 


Dae oes 
13} to el Vis 3 
a. 10 * 3) 2 0 +50 — 104 — 60 = 0 195 Bee 
45 2145 36 + 35 — 16 — 42 —16+30 27 
eo ck Hees os 
7 edo Bie 4 
4 0 2/4 0 
2 13) W275 18 
= CIO SS iter LO 156 + 0 + 40 — 182 + 40—-0_ 54_, 
fd Q7 ia 27 ee 
[4ee5.) OS 
2 3 182 3 
oe Tee _ 120—455 + 0—0-+- 208 + 100 ~~ i ee 
ms 27 4 27 * Ba ; 
. 2©=3,y =2,andz = —1. 
PROBLEMS 
Solve the following equations by determinants. Check... ty 4 aa - 2. 
1. 3a — 4y +2 = 14, 22+y—-z=1, 3.62 +)3y —dz =, 
22 + 3y—2z2=-10, zt-—y+2=83, Be — 6y — 382 = —33, 
Sz — 2y+32=18 -e+y+2=5. 22 — 5y + 22 = —30. 
45 +o +7 = 13, 5. 22 +y +z = 16, 6. & — 2y + 32 = 2, 
gata z+ 2y+2=9, 22 — 38y+2=1, 
qte-gns wine y Dern a 35 — pode Qe 8. 
7. 52 + 2y = 14, 8. az — by =c, 9. 3a — 4y =a, 
y — 62 = 3, by + cz =a, 3z — 2x = —8a, 


t+2y+2= -3. ax — cz = b. 5y + 42 = 14a. 


( 


SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE 1438 
GRAPHS OF EQUATIONS 


340. Axes.—As in chapter I, two straight lines perpendicular to 
each other are called axes, as XX, and YY, or simply the x-axis and the 
y-axis. XX, is called the axis of abscissas and YY; the axis of ordinates. 
O is called the origin. All positive values 
of x are measured to the right of the y-axis 
and all negative values of x are measured 
to the left of the y-axis. All positive 
values of y are measured above the x-axis 
and all negative values of y are measured 
below the x-axis. 

Thus, the point (2, 3) means x = 2 
and y = 3 and is plotted by measuring 
2 units to the right and 3 units up. 
Read §1. Likewise (—2, 3) is plotted by 
measuring 2 units to the left and 3 units 
up; (—2, — 3), by measuring 2 units to the left and 3 units down; 
(2, —3), by measuring 2 units to the right and 3 units down as in the 
figure. 

The coordinates of a point are the abscissa and ordinate taken 
together. They are written (2, 3). The first number is the abscissa, 
the second number is the ordinate. 

The quadrants are the four parts into which the plane is divided 
by the axes. They are taken in order counter-clockwise. Thus P 
is in the first quadrant, Q in the second, R in the third, and S in the fourth. 


PROBLEMS 


Draw axes and locate the following points. 

1. (4, 5), (—2, 4), (3, —3); Gak —4), (—3, 6). 

2. (0, 0), (—3, 0), (0, —2), (5, 0), (0, 3). 

3. What is the ordinate of the z-axis? 

4. What is the abscissa of the y-axis? 

5. Plot each of the following points and find the distance between them. (2, 5) 
and (2, —5); (—3, 6) and (5, 6); (—4, —3) and (8, —3). 

6. Plot the triangle whose vertices are (2, 2), (—38, 5), and (8, —5). 

7. Plot the quadrilateral whose vertices are (3, 2), (—3, 2), (—3, —2), and (3, —2). 
What kind of a quadrilateral is this? Find its area. 

8. Plot the rectangle whose vertices are (5, 4), (—2, 4), (-2, —3), and (5, —8). 
Find its area. 

9. Plot the triangle whose vertices are (5, 1), (5, 4), and (1, 4). What kind of a 
triangle is this? Find its area. 


341. Plotting a Straight Line.—Given the equation 2x — y = 3. 


To construct its graph. 
(a) Solve for y in terms of «. (b) Assign values to 2, as 0, 1, 2, 3, ete. 
—1, —2, —3, ete. and find the corresponding values for y. Then 


locate the points which each pair of numbers determines. 
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Solution. 2% — y = 3, * y= 2e — 8. 

Plot the points determined by the pairs of numbers shown in the 
accompanying table and connect the points. It is a straight line, and 
is the graph of 2x — y = 3. Y 
a elie 
fe hel tty 


a |___# Aiea 
0 —3 
1 —1 
2 1 
3 3 4 z 
4 5 
etc. etc. 
st seenuer seeceeEeee 
tee etc. PEC 


aie 

342. Linear Equations.—A linear equation is an equation whose 
graph isastraight line. It is proven in analytical geometry that the graph 
of every equation of the first degree in two variables is a straight line. 

343. To Construct the Graph of a Linear Equation by a Short Method 
(Intercepts).—Two points determine a straight line (§90-2). Therefore 
we need to find only two points on the line to determine the line. To 
draw a graph of 3x + 2y = 6, let x = 0 and solve for y, then let y = 0 
and solve for a. 

Thus, if = 0,y = 3 andif y = 0,2 = 2. Now plot the two points 
(0, 3), and (2, 0) and draw a straight 
line through them. Then CD is the 
graph of 37 + 2y = 6. 

It is obvious that the greater the 
distance between the two points 
chosen the more accurate the graph 
will be. However, if the graph 
passes through the origin it will be 
necessary to get one point in which 
neither x nor y is 0. 

Thus, 32 — 2y = 0. When zx = 
Oy = 0) Dab il ese 2 ay ed 
Line AB on the figure is the graph 
of 3x — 2y = 0. 


PROBLEMS 
Plot the following linear equations. 
ly =2+3. 2. 2% — 3y = 6. 3. 4x + 5y = 10. 
4. y = 32, 5. 32 — Sy — 15 = 0. 6. 32 + 2y = 0. 
x—2 1 2 5 
am oY 8. 5% — 3Y = & 9. 2 = 3. 


10. When does the graph of a linear equation pass thru the origin? Does 
52 + 2y = 0 pass through the origin? 


wal 


——— 


SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE 


11. Plot the triangle whose sides are the graphs of, 2x — y = l,x-—3y+7=0 


and 3x +y = —11. 
344, Simultaneous Linear Equa- 
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, 


tions Solved by Graphs.—If we 


draw the graph of the equations 3x 


— 2y = 8 and ++ y = 6 we get the 


lines AB and CD which intersect at 
the point (4, 2). If we solve the pair 
of simultaneous equations we get x = 4 


NZ 


2558 


and y = 2. Two lines will intersect 
at the point which will satisfy both 
equations for the values of x and y. 

The graph is often used as an 
approximate check of an algebraic 
solution. 


345. Independent Linear Equations.—Independent linear equations 


are equations which have a common solution. 


That means that each 


equation represents a different line, but that the two lines intersect. 


Thus, 3c — 2y = 8 and x+y = 6 are independent. 


346. Dependent Linear Equations——Two linear equations 
dependent when they have more than one solution. 
and 2x + 2y = 10 have all solutions in common. 


are 
Thus, x+y =5 
In fact they represent 


the same relation, for if 2x + 2y = 10 is divided by 2 we have x + y = 5. 
Therefore when two equations are dependent they give the same graph. 


Solve the equations by algebra. 


Plot their graphs. 


347. Inconsistent Linear Equations.—Two linear equations are 


inconsistent when they have no common solution. 
inconsistent equations are parallel lines. 
2x + 3y = 3 are inconsistent. 


their graphs. 


Solve the following pairs of 


compare the results. 


PROBLEMS 


Solve the equations by algebra. 


The graphs of 
Thus, 22+ 3y =1 and 
Plot 


equations both graphically and algebraically and 


1. 2r —3 = 0, 2. 3y +4 =0, 3. 22 — Ty = 3, 
y = 0. z=0. 3a + 2y = 17. 
4. y = 22+ 5, 5. « = 3y + 10, 6. 32 — 2y = 6, 
az — 3y = —10. 2y — 3x = —16. 9x — by = 4. 
7. 4x + 5y = 10, 8. 2a + dy = 10, 9. 2a — 3y = 4, 
by — 4a = 4. 8x + 20y = 5. 4x — 6y = 8. 
10. 2e +y = 5, 1l.s +y =5, 12. 7 +2y =7, 
4x + 2y = 18. z= 3. y = 3. 
13. 82 — y = 5, 14. 2 + 2y = 3, 
—62 + 2y = —10. 22 + 4y = 2. 


15. Plot the triangle whose sides are 2x + 3y = 0, x + 3y = —3, andz+y= 


—1. 


What are the coordinates of the vertices of this triangle? 


16. Plot the parallelogram whose sides are x — 5y = 0, 6a —y + 17 = 0, 
2 —5y+11=0, and 5¢-—y—7=0. Find the coordinates of the vertices of 


the parallelogram. 
10 


CHAPTER X 
POWERS, EXPONENTS, ROOTS, AND RADICALS 


348. Importance of Powers and Roots.—Many of the formulas in 
later work in mathematics and in engineering subjects contain quantities 
involving powers and roots. A thorough knowledge of the contents of 
this chapter will facilitate the evaluation of these formulas. 

349. Power.—A power is the product of two or more equal factors. 

Thus, a:a-a‘a means that a is to be used four times as a factor and the 
product is written a*.. In the same way (a + 6)(a + b)(a + b) equals 
(a+ b)3,and.b:bb . . . 6 ton factors equals b*. 

350. Involution.—Involution is the process of finding the value of an 
expression raised to a given power. 

351. Laws of Signs.—Following the law of signs in multiplication, 
tell the sign of each of the following: (+a)?, (+a)%, (—a)?, (+a)', 
(50) o 4a)". 

What is the sign of an even power of a positive expression? Of an 
odd power? What is the sign of an even power of a negative expression? 
Of an odd power? 

Hence, we have the following laws: 

1. All powers of a positive expression are positive. 

2. All even powers of a negative expression are positive. 

3. All odd powers of a negative expression are negative. 

352. Exponents.—Read again §15. 

1. Find the value of 6?; (2 & 3)?;2? X 32. Compare results. 


fc 6\2 6? 
2. Find the value of 2?; (G) 332° Compare results. 


3. Find the value of (37)? and 34; (4%)? and 48; (a?)3 and (a%)?. Com- 
pare the results in each pair. 

From (1) we infer that (ab)" = a*b"; from (2), that G) = 
from (8) that (a”)" = a™, 

353. Laws of Exponents. 

1. Any power of a product is equal to the product of its factors each 
raised to the given power. 

2. Any power of the quotient of two factors is equal to the quotient 
of the two factors each raised to the given power, 7.e., in multiplication 
and division the distributive law applies for exponents. 

3. The required power of an expression, to a given power, is found 


by raising the expression to a power equal to the product of the two 
powers. 


be 
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PROBLEMS 

1. 22.22, 2. 32.28, 3. (3-4), 
4, (22)2 5. (—28)2, 6. (22)8, 
7. (—4a%)2, 8. (3mn)?. 9. (2:3-4)2. 
10. (2zy)*. 11. (—3a%) 2. 12. (—pgr) 1. 

3\2 3a%b\3 n 
13. 3) (-S 2a, 

4 eet aR 2Pe5 ak 


Qn on 
16. (-§) ; 17. (-§)° ‘. 18. (-¢ ce: 
(—2) =|’ es 3 
19. . a Ee =8 e ep 
Sry “ ( =) =). ( A) 


a*b3\ 8 1 3 2\ 2 
an a =) : 23. (50) . 24, o) 
mre \ —2z2\? 3a \3 
a. a) : : (=) 5 —m) . 
a a ae | Be 
28. Find the value of E - 5 | 
(1) When z = 2. (2) When z = 0. 
Subtract the result of (2) from the result of (1). Ans. 8. 
: ar2y4 
29. Find the value of ah’ 
(1) Whenz =h. (2) Whenz = 0. 
Subtract (2) from (1), as in problem 28. art 
(2) from (1), as in problem Ant 
30. Find the value of o(=): 
(1) When z = 3d. (2) When 2 = —30. 
Subtract (2) from (1). Ans. pba 
4 
31. Find the value of = 
b d 
(1) When z = 2 (2) When xz = 2° 
Subtract (2) from (1). Ans. Bete ey hy 
: Bl gece ee 
32. Find the value of alate - | ’ 
(1) When z = 2a. (2) When z = — i. 
Subtract (2) from (1). Ans. sgh’ 


354. Roots.—Each of the equal factors of a number is a root of that 
number. If a number has two equal factors, one of the equal factors 
is the square root of that number. If there are three equal factors, one 


of them is the cube root. 
355. Evolution.—Evolution is the process of finding the root of a 


pumber. 
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Illustrations. 25 = 5-5 .. 5 is the square root of 25. 
25 = (—5):(—5) .. —5 is the square root of 25. 
289 = 17-17 .. 17 is the square root of 289. 
289 = (—17)(—17) .. —17 is the square root of 289. 
—8 = (—2)(—2)(—2) .. —2 is the cube root of —8. 
a* = aaa .. ais the cube root of a’. 
a’ = a*-a?-a? .. a? is the cube root of a®. 
a =aaaaa .. ais the fifth root of a*. 
@Qtyt=@e@+y@e@t+yetyet+y ~ @+y) is 
the fourth root of (x + y)*. 


356. Principal Root.—It is seen from the above illustrations that a 
positive number has two square roots, the one positive and the other 
negative. To indicate the two values, the double sign + is used. Thus 
the square root of 25 is +5. The positive root is called the principal 
root. Every positive number has only one positive (principal) root. 

It is also seen that the cube root of —8 is —2. There is no positive 
cube root of —8. The principal cube root of —8 is then —2. Every 
negative number has only one negative (principal) odd root. 

It can be shown that any number has two square roots, three cube 
roots, or in general n, nth roots. 

In most computations the principal root is the only root desired. 


PROBLEMS 


1, Find the two equal factors of the following: 4; a?; 16; 16a‘b2c?; m? + 2mn + n?; 
16(z — y)?; 36(r + s)?; 2; 3; —4; —25? Do 2, 3, —4, and —25 have two equal 
factors? 

2. Compare the value of +2- +2and —2- —2;(m + n)-(m + n) and —(m + n)- 
—(m +n). What is the sign of the square root of an expression? Does a negative 
number have two equal factors? Why? 

3. Find the three equal factors of the following: 8; —8; 8a5b*; —Sa‘n; 27(2 + y)3; 
(a + b)§; (m +n). 

Note that the cube root of an expression has the same sign as the expression. 

4. Find the four equal factors of 16; 8latb!; 16xty8. 


357. Zero and Negative Exponents.—Read again §§46 and 47. 
When an exponent is mentioned we think of it as telling how many times 
an expression is to be used as a factor. Thus a? means a is taken three 
times as a factor. In division, however, it was found that by dividing 
a” by a” and following the law of exponents the result was a°. We found 
that the value of a° = 1. 


Again, 1. a? + a® = a3 or a-?. 
2. a5b§ + a’b4 = a-*h-), 
3. (a+ b)? + (a+ 5)? = (a + B)-. 
358. Negative Exponents Eliminated.—Negative exponents are 
awkward to handle in performing algebraic operations. They can be 


manipulated in such a way as to change an expression having a negative 
exponent to an equivalent one having a positive exponent. 


7 Ee 


ee ee ee —————— eee ee ee 


— — 
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Illustrations.—Change the following expressions to equivalent 
expressions having positive exponents. 


_G) 2) -0%*. @) S. 4) @ - 


Solution.—(1) Co x oa = is = a 
a a 2 
63 260 2 
(2) —a*b-* X a aay x a 
a7? abs a°b3 b3 
@) b=2 * G29 abe = a? 
(a? — 2?) _ 2(a? — 27)? 2 
a 2\-1 = fo 7% 
(4) 2(a ra Et (a? ee 22) Cr a ares eer 


Hence, a factor may be changed from numerator to denominator or 
from denominator to numerator, provided the sign of the exponent is changed. 
Note that these transfers have nothing to do with the sign of the expression 


ttself as shown in illustration 2. oe 
PROBLEMS 
Write the following with positive exponents: 
1:52=%: LENSES 3. ab, 
4. —a~*b LY ac 6. 3-2-1272. 
7. 2-122, 8. ea 9. (a? — x2). 
10. —2(a + b)-*. 11. 37-2(a? — y?). 12. —2(a? — 6b?)-2, 
a? 2671 — 
Sy si | ee Lb. 
J -2 2 a2\—1 
erg 8) +77. (225 : Oe (228 =~) : 
x a+ y a—b 
rs \i * y 
19. E 20. =. 
: cs + yi = 


359. Fractional Exponents.—By §18-1, we have a’.a’ equals a. It 
follows that a’ is the square root of a. What exponent denotes the square 


root of an expression? 


Again, a'-a'-a* = a. Hence a’ is the cube root of a. nae exponent 


denotes the cube root of an expression? In general a”-a"-a” to n factors 
=a. What exponent denotes the nth root of an expression? 
By §353-3, we have a?-a? = (a')? = a’. 
Again, a}-a?-a? = (a*)3 = a’. 
When a? is used twice as a factor we have a’. When a’ is used three 
times as a factor we have a’. 
Hence, in a fractional exponent of an expression the numerator denotes 
the power and the denominator denotes the root of that expression. 
360. Summary of Exponents. 
Integral | Positive or Negative. 
Exponents | Fractional | Positive or N egative. 
Zero 
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361. Multiplication and Division of Expressions Containing Frac- 
tional Exponents.—To multiply or divide expressions having fractional 
exponents with different denominators, follow the laws of addition and 
subtraction of fractions in adding and subtracting the exponents. 

Illustrations. 

1. at X at = al? = a’. 

2. a' + a = att = a*, 

3. (m + n)*(m + n)t = (m+n) = (m+ 0)™. 

4. (p-g'+(p—-9'=(p-9*' = (D- 9)". 


PROBLEMS 
Find the value of the following: 
1. 93, 2. 9. 3. 98. 4, 273. 5. 278. 
6. 273%. To OT), Bf = 278 9. (=277-8 10-81 
11. (a7?)3. 12. (a-tb*)s, ~—-13. 100-8. 14. (y2)*. 15. 44 x 363. 
fen ot ree Lbs ode -3 3 
16. 42 + 83. 17. Ase 18. re +o 19. 9°? x 27%. 
A| (x + y)? (@ — y)™? 
: ae 21. (xt 4yils3.— a8). | 
ae @@—y) @+y) SHOU AM Gina | 
22. (a? — b%) + (a? — b)}, 23. (a? — b2)t + (a? — b%)#. / 
; mn 
) 24. — b)-} 95 es 
NE aaa ) ‘ ee : (p + 9)? 
‘s 5 3 
MO Sumplty [eo ite — ia 1 


Find the value of the following, using the given conditions. Every example 
should be solved. 


27. (1 + 4x)?, when x = 2. Ans. +3. 
28. (6 + 7x)?, when x = 3. Ans. 9. 
29, (82 + $2)3, when z = 5. Ans. +4. 
30. (1 + 32)2, when x = 12. Ans. + 27. 
31. (8x? + 152 + 83)?, when z = §. < Ang. +7, 
Sr rt 2 ~ 4ra? 
32. SE (orn abt oY when r = a. Ans. + 3k 
ub RCE ae = 1 
33. @ (8a + a when # = a. Ans. + Bq? 
n+2 
3a? — 3a?) 2 
34, ( = ‘n a ) »>when x = 2a and n = 1. Ans. + 9a3. 
(2 22 +2 
- —2 
35. a when + = wand n = I. Ans. — = 


362. The Radical or Root Sign.—The sign \/_ written over an expres- 
sion indicates the square root of the expression. This sign is made up of 
the letter r (root) and the vinculum. When a root, other than the 
square root, is desired it is necessary to place in the r a number called the 
index number. Thus, 1/ indicates cube root, ¥/ indicates fourth root, 
etc. Read the following: 


V/4, V8, W16, V/1728, V/a%D!. 


The index number indicates the order of the expression. 


I ee 
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363. Rational Expressions.—A rational expression is one of which 
the indicated root can be taken, thus, »/16 = +4 and 1/25 = +5, 

364. Irrational Expression.—An irrational expression is one of which 
the indicated root cannot be taken as 1/5, 1/17, ~/zx? + ry + y?. 
These expressions are also called radicals or surds. 

365. Relation between Radicals and Fractional Exponents.—The 
student must continually compare the radical expression with expressions 
having fractional exponents. 


Thus, 2 = 2%; Va? — 2? = (a? — 2°)!; W/ (aq? — 2)? = (a? — 22)!, 


PROBLEMS 
Express the following with fractional exponents: 
1. 8. 2.Va+b. 3. Va +b) 4. A? 
5. / 2%. 6. W pq! 7. —/25a3. 8. W/8b2. 
9. Ns 10. mn. 11. ieee, 128 qe le 
y? ke a+b ee a 


366. Roots of Expressions Which Can be Factored. oe the 
following. Give your conclusion in every case. 


1. 736, V4 X 9, and V4:7/9. 2. Vat? and V/at+/b?. 
3. ¥/216 and V/8-~/27. 4. v/a%d%c3 and VW/a®~/b9-~/c3. 
Hence, the root of any expression is equal to the product of the same 
root of its factors. In (4), we see that we may divide the power by the index 
to obtain the result. 
, 367. Roots of Fractions—Compare the following. Give your 
conclusion. 


sa ae (a +b) Vato 
EAE nr 2. ¢/@ and 3. Lae EN eee 


Hence, the root of a fraction is to the same root of the numerator, 
divided by the same root of the denominator. 

368. Incommensurable Numbers.—Numbers such as »/2, ~/3, V5, 
etc., are incommensurable because their value can be determined only 
approximately. Although we can give only an approximate numerical 
value to these numbers they can be constructed as accurately as any 
other number. 

It will be remembered from arithmetic that in any right ‘abana the 
sum of the squares of the legs is equal to the square of the hypotenuse. 
This theorem is proved in §411. 

Illustrations.—1. Construct ~/2. 

Solution:—Construct an isosceles right triangle with each leg one 
unit inlength. The hypotenuse will be the /2. 

2. Construct +/3. Construct a right triangle with legs v2 2 and 1. 

The hypotenuse is 1/3. 
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PROBLEMS 
Construct’ 


/7, Vb, V17, Vil, W538, V4, V6, V1» 4/10, 19. 


369. Imaginary Numbers.—An imaginary number is an indicated 
even root of a negative number. Because of the law of signs in multipli- 
cation, we cannot find a number which when multiplied by itself will give 
a negative number. We cannot find any expression which when used an 
even number of times as a factor gives a negative result. 

Hence, an even root of a negative number is impossible. 

Expressions such as +/—4, 1/—25, ~/—a*b? often occur in mathe- 
matical work and must be dealt with. In order to distinguish them from 
all other expressions (real) we call them imaginary. The imaginary unit 
is \/—1, often written 7. Any expression of which an even root of a 
negative quantity is required can be reduced to this form. 

Thus, /—4 = V/4(—1) = £20/—1 or 27. 


370. Powers of 1/—1. 
¢'=~/-1 =%. 
@ = (f—l)? = V-1V-1 = -1. 
B= / aN = V1 1 = V1 = Ht 
i= (VS -1IN= (V-1* (V1? = 1 
B= (V1) &(V—-DtV 1 = V-1 


Hence, it can be shown that the powers of \/—1 have the values i, —1, 
—iand 1. 

The powers of 7 can be shown graphically if desired. 

371. Summary.—1. An even root of a positive quantity is either 
positive or negative. 

2. An odd root of a negative quantity is negative. 

3. The root of an expression is equal to the product of the same root 
of its factors. 

4. An incommensurable number can be represented graphically. 

5. An even root of a negative quantity. cannot be taken and is 
imaginary. 

372. Multiplication of Polynomials Containing Radicals.—To mul- 
tiply polynomials containing radicals follow the general method of multi- 
plication. . 

Illustration.—Multiply 21/3 + 3+/2 by 3+/3 — 2/2. 


Solution. 2/3 + 3/2 
3/3 — 2/2 


18 + 9/6 
— 4/6 — 12 


18 + 5/6 — 12 0r6 + 5/6. 


a 


POWERS, EXPONENTS, ROOTS, AND RADICALS 153 


PROBLEMS 
Find the value of the following: 
1. (2 + V3)(2 — V3). 2. (3 — V/2)(3 te V2). 
3. (a4 + 2+/3)(b — 34/2). 4. (m — ~/n)(n + Vm). 


373. Radicals Simplified—A radical is in its simplest form when 
there is no factor under the radical sign of which the indicated root 
can be taken, and when there is no radical in the denominator. 

Illustrations.—1. Simplify 1/12. 

Solution. 12 = 7/43 = +23. 


1 
2. simplify—— 
implify V2 
Solution. ae! both numerator and denominator by 1/2. 
“M2 V2.1 
Thus, a a Se 5V2 
3. Simplify 4/2. 
Ae Ua | 


Solution. K 


A ee 
Sonya. «ka 


: 2 
4. Simplify V3 4/5 
Solution.— Multiply both numerator and denominator by »/3 — +/5. 
Note.—The expression, \/3 — ~/5, is called the conjugate of ~/3 + 
V5. ri : 
4. V8 KV VB — V5) Ne We 


PROBLEMS 
Simplify the following: AA soi 
1. 4/20. nt 3. /216. A, 1/125. 
J 2 ae oe 
EVES a /e. V3 4/2 
9. +/3- 10. +/§- 11° a 12. ~/2- 


1 2 
ey ee 
374. Addition and Subtraction of Radicals.—To find the algebraic 
sum of two or more radicals, reduce each one to its simplest form and 
collect similar radicals. 


_~ Illustrations. 
“1, Simplify 18 + V/12 — V8. 
Solution. 34/2 + 2/3 — 2W/2 = V2 4+ 2V3. 
2. Simplify 2v/a%r + av/bx — V/4b%. e 
Solution. 2ax/bz + av/bz — 2bv/bz = 3av/bx — 2bvV/bx or 
(3a — 2b) V/bz. 
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375. Multiplication and Division of Radicals.—Before radicals can 
be multiplied or divided they must be reduced to radicals of the same 


order 


. (See §362.) 


Illustrations.—1. Multiply /2 by V3. 
Solution. +/2 = 2' and ~/3 = 3’. ; ac 
Hence, 22:3? = 28-38 = (28)#(32)# = (8-9)? = (72)* = 7/72. 


2. Divide ~/21 by V3. 7% : 
Solution. 1/21 + V3 Peel ee nie V7. 
3. Divide 14/2 by 2/6. Vi : - : 
ee 14/2 2 2° 28 
i a = mee = 7: =7 () = 
Solution. 14+/2 2/6 2/6 7 6 63 62 
7W/% = 71/3 XH = 4102. 
PROBLEMS 


Simplify the following: 


1. 2\/2 + V/18 —- V8. 2. 745 —- V5. 3. V72 + 2/8. | 
4, 24/3 — v/48. 5. 34/27 — V/75. 6. 30/16 + 2/54. 
ee Me. ee * 1 

7. W625 — 3+/135. 8. 2+/50 — 20/32. 9. f2— aE 
10. /3 + V3. 11. 73 + V5. 12. V/§ — V3. 

13. /3 X V/12. 14, 24/12 X 3v/18. 15. +/12 X V/27. 
16. ~/} X v5. 17. 4/2 X73 18. V5 X 7/33. 
19. 3>/a3 X 2V/a. qe 4/2b3 X W16- a 21. 1/32 + V8. 
22. /27 + V/3. 23. 4/6 + +/18. 24, 3+/60 + 4/5. 
25. 20/k + VE. 26. 6/3 + 3V/ ty GQ 27. AVE + VS. 
28. +/3 + v/2 29 er ie 30 see 

; j : * /2—-V3 °JS3+ V5 
: 4 Va 
: =" Dis ee OE eee A aS 
SL 5 +38 ie 2/3 — 3/2 Wan 
Which of the following statements are true? Prove your answer. 
2 peep fee 
SDs 4/2 baad a/2: 36. /2 = 5V2 
37, PA Des = PA SME Se 38, cy xypq. 
V4 \ 4 pq N zy 

39. 74479 = V44+ 9. 40. /a+ Vb = Va b. 
4. Vetyarty. 42. V/a? + ab +B =a+b. 


43, s/m? + 2mn + n? = m+n. 44. Va-V/b- Ve = Vabe. 
376. Equations Involving Fractional Exponents and Radicals. 
Illustration.—1. Solve x? = 4. 
Solution.—Squaring both sides of the equation, 
(x)? = 42 w@ = 16. 
Check. (16)? =40r4 = 4. 
2. Solve x = 9. 
Solution.—Raising both sides of the equation to the * power, 
(x3)? = 9? 2. 2 = 27. 


Check. (27)' =9or9 =9. 


ooo ee ae — 


' 
ll 
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3. Solve Vx +7 = 16. 


Solution.—Squaring both sides of the equation, 
2+ 0 = 256 3. @ = 249. 

Check. 1/249 +7 = 16 or 16 = 16. 

4. Solve ~/x? — 3 — x = 2. 


Solution.—Transposing, ~/z? — 3 = 2+2. 


Squaring, w—3 =4+ 404 2% 
—7 =4zo0rz = —}. 

Check. +/#2 — 4844 =2. 4+4=20r2=2. 

PROBLEMS 
Solve the following and test: : 
1. zt = 15. 2. yt = 6. 3. at = 27. 4, xt = 9, 
5. rt = 8. 6. zt = 3. 7. 2-4 = 3. 8. v2 = 4. 
Siz? = & 10. n=? = yy. Meas 18s 12 4/y = 3 = 12: 


13. Vz —3 =2. 14. 22 —3 = 5. 15. Va $2 — Va =3. 
16. Voe?+3=1—2. 17.VeP—5-2=5 18. Ve? —5 42 =38. 
19. V227+7=24+4. 20. V2?+3 = 3-2. 

Problems involving fractional and negative exponents of the type which occur 


“in Calculus. This list must be mastered by every student who expects to study 
Calculus. 


Simplify. 
21 lige = 2?) ?(—2z). PEN ee EEE 
9 : V/ a? — 72 
a 2(/4% — x? —2) 
22. 2+ (4r? — 2?) *(—2z). Ans. al 
2 

ee, = o7 Aig 
23. 3 (4r x?) (—2z). ae / 4r? ap? 
1 ee A 3 4x2(108 rat x?) 

Pie = = = 322), Ans. SSS SS 
hi x 5(144 — 21) #(—22) + (144 — 24)! (828) 1 aa 


has. (a2z + 28) 5(a* — 2?) #(—2r) + (a? — 2*)* (a? + 322). 
a‘ + ata? — 4at 


Ans. Wie s 


Log, G2 — 222) — (a? + 2) Ha? — 2°)" *(—22), 
; (a? — 2?) 

Hint.— Multiply numerator and denominator by (a? — x2)? and remember that any 

expression to the 0 power is 1. 


Ans. ae 
(a? — x?) 
1 ame: _ +. he — Qa? 
27. a[ 3 — 2?)~ 3(—2z) + (h? — 2”) | ns. re = 
— 72 
(100 + 22)*-& — ke + $(100 + 2*)*(22), ye eee 
i (100 + 2%) (100 + 2%) 


| eons | Aiwa 
29. 5 (2P2) (2p). V/ 2px 
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F 1 
j 1 
hy Le Ans. Pyne 


x*\2 mh 
(1-5) 
a? 
1 ON ee 4 x 
(1 — a)" (—2z). Ans. : 
31. Gl — 28 zx? — 1 
_ Find the value of the following under the given conditions. 
= = 2 
N\ 32. ayes a, when x = a. Ans. me 
33. — FS! 2am — a, when x = a. Ans. —2a?. 
34. — 39 — 2), when xz = 3,x = 0. Subtract the results. 
Ans. 9. _ 
35. vy when w =a. Ans. V2. 
arv/ a? + x? 2a? 
2 10a 
36. — ee when # = 2a. Ans. -¥. = 
ax a 
Le 
2 me ee a 
eh ne ee, when x = 2a and n = l. Ans. a2/3. 
+2 a 
(2? — Lise 16a*/ 2. 
38. ae ee when ¢ = 3aandn = 1. Ans. 3 


377. The Binomial Theorem.—By actual multiplication we have, 

1. (a + b)? = a? + 2ab + b?. 

2. (a+ b)? = a3 + 3a%b + 3ab? + B%. 

3. (a + b)* = at + 4a*b + 6a7b? + 4ab® + b+. 

4. (a+ b)® = a> + 5a‘b + 10a%b? + 10ab* + 5ab* + b5. 

A careful study of the above results will reveal some interesting 
and important facts on the expansion of a binomial. 

In the above binomial a is the first term and b the second term. 
Let n represent the value of the successive powers. In the aboven = 2, 
3, ete. 

378. Laws for the Expansion of a Binomial.—1. The first term of the 
expansion is a”, the last term is b”. 

2. The number of terms is n + 1. 

3. The sum of the exponents of a and b in every term is n. 

4. The exponent of a decreases by 1 from n, in the first term, to 0, 
in the last term (a° = 1). 

5. The exponent of b increases by 1 from 0, in the first term, to n, 
in the last term. 

6. The coefficient of the first term is 1. The coefficient of the second 
term isn. The coefficient of any succeeding term is found by multi- 
plying the coefficient of the preceding term by the exponent of a in that 
term and dividing the result by one more than the exponent of b in that 


term. Thus, the coefficient for the third term in the expansion of 


(a + b)¢is *%3 on 6, 


7. All signs are plus. 


a 


POWERS, EXPONENTS, ROOTS, AND RADICALS 157 


If we find various powers of (a — b), it will be seen that the first 
six laws are true. Number 7 will be replaced as follows: 

8. If the binomial is the difference of two terms the signs of the expan- 
sion will be alternately plus and minus. This will be evident if (b) is 
replaced by (—}) in §377-2. 

Thus, (a — b)? = a3 — 3a) + 3ab? — Bb’, 

Illustration.— Expand (a + b)°. 


Solution. 
4h 5-4-3 5-4:3-2 
b 5 = 50 sa a3 2 Ee a? 3 ae 
(a + b)§ = add? + +? pat? + 253 a Dea Olt 
5AB21 op, 
(294354: 


Note 1.—The next coefficient will be 0, hence the expansion is complete. 

Note 2.—1:-2:3-4 is also written |4 or 4! and is read factorial 4. 

When this expansion is simplified we obtain the same result as in 
§377-4. 

Note.—Observe that the number of factors in the numerator and in 
the denominator of each coefficient is 1 less than the number of the term, 
hence the coefficient of the (k + 1)" term has k factors in the numerator 
and in the denominator. The last factor in the numerator is n — (k — 1) 
and the last factor in the denominator is k. 

Illustration.—In (a + 6)5, letk +1 = 4. 

Consider the 4th term. There are 3 factors in the numerator. 

The last factor is 3. Hence it isn — (k — 1). 

Substituting, 5 — (8 — 1) = 3. 

There are 3 factors in the denominator 1-2-3. The last one is k or 3. 

The exponent of a is n — k and the exponent of b is k. 

379. Induction.—Induction is the process of proving a general truth 
from several particular truths. By induction we might infer that since the 
laws of §378 are true for every case we have examined, it will always be true. 

380. Mathematical Induction.—Mathematical induction is the proc- 
ess of reasoning by which we establish a general truth or law by making 
use of a known fact and a conditional principle. 

381. Expansion of (a +b)". In the foregoing we know that the 
laws hold for every case up to and including n = 5. 

The condition is that we assume it true for any exponent n, and 
prove that it will hold true for the sa n+1. 


1, Assuming (a + 6)" =a" +7 Set ps gp) a 
Be By ect ct ge oat -f 
n(n — Le Pee a : he Dee capaci. 
Hoe G2)... in — (e— 2)\[n’— (hk -—1)] 
ia kh =k oe has. 
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Multiplying both sides of the equation by (a + 6) and collecting 
terms in the right hand member of the equation we have. 


Oy (a 4- b)ntt = grti + aoe ab + est a™—1p2 + 


OFDM D gg y + 
(nt )(n\(n-—D... Intl — & —2)) m+n-cu-npe-1 
[2.3 eee ol = bs 2 setae 


By comparing equations (1) and (2) it will be seen that every n 
in (1) is replaced by (n + 1) in (2). This proves that if our expansion 
is true for the n‘ power it is also true for the (n + 1)™ power, thus 
making our expansion general. 

Illustrations.—1. Expand (2% — 3y)*. 

Substituting 2z for a, 3y for b, and 4 for n, we have, 

(Qe — 3y)* = (22)4 — 4(2x)8(By) + 6(2x)?(3y)? — 4(2x) (By)? + Gy)* 
= 16r4 — 96x3y + 21622? — 216xy* + 81ly*. §378. 


2. Expand (a + =) 
Solution —(1 + 2)° = 1° +5(4)(+) + 100*(5) + 
oar(*)+50(2)'+ @)! 


PR lh ean Cie 
my lich phage Theat it 


Note.—In most cases the value of the coefficients of the expansion 
can be obtained mentally as the work proceeds. 


1 Zz 
3. Expand (1 + =) to 5 terms. Let x approach an infinite 


value and supply the result to 5 decimal places. 
Solution. 


(42 bf) a gPamn (4 


25 MEH Bes (Y 4 


a(x — 1)(@ — 2)(@ — 3) 1-7) + 


1-2-3-4 
Simplifying wehave,1-+1+ 37>) 4 5.2 — Diam 2) 
x 
é Laue! 1 2 
+... =14145(0-2)+5(1-=)-=) + 


AO-D0-DO- 94. 


If we let x become infinite, : ) 2; etc., become 0. 


\ 


ae ee 


POWERS, EXPONENTS, ROOTS, AND RADICALS 159 


Thenl+1+4+3+3= 
1.00000 
1.00000 
.50000 
. 16667 
.04167 


2.70834 


Note.—In the above expansion the first and second terms are each 
1. To get the third term, divide the second by 2. To get the fourth term, 
divide the third by 3. Continue this process until the quotient becomes 0 
to as many decimal places as the work is carried out. Add the resulting 
terms. 


PROBLEMS 
Expand the following: 
1. (m+ n)3. 2. (x — y)*. 3. (a + 26)5. 
1\4 1\3 
ae EaN as pe ie 
4. (2a — x)4. 5: (= — 3) 6. (me 3) 


7. (1 +3)" 8. (1-5)* 9. (1-7) 


10. Expand {1 + = ” to 8 terms under the same conditions as in illustration 3. 


Simplify and carry the result to 5 decimals. Result 2.71828. This is an important 
number and is the base of the natural system of logarithms used in Calculus. It is 
designated by e. 


382. Square Root of Numbers.—The square of a number contains 
twice as many figures as the number or twice as many less one. Thus, 
5? = 25; 257 = 625; etc. 

When we take the square root of a number we know how many figures 
will be in the result because we divide the number of which the root 
is required into periods of two figures each beginning at the right. If 
the number contains a decimal, we divide it into periods of two figures 
each both to the right and to the left of the decimal point. 

Illustrations.—1. Find the square root of 169 or 100 + 69. 

(a) Divide the number into periods, thus 169. The root will contain 
two figures. 

(6) Build up a figure similar to the one in 
§221. 

(c) We see that we have a square 10 by 
10 or 100 square units. 

(d) Subtracting 100 from 169 we have 69 
square units remaining. 

(e) We border the square (the dotted lines 
on the figure) and have 2 rectangles each 10 
units long and a small square. The other 
dimension of the rectangle is found by dividing 20 into 69. It is con- 
tained three times, with a remainder. Therefore, the width of the 
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rectangles is 3 units. The dimension of the square is also 3 units. 
Hence 2(10-3) + 3? = 69. 
There is no remainder, therefore 10 + 3 or 13 is the square root. 
Assemble the above parts forming a square 13 by 13. 
If there is a remainder again, we border the second square and con- 


tinue in the same way. 
From the above illustration we derive the following method: 


10 = 100 
Trial divisor 2 X 10 = 20 ie Remainder 


se 10+3 = 13 


Complete divisor 20 + 3 = 23 69 
No remainder 
In practice the zeros are omitted 1’69 | 13 
100 | 
23 | 69 
69 
2. Find the square root of 591361. 
Solution. 
59/13’61 | 700 + 60 + 9 = 769 
Result 
(700)? = 49 00 00 | 
Trial divisor 2(700) = 1400 | 101361 Remainder 
Complete divisor 1400 + 60 = 1460 87600 
| 13761 Remainder 
Trial divisor 2(760) = 1520 
Complete divisor 1520 +9 = 1529 13761 
No remainder 
3. Find the square root of 146.41. 
Solution. 
1/46.41 | 12.1 
1 
22| 46 
44 
241 
241 241. 
PROBLEMS 
Find the square root of the following: 
1. 625. 2. 729. 3. 3844. 4. 5776. 5. 9604. 
6. 15625. 7. 10201. S20: 9. 156.25. 10. 384.279. 
Find the square root of the following to 3 decimal places. 
Li 2: 12. 3. 13. 5. 14, 2.5. 15. 3.5. 16, 12. 


a 


ar eli dle einai 


—— 


——— 


tee af Cee ee ee le ore en oo “eee Set 
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383. Square Root of Polynomials. Illustration—Find the square 
root of x? + 2ry + y?. 

From our previous knowledge we know by inspection that the square 
root is z+ y. ‘To perform the operation step by step we recall the figure 
in §221. 

We see from 2? + 2zry + y? that it contains at least a square x by z. 
Subtracting x? from 2? + 2xry + y? there 
remains 2xy + y?. We must now border our 
square by a strip wide enough to give an area 
2ry + y? or as near 2ry + y? as possible. (The 
dotted line on the figure.) 

There are two rectangles each z units 
long equivalent to one rectangle 2x units 
long. The width is not known. . By divid- 
ing 2x into 2ry + y? it is contained y times 
with a remainder. Therefore, y is the width. 
The area of the two rectangles is 2xy. There will be a little square y 
by y needed to complete our bordered square with a dimension of (x4 + y). 
“. The border includes 2xy + y?. There is no remainder, hence (x + y) 
is the required square root. If there is a remainder again, we border the 
second square and continue in the same way. 

From the above illustration we derive a short method similar to that 
of §382. 


Find the square root of x? + 2zy + y’. 


ee ae 


Lae ee ee 


~-—--3 


Solution. 
e+ Qry+y?|r+y Result 
Cae _ x? 
Trial divisor, 2x 2ry + y? Remainder 
Complete divisor, 2z + y | Qry + y? 
| No remainder. 
PROBLEMS 
Find the square root of the following: 
1. a2? +2ab + b?. 2. 9x? + 62 + 1. 
3. 252? + 40zy + 16y’. 4, 4x? — 12ay + 9y?. 
5. a4 + 2ay 4+ y?. 6. a4 — 2a%b + 3a%b? — 2ab3 + df. 
384. Solution of Equations by Square Root. 
Illustrations. 
1. Solve en) 2. Solve 472 = 64. 
Taking the square Solving asin (1), 24 = + 8. 
root of both members x = +3. ce oar dete oA 
3. Solve bx? = c?. 4. Solve a? — x? = B®. 
Solving, br = +¢. Solving, 2? =a? — D?. 
a= tp “2 = tv a* —.0?. 


Check each of the above. 
11 
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PROBLEMS 
Solve the following for x and check. 
1. x? = 16. 2. 3x? = 75. 3. D2 = 4b2 
4. 3x? = 2b. 5. 2an? =-k*, 6. m+ 2? =e. 
7. 2mz? — p = 0. 8. a2x? = b?. 9. 5az? —b = 
ies a Be 11. Son =m 12, 22 290 
fre ; “5 : sen , 
13. What is the length of one side of a square field containing one acre? What 
is the perimeter? Ans. One side = 208.71 ft. 
14. What is the length of one side of a square field containing 4 acres? What is 
the perimeter? Ans. One side = 417.42 feet. 


15. Find the side of a square equivalent to a right triangle whose base is 20 feet 
and whose altitude is 22.5 feet. Which has the greater perimeter? 

16. Find the side of a square equivalent to a rectangle whose base is 18 inches 
and whose altitude is 14 inches. Compare their perimeters. 

Ans. One side of square = 6+/7. 

17. How much more will it cost to enclose a rectangular field whose length is 
25 rods and whose width is 16 rods, than a square containing the same area? 

385. Cube Root of Numbers.—The cube root is shown because stu- 
dents invariably ask how to find the 
cube root of a number. The cube root 
of algebraic expressions is purposely 
omitted. 

The cube of a number contains three 
times as many figures as the number, 
three times as many less one, or three 
times as many less two. Thus, 9° = 729; 
3° = 27: 2 == 8. 

Therefore, when the cube root of a 
number is desired it is known how many 
figures there will be in the result because 
we divide the number into groups of three 
figures each beginning at the right. 

Illustration.—Find the cube root of 
1728. 

(a) Divide the number into periods, 
thus 1/728. The root will contain two 
figures. 

(b) Build up a cube to contain 1728 
cubic units. 

(c) We see that we have a cube 10 
by 10 by 10 or 1000 cubic units (Fig. C). 

(d) Subtracting 1000 from 1728 we 
have 728 cubic units left. 

(e) Border the cube with three solids 
10 by 10 by 2 (Figs. Hi, F2,and E3). To 
find what x is, we divide 3(102) or 300 
units into 728 and find that it is con- 


Completed Cube 
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tained twice with a remainder. Therefore 2 is the other dimension. 
Then we have 600 cubic units. 

(f) To complete the cube we need four solids (Figs. F1, Fs, F's) 
with dimensions 10 by 2 by 2 units and (Fig. F'4) with dimensions 2 by 2 
by 2 making 3(10 X 2 X 2) + 2% or 128 cubic units. 

(g) Subtracting we find no remainder. Therefore (10 + 2) or 12 is 
the cube root. 

In practice, proceed as follows. The zeros may be omitted. 


1'728 | 10 + 2 = 12 


10? = 1000 
Trial divisor 3(10)? = 300| 728 
3(10 X 2) = 60) 
2X2= 4] 728 
Complete divisor = 364 No remainder. 
PROBLEMS 


Find the cube root of: 
1. 2744. 2. 29791. 3. 300763. 
4, 15.625. 5. 185193. 6. .068921. 


CHAPTER XI 
QUADRATIC EQUATIONS 


386. Equations Compared.—In simple equations we had to deal with 
one unknown quantity. In simultaneous equations we had a system of 
equations involving two or more unknown quantities in two or more 
equations. However, in both simple and simultaneous equations the 
unknown quantities were of the first degree only. Now we are ready to 
advance to equations of the second degree. 

387. Quadratic Equations.—A quadratic equation is one which 
involves the second degree of the unknown and no higher. 

Quadratic equations are of two kinds, first those involving only the 
second degree of the unknown, and second those involving both the second 
and first degree of the unknown. Thus, x? = 9 is a quadratic equation 
involving only the second degree of x, the unknown. 

x? — x = 6 is a quadratic equation involving both the second and 
the first degree of x. 

388. Solution of Quadratic Equations by Factoring.—It was stated in 
§234 that if the product of any number of factors equals zero then one of 
the factors must be zero. 


Illustrations.—Solve 2? = 9. Check 

1. Solution. When x = —3, (—3)? = 9. 
Transposing, x? — 9 = 0. 

Factoring, (x + 3)(« — 3) = 0. e * 
liz+3 =0, then x = —3. Whenz = 3, 6)" =, 


Ifz— 3 = 0, then 7 = 3. 

Therefore 3 and —3 are the two roots of the equation. 

Note. x? = 9, and all quadratic equations containing only the second 
degree of the unknown quantity can be solved by §384. 

2. Solve 7? —2—6 = 0. 


Solution. Check 

Factoring, (« — 3)(7 + 2) = 0. Whenz = _ 3, (3)? -—3—6 =0. 

Ifiz —3 =0, then z = 3. 9-3-6 =0. 

Ifz+2=0, then x = —2.When az = —2,(—2)?+ 2-—6=0. 
4+2-6=0. 

3. Solve 32? — 8% — 3 = 0. 

Solution. Check 

Factoring, (32 + 1)(x — 3) = 0. When « = —3, 3(—4)? — 8(—2) 

—3=0. 

t+ $-4=0. 

Therefore, x = —4 or 3. When x =3, 3(3)? — 8(3) — 3 = 0. 


27 — 24 —3 ='0; 
164 


ee eee 


oe 


sa | se oe 


———— 
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Ye Ss: 
4. Solve 5) + Bear 


Solution. 
Clearing of fractions, 2y? — y = 6. 
Solving as before, y = —8or 2. 


Check both results in the original equation. 
5. Solve 22? — x = 0. 


Solution. 
Factoring, z(27 — 1) = 0. 
ee xz = 0 or 3. 


Note.—Observe that when the constant term in a quadratic equation 
ts zero, one of the roots is zero. 
389. Summary of Solution by Factoring. 


1. Clear of fractions or remove parentheses when necessary. 
2. Transpose all terms to one member. 
3. Find the prime factors. 
4. Equate each factor to zero and solve for the unknown. 
5. Check by substituting in the original equation. 
PROBLEMS 
Solve the following quadratic equations by factoring. Check. 
1. m? + 3m — 10 = 0. 2. y? — 138y + 36 = 0. 
3. p? — 7p = —6. 4, r? — 15 = 2r. 
5. a? + 8a + 16 = 0. 6. «2? — 7x = 0. 
7. 4c? — 3c = 0. 8. 2? — 2a = 48. 
9. d —5d+4=0. 10. 152? — 2 = —7x. 
11. 492? — 64 = 0. 12. 52? = 80. 
13. 12c? — 17c = —6. 14. d7—6d+9 =0. 
15. 6p? + p — 35 = 0. 16. 56y? — 6y — 2 = 0. 
17. 22 +3x—-1=0. 18. 207? — §4& —2 =0. 
19. 22 —x = —#. 20. 15x? + 82 = 63. 
21. Lay out a floor to contain 810 square feet so that the 
length is 3 feet greater than the width. 
Note.—Draw a figure whenever possible to help analyze the 
problem. 
Solution. Let x = the width of floor. 810 


Then z + 3 = the length of floor. 
Hence, x(x + 3) = the area or lw. 
Then x(x +3) = 810 or 2? + 3z — 810 
= 0. 
Factoring, (x + 30)(x — 27) = 0. 
*, 2 = —80 or 27. 
Since a floor minus 30 feet long is impossible, we take only the positive value 27, 


which satisfies the conditions of the problem. 
eck. 30 X 27 = 810 and 30 feet, the length, is 3 more than 27 feet, the width. 
2) Twice the square of a given number is 32. Find the number. 

23. Divide 20 into two parts so that the sum of the squares will equal 208. 

24. A triangle contains 9 sq. in. Its altitude is 3 inches longer than the base. 
Find its dimensions. 

25. A plot of ground is 28’ X 20’. It is desired to reduce the size to 384 sq. ft. 
by shortening each dimension by the same amount. Determine this amount. 


a ey 
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26. A factory floor 80’ x 60’ is partly taken up by an aisle of uniform width 


extending along the four sides. 
Find the width of the aisle. 
2 


The area of the aisle is one half the entire floor. 


Find two consecutive integers whose product is 420. 


28. Find two consecutive even integers whose product is 168. 

29. Find two numbers whose difference is 3 and whose product is 108. 
eee a age 3 

ca Be eis a Bh Nag et ts 

10 2 3 

32. 6 + 11-7 = Boek ag eae ee 
@+at+1 a@-—a+l1 2m —3 4-+2m 

eo ciagr et a ewe eres 3m 

36 Qn? Hs Oe 4s 7, 57) 5m — 2 8(m — 1) 

‘ 2 3 face Z 3m + 5 2m +7 

2a+3 Goes 

38. a mag cae ae 

39, 27 — den -- 2c? = 0. 40. aa? — b? = 0. 
Solution. (# —c)(x — 2c) = 0. 41. x? — bx = 1267. 
ss 0 = ¢ and 2c. 42. 2m? — 3mz + 2? = 0. 

43. 2x2 — 3bx + b? = 0. 44, 6x? — 5ba + 6? = 0. 


390. Completing the Square.—It was learned in chapter V that 
x? + 8x + 16 is the square of x + 4 and x? — 8% + 16 is the square of 
x — 4. Therefore, to make squares of x? + 8x and x? — 82, it is neces- 
sary to add 4? to each expression. 

Thus, to complete the square of a binomial, when the coefficient of x? zs 1, 
add the square of one-half the coefficient of x, where x 1s the unknown. 


PROBLEMS 


Complete the square of the following: 


1. 2? + 22, 
4. a? — ab. 
7. x? + 42, 
5 
10. 2? — =a. 
0. x 9% 
1 
18.. 2? —= 2. 
3. & 37 
16. 22-5 
a 
19. alee 


- a? — 6a. 3. 2? + Qexr. 
. v% + 162. 6. x? — Qe. 
3 
we 5% | 9 c+ 9a. 
1 ; 
av? + 9% 12. x? + 92. 
i? 
. y* — By. 15. x2? — 72. ) 
a \ A i? 
. 2? —2a—db)e. A 18. 22 +(a—d)2.7> * 
. 2? — (a — d)a. : 21. 2? — 2. 


391. Solution of Quadratic Equations by Completing the Square.—We 
shall now apply this method to the solution of quadratic equations which 


are not readily factored. 
Illustrations. 


1. Solve x? + 62 + 8 = 0. 


en 


Ee 
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Solution. 
Transposing 8, x? + 67 = —8. 
Squaring 4 the coefficient of z, 
and adding to both members, 27+ 62+9 =9 — 8. 
(c= 3)? = 1, 
Taking the square root of both members, x + 3 = +1. 
Solving for z, x= —3+1lor-—3—1. 
Simplifying, x = —2or —4. 
Check these two roots. 
2. Solve 3a? — 22 —4 = 0. 
Solution. 
Dividing by 3 for coefficient 
of x? must be 1, a* — 42 — § = 0. 
Transposing, a? — #2 = 4. 
Squaring 3 the coefficient of x 
and adding to both members, z—#e+}4=3+4 
(@—ayP=$td = ys 
Taking the square root of 
both members t—4= +V18 or +4713 
e2=4} +4713. 
1+ V13 
t= seats 


Check these roots. 

392. Summary of Solution by Completing the Square. 

1. Make the coefficient of the square of the unknown quantity 
unity. 

2. Transpose the constant terms. 

3. Add to each member of the equation the square of one-half the 
coefficient of the unknown of the first degree. 

4. Take the square root of both sides of the equation. 

5. Solve the resulting simple equation. 


PROBLEMS 


Solve the following quadratic equations by “Completing the Square.” 


1.2? -22+1=0. 2? — 32 +2 =0. 8. a? — 2a —4 =0. 
. m= —m = 5. m? —m = 6. UN ae OM: 
8. 9 


y? — 10y — 20 = 0. x? +102 + 24 = 0. . £2 — 9x = 11. 


. a? — Be = 1. 1. m?+10m = -15. 12.77 +38r+1=0. 
3. a? + 5a = 1. ite +6 = 7%, 15. y2 —4y = 2. 
sao. b? — $b =f. 17, 2 +42-2=0. 18. m? + 4m = 10. 


19. 22+42-9=0. 20. r? + gr = 3. 
‘Divide problems 21-26 by the coefficient of x? and solve. 
21. 2a? — 52 —3 = 0. 22. 42? + 4¢ = 3. 23. 3277 —z —1=0. 
S(24.)3a — 72 +2 = 0. +25, 5a% + 13c + 10 = 0.426. 22 — Sa +7 = 0. 
Clear of fractions and solve. 
3 pee. 


3 as, 
Bl ae 5 
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29.2 +2 =6. 30. =e 
See Taare ial 2. a3 
8. a esi * BA spi 2 ae 
35. 5 a aceoy 36. A + ed 
a ee, +ayess = SSeS 


393. Derivation of a General Formula for Solving any Quadratic 
Equation.—The general form for all quadratic equations in one unknown 
is ax? + bx +c = 0, in which x is the unknown, a is the coefficient of 
x2, b is the coefficient of xz, and c is the constant or absolute term. 

The formula is derived by solving the above quadratic equation by 
completing the square as follows: 


Solve az? + br +c =0. 

Transposing c, ax? + bx = —c. 
Ne res b c 

Dividing by a, a? + a eaetg 


Adding the square of } the coefficient of x to 
b ae a c 


2 me Ss ee ie 
both members, bali at + vec pyre eee 
b\? 6? — 4ac Z 
Then (z a 5.) Seas Why? 
Taking the square root of both members, 
b  , Wb? — 4ac 
St i £ 2a 
Solving for z, r= 2 ab atoms: 
a 2a 
Teeatecats nes . bee 
a 
Therefore the two values of x are, — + 9 - es nd 
—b — Vb? — 4ac 
2a 4 


394. Solution of Quadratic Equations by the Formula. 

Illustrations. 

1. Solve 32? + 22 —5 = 0. 

Solution.—Comparing this equation with az? + bz + ¢ = 0, we have 
a = 3,b =2,andc = —5. 


Substituting in the formula, z = —bt Al eh we have 
a ’ 
oe eee ACS es 
2.3 Ke Oa 
.« = lor —$. 


—' 
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Therefore the roots of the given equation are 1 and —%. 


When 2 = 1, When x = —§ 
Check. 3(1)? + 2(1) —5 =0. 3(—$)? + 2(-—8) —5 =0. 
3+2-—5=0. 22 — jeg — 18 = Q, 
PROBLEMS 
Solve the following by the formula. 
1. 2? +2 —3 =0. 2) 22 +22 +1=0. 
3. 2? + 32 —4=0. Weer. hick a. 
-5. 2 +27 —8 = 0. 6 277 +47 -6 =0. 
-7. 3m? — 7m +3 =0. 8. y? — 72 = 6y. 
9. 2m? — 8m — 3 = 0. 10. y2+y-—-1= 
1l. 4m? —7m+3 = 0. 12. 1277 + 2 = 6. 
3 
13. 62? —12=0. _ = 
oe? + a 0 14. 3 22 
15. 2? — 6c = —9. f ~-t=5. 
17. az? — 2b + k = 0. 18. bx? ++ 2mza+q =0. 
19. cx? + 8rx2 + 5b = 0. 20. az? + ba +c = 0. 
21. 3g? + by —7 =0. PS ee eee 
; : a oy 
1a 32x 
23. -—a2=7. at = 
2G es eae ee 
25. y? — 16 = 0. 26. 2? —-2 =0. 
27. x? — 25 = 0. 28. 22 + 2v/5 = 0. 
29. 2? — 5¢4 = 0. 30. ax? — d? = 0. 


31. Twice the square of a certain number diminished by 8 equals the product of 
the number and 15. Find the number. 

32. A rectangle has an area of 60 sq. ft. Its length is 4 ft. greater than its width. 
Find its dimensions. 

33. The sum of the squares of two consecutive integers is 685. Find the integers. 

34. The sum of the squares of two consecutive odd integers is 202. Find the 
integers. 

35. The sum of a certain number and its reciprocal is 47%- Find the number. 

36. The area of a triangle is 150 sq. in. The altitude is 5 more than 3 the base. 
Find the base and altitude. 

37. A rectangle and a square have equal areas. The base of the rectangle is 
5 ft. longer than the altitude. The side of the square is 4/150. Find the dimen- 


sions of the rectangle. 
38. The sum of the base and altitude of a rectangle is 28. The area is 195 sq. ft. 


Find its dimensions. 
39. A rectangular plot of ground is 80 rods long and 50 rods wide. A strip around 
it of uniform width is staked off reducing the area by 785: Find the width of this strip. 
40. The force in dynes exerted between two charged spheres varies directly as 
the product of their charges and inversely as the square of the distance between 


them in air. 
Formula 


F = force in dynes of repulsion or attraction. 
Q = charge in units of one sphere. 
Q’ = charge in units of other sphere. 
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k = 1, the constant for air. 
d = distance in centimeters. 
1 inch = 2.54 centimeters. ' 
(a) Find the distance in inches between two insulated brass spheres if the charge — 
on one is 100 units, and on the other 50 units, when placed in air if the force of repul- 
sion is 25 dynes. 
(b) Make both charges the same value, for example have both equal to 100. 
395. Approximate Values of Roots.—For practical purposes it is 
necessary to express roots in rational rather than in irrational form, 
that is, in approximate or exact numerical values. 
Thus, the roots of the equation, 22 — 44 + 1 = 0 are 2 + 4/3 and 


2-— V3. j 
But 2 + 0/3 = 2.000 + 1.732 = 3.732. 
and 2 — 1/3 = 2.000’— 1.732 = 0.268. 


Here the values 3.732 and 0.268 are numerical values and while not 
absolutely exact are so nearly exact that engineers are able to apply 
these values in practical work. 


PROBLEMS 
Find the value of the roots of the following equations to three decimal places. 
“1.2? —4¢+1=0. 2-22 — 8c +7 =0. 3. 227? — 7x —2 = 0. 
4, 27—-8r+4=0. br 5x2 — 6x = 1. 6. 322 — 2a —3 = 0. 
7. 222 —1ll~t+5=0. 8. 327+47 —9 =0. 9: 10x? + 3x = 33. 


10. 52? — 3x =4, 

396. Equations in the Quadratic Form.—In equations of this type the 
value of the expression containing the unknown is found first. The 
resulting equations are then solved for the unknown. 

Illustration. («# + 4)?+ 4(2 + 4) = 60 is a quadratic in (x + 4). 

Solution by the formula. __ 

(x + 4)2 + 4(2 + 4) — 60 = 0. 
ne —4 + V/16 + 240 


2 
- zc+4=6o0r —10. 
2 or — 14. / 

Check both roots. 

PROBLEMS 
Solve the following and check. 
1. @ + 38)?+ (2 + 3) = 30. 2. (vw + 2)? + 2(a + 2) = 24, 
3. (« — 1)? — 8@ — 1) =0. 4, (a? — x)? — 2(a? — a) = 24, 
5. (a? + 3)? — 2(72 + 3) = 35. 6. (x + 2)? — 6(@ + 2) = 7. 
7. (~? + 4)2 — 2? + 4) = 1438. 8. (w? — 1)? — 8(@@2 — 1) — 40 = 0. 
92+54+VSAzr4+5 =20. 10.2 + 83—~V/2+3 =6. 


397. Irrational Equations.—An irrational equation is one in which . 
the unknown appears under the radical sign. 


Illustrations. Check 
1. Solve VWr—-2= 5. /49 —-2 = 5. 
Solution.—Transposing, V/z= 7. 7—2=5. 


Squaring both sides a = 49. j= 
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2. Solve 4 — +/3z — 5 = 2. 


Solution.—Transposing, 2 = +/3x — 5. Check 
Squaring, 4 = 32 — 5. 4—/9 —5 =2. 
9 = 32. 4—2=2. 
3=2 2 = 2. 
3. Solve « + +/9x + 4 = 12. 
Solution.—Transposing, Jf9x+4=12—-2. 
Squaring, Or +4 = 144 — 247 4 2’. 
Transposing, x? — 332 + 140 = 0. 
Factoring, (« — 5)(a — 28) = 0. 
x = 5 or 28. 
Check 
When z = 5, 5+ 1/45 + 4 = 12. 
5+ 7 = 12. 
12 = 12. 
When z = 28, 28 + +/252 + 4 = 12. 
28 + 16 ¥ 12. 


In checking we find that the root 5 satisfies the equation, but the 
root 28 does not check when using the principal root of 256. Therefore 
we accept root 5 as true. 28 is called an extraneous root. See §398. 


4. Solve \/4z + 1— V3x — 2 =1. 
Solution.—Transposing, \/4z7 +1=1+ V 3a — 2. 


Squaring, Ar +1 = 14 20/32 — 24 32 —- 2. 
Transposing, a+ 2 = 2v/3r — 2. 
Squaring, g?+42+4 = 127 — 8. 
Transposing, zg? — 84 +12 =0. 
Factoring, (x — 2)(2 — 6) = 0. 
: z = 2 or 6. 
Check 
When z = 2, V8 +1-V6—-—2= 
3-—2=1 
i ae 
When zx = 6, f/24+1-vV18 —2=1 
5-4=1 
t= 


Both roots satisfy the equation. | 

398. Extraneous Roots.—An extraneous root is a root which will 
satisfy the given equation only when the sign opposite to the sign of the 
principal root is used in the check. Such a root is often introduced when 
both members of an equation are squared. . Thus in the solution of 
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illustration (3) §397, the roots found are 5 and 28. The root 5 satisfies 
the equation x + +/9z + 4 = 12, while 28 does not satisfy it, unless 
—16 is used for the square root of 256. The root 28 is therefore an 
extraneous root. 

A study of the following problem will show how an extraneous root 
may enter into the problem. 


Let x= 2. Note that +2 satisfies the equa- 
Squaring, x? = 4. tion x = 2, while —2 does not. 
. go +2) Therefore —2 in an extraneous root. 
PROBLEMS 
Solve the following irrational equations and check. 
1 Vz—-1—-2.=0 Sat Be Aes 
pipe ests poled 
Ve +1 4, /32 —-24+2=4. 
5. Wz +54+1=3 6. VW3e +4—-5=—-1. 
7 o+vVa =6. 8. 2+V2e —1=8. 
Pe he bet VE ee 10. Wx? — 8 =2. 
V 3a — 2 ~ 12/5 — Va 2N/a — 5. 
UU. 38V2 — V24+17 = 15 14. 82 +1=1+ V6c — 2. 


13. Vz —1ll+V2—9 =2 


THEORY OF QUADRATIC EQUATIONS 


399. Nature of the Roots of a Quadratic Equation.—Consider the 
nature of the roots of the following equations: 


Equation Roots Nature 
1. 2? = 9, 3, —3. Real, Rational, Unequal. 
2. “27—62+9 =0. 3, 3. Real, Rational, Equal. 
ice : 
3. 5a? — 7x +1 =0. fee Real, Irrational, Unequal. 
Ay gt Oe we 5 ae O) ete ET 
—14+3V-1. 


5 Imaginary, Unequal. 


400. Discriminant.—The discriminant of the quadratic formula is 
b? — 4ac. It enables us to determine the nature of the roots. Test 
each one of the above equations for the nature of its roots by substituting 
the numerical values for a, b, and c. 


Equation Discriminant Roots 
1. Inz?+0-—9 =0. 0 — 4(—9) = 36. 3h Bi 
2.Ina?—6e+9=0. 36—4(9) =0. aaa? 
3) th bc — et Oe eter fo 
4, In2z7+2r+5=0. 4-—4(2)(5) = —36. SV 
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In (1), 6? — 4acisasquare. The roots are real, rational, and unequal. 

In (2), b? — 4ac equals zero. The roots are real, rational, and equal. 

In (3), 6? — 4ac is not a perfect square and is greater than zero. The 
roots are real, irrational, and unequal. 

In (4), b? — 4ac is less than zero. The roots are imaginary and 
unequal. 


PROBLEMS 
Find by inspection the nature of the roots of the following equations. 
i 2” — 10a -+- 25 = 0. 2. x? — 16 = 0. 
3. 327 +2 —2 =0. 4.27 -—x-—6=0. 
M5. 2e* +245 =0. 6. 427-9 =0, 
7. 152? + 292 — 14 =0. 8 2+2+7=0. 
9. 92? — 127 + 4.= 0. 10. z? +- 8% + 16 = 0. 


401. The Sum and the Product of the Roots of a Quadratic 
Equation. 


Given the equation, ax? + br + ¢ = 0. (1) 
Dividing by a, a? 4. : = 0. (2) 
Substituting p for ° and q for in (2) we have, ° 
+ pr+q=0. (3) 
a ay ct een 
Solving (3) by the formula, chee aes we 4. 
Representing the roots by x; and 22 we have, 
as A ae ax = Pie 4 
rags De Ets Ua ert: we 4g 

—2 
Adding, m+ 2 =" = —p. 

2 (p2—4q)_ 4 
Multiplying, = yz. = 2 s i ; =4 


Hence, the sum of the roots of the equation x? + px -+q =0 is the 
coefficient of x with the sign changed, and the product of the roots 1s the 
constant term. 

Illustration.—Find the sum and the product of the roots of the equa- 
tion,.522 + 9x + 4 = 0. 

Solution.— Dividing by 5, x? + $2 + # = 0. 

It is seen by inspection that the sum of the roots is — 3, or the coeffi- 
cient of x with the sign changed. 

The product of the roots is #, or the constant term. 

To check this we find the roots. 

5a? + 97 +4 = 0. 
(5a + 4)(a@ +1) = 0. 
‘2 = —gand —1. 
Sum = (—#) + (-1) = —3. 
Product = (—4#)(—1) = #. 
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PROBLEMS 
Find the sum and the product of the roots of the following quadratic equations. 
Check 1 to 6 by actual solution. 


1. m? + 8m — 10 = 0. 2. y? — 13y + 36 = 0. 
3. p? —Tp = —6. 4. r2 — 15 = 2r. 
6 


5. 5a? = 80. . 12c? — 17¢ = —6. 
7. d?—6d+9 =0. 8. 6p? + p — 35 = 0. 
9. a + 8a + 16 = 0. 10. 2? — 2a = 48. 
11. 152? — 2 = —T7z. 12. 4c? — 3c = 0. 
13. 3a? — 6a = 0. 14. 2? —z = —§. 


402. Formation of Quadratic Equations when the Roots are Known. 


There are two simple methods. 


Illustrations. 
(a) By the converse of §401. 
The sum of the roots of a quadratic equation is —4 and the product 


is —2. Form the equation. 


Pleo 


From the equation 2? + px + q = 0,p = +andg = — 
Therefore x? + ix — 3 = 0. 
Clearing of fractions, 4x? -++ « — 3 = 0 is the required quadratic. 
(b) By the converse of §388. 
Solving the equation, 2? — x — 6 = 0. 

(2 — 3)\(a@ +2) = 0. 

eo OL 

Observe that the signs of —3 and +2 in the factors of the equation are 


both changed in the roots +3 and —2. 


Therefore, to form the equation, incorporate the roots with the signs 


changed in two binomial factors thus, (x — 3) and (a + 2). Find their 
product and set it equal to zero. Hence x* — x — 6 = 0 is the required 
equation. 


This method may be used to form equations of any degree. 


PROBLEMS 
Form the equations whose roots are: 
Age 683 aa 
1. 3, —2. 2. 4, —7. 3. tee 4. 7 3° 
5. —4, —5. 6. 6, 8. 7. 2a, —3a. 8. 2, 4, —6 
9. 2, 3. 10. —5, 6. 11. —7, —8. 12. 11, —4. 
13. 6, —8. 14, 1, —%. 15. 4, 2. 16: 5400 2-76-= 


17. —3c, —2c. 18. 2r — 8, 2r +s. 19. 2+ V5, 2 —- V/5. 
20. 2 + 34/2, 2 — 3/2. 


403. Projection of a Point upon a Line.—The 


projection of a point upon a straight line is the 
foot of the perpendicular from that point to the 
Thus, C is the projection of the point P upon 


line. 


the line AS. 


ee ee las! 


| 


Q 
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404. Projection of a Line upon a Line.—The projection of a line 
upon a second line is the 
segment of the second line 
included between the per- 
pendiculars drawn from the 
extremities of the first line to x 
the second line. 

Thus, CD is the projection of AB upon XY and AB is the projection 
of AC on MN. 

405. Theorem.—If, in a right triangle, an altitude is drawn to the 
hypotenuse: 

1. The two triangles thus formed are similar to the given triangle, 
and to each other. 

2. The altitude is a mean proportional between the segments of the 
hypotenuse. 

3. Each leg is a mean proportional between the whole hypotenuse 
and the segment of the hypotenuse adjacent to that leg. 


C 


A D B 
Given the rt. A ABC in which CD to AB, the hypotenuse. 
To prove that As ABC, ADC, and DBC are similar. 
Proof.—(1) In the rt. As ADC and ABC, Z1 is common. 


~. The As ADC and ABC are similar. §311. 
In the rt. As ABC and DBC, Z 2 is common. 
What then is true of these As? Why? 


Then the rt. As ADC and DBC are similar. 
(Two As similar to a third A are similar to each other.) 


(2) The rt. As ADC and DBC are similar. (1) 
MS AD- DG =DC:DB. §307. 
(3) The rt. As ABC and ADC are similar. (1) 
UyAB: AC = AC: AD; Why? 
The rt. As ABC and DBC are similar. (1) 
~. AB: BC = BC:DB. Why? 

Q.E.D. 


406. Corollary 1.—If two chords are drawn from the same point on 
the circumference of a circle to the extremities of a diameter, either chord 
is a mean proportional between the diameter and the projection of the 
chord upon the diameter. 
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407. Corollary 2.—The perpendicular drawn from any point on a 
circumference to the diameter is a mean proportional between the seg- 
ments of the diameter. 

408. Corollary 3.—In any right triangle the product of the legs is 
equal to the product of the hypotenuse and the altitude on the hypotenuse. 

In the Fig. of §405, As ADC and ABC are similar. 

Then ae aes «AC X BG =CDX AB. 

409. Corollary 4.—The squares of the legs of a right triangle are 
proportional to their projections upon the hypotenuse. 

In the Fig. of §405, CA? = AB X AD, and CB? = AB X BD.. 

_ CA? ABXAD_ AD 
CB? ABX BD BD 

410. Corollary 5.—The altitude upon the hypotenuse is equal to the 
product of the legs divided by the hypotenuse. 

In the Fig. of §405, As ABC and ADC are similar. 

Mees Se ot) AC X BC 

Then 76 =cp * AB X CD = AC X BC or CD = —FR—- 

411. Theorem.—In any right triangle the sum of the squares of the 
legs is equal to the square of the hypotenuse. 


C 


A D c B 
Given AC and CB the legs and AB the hypotenuse of the rt. A ABC. 
To prove that AC? + CB? = AB?. 

Proof.—Draw CD 1 AB. 


Then AC? = AB X AD. ~ §405-3. 
And CB? = AB X BD. Why? 
Adding AC? + CB? = AB(AD + BD) 

or AC? + CB? = AB X AB = AB’. Q.E.D. 


412. Corollary.—In any right triangle the square of either leg is equal 
to the square of the hypotenuse minus the square of the other leg. 

Denoting the sides of the A ABC by a, b, and c as shown we have, 
a? + b? = c? ». a? = c? — 2 anda = Vc? — B?. 

Also 6? = c? — a? and b = Vc? — a?. 


PROBLEMS 


1, Find the hypotenuse of a right triangle, if the legs are 15 and 20. 

2, A carpenter wishes to square the frame work of sills to be laid on the founda- 
tion walls. He takes three floor boards 12, 16 and 20 feet respectively and nails 
them together forming a triangle. He thalcne the angle of his frame work equal 
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to the angle formed by the 12 and 16 foot sides of his triangle. Why is he sure to 
have a square corner? 
3. The hypotenuse of a right triangle is 12 and one legis 9. Find the other leg. 
4. Find the diagonal of a square whose side is 1 foot. 
What is the ratio of this diagonal to a side of the square? 
Can the value +/2 be exactly determined? 
Is this an example of an incommensurable ratio? 
5. A rectangle is 13 by 7. Find its diagonal. 
6. The sides of a right triangle are 6, 8, and 10. Find the altitude on the 
hypotenuse. 
% The legs of a right triangle are 8and 15. Find the altitude on the hypotenuse. 
8. The legs of a right triangle are 8 and 12. Find the hypotenuse; the alti- 
tude upon the hypotenuse; and the projection of each leg upon the hypotenuse. 
9. The leg of an isosceles triangle is 15 and the base is 10. Find the altitude. 
10. The base of an isosceles triangle is 10 and the altitude is 5. Find the equal 
sides. 
11. Find the altitude of an equilateral triangle whose side is 8. 
12. Find the altitude h of an equilateral triangle whose side is zx. Using the 
formula here derived, find the altitude of an equilateral triangle whose side is 20. 
13. The altitude of an equilateral triangle is 12 inches. Find a side. 
14. If the altitude of an equilateral triangle is h, find a side. 
15. How long is a ladder which reaches a window 30 feet high on the side of a 
building, if the foot of the ladder is 9 feet from the wall? 
16. Two buildings on opposite sides of 30-foot street are 24 and 36 feet high 
respectively. Find the air-line distance between their tops. 
17. One leg of a right triangle is m and the hypotenuse is h. Find the length 
of the other leg. 
18. The perimeter of a rectangle is p and the diagonal is d. Find the length 


+ V8d? — p? 
and width of the rectangle. Ans. length = pew. 


width = 2 — length =? + A we, 

413. Theorem.—lIn any triangle the square of the side opposite an 
acute angle is equal to the sum of the squares of the other two sides, 
minus twice the product of one of those sides and the projection of 
the other upon that side. 


eee Vo} 


o 


o 


Fia,. 1. Fie. 2. 


Given the acute Z A in the A ABC and AD (or p) the projection 
of AC on AB in either A. 

To prove that a? = b? + c? — 2cp. 

Proof.—In Fig. 1, a? = h? + (p — ©). (1) Why? 

Also h? = b? — p?. (2) Why? 


12 
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Substituting the value of h? from (2) in (1) and simplifying, a? = 
b? +- c? — 2cp. 
In Fig. 2, a? = h? + (c — p)? 
Substitute for h? and simplify. 
Q.E.D. 


PROBLEMS 


1. In figure 1 above, if AC = 12, AB = 5, and BD = 2, find BC. 
2. In the same figure if AC = 12, AB = 5, and CB = 9, find BD. 
3. In the same figure if AC = 12, CB = 10, and CD = 8, find AB. 


414. Theorem.—In an obtuse triangle the square of the side opposite 
the obtuse angle is equal to the sum of the squares of the other two sides 


plus twice the product of one of those sides and the projection of the 
a 


other upon that side. 


Q 


Se ee ee ee 
> 


o 


A 


Given the obtuse angle ABC in the A ABC and BD the projection 
(p) of BC upon AB. 


To prove that b? = a? + c? + 2cp. 


Proof.—b? = h? + (c + p)?. (1) Why? 
Also h? = a? — 7p’. (2) Why? 
Substituting the value of h? from (2) in (1) and simplifying, 
b? = a? + c? + 2cp. Q.E.D. 


415. Corollary.—An angle of a triangle is right, acute or obtuse, 
aceording as the square of the side opposite the angle is equal to, is less 
than, or is greater than the sum of the squares of the other two sides. 


PROBLEMS 


1. Using the above figure find AC if AB = 10, BC = 12, and AD = 14. 

2. Find AB if AC = 20, CD = 10, and BC = 14, 

3. What kind of triangles are the following? (a) if the sides are 8, 12, and 15; 
(b) If the sides are 8, 12, and 14; (c) If the sides are 5, 12 and 13; (d) If the sides are 
20, 21 and 29. 
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16. Theorem.—If from an external point a tangent and a secant 
are drawn to a circle, the tangent is a mean proportional between the 
whole secant and its external segment. 


T 


Given the circle O, PT a tangent, and PA a secant. 
To prove that PA:PT = PT:PB. 

Proof.—Draw BT and TA. 

Then As PBT and PAT are similar. 


For Z P is common to both and Z1= Z 2 (measured by 3 BT). 


Pace) — PT PSB. Why? 
Q.E.D. 
PROBLEMS 
Use the Fig. of §416 for problems 1, 2, and 3. 
1. If PA = 25 and PB = 9, find PT. a 


2. If PT = 10 and’ AB = 20, find PB. See 
3. If PT = 5\/3 and AB = 2PB, find PB. B 
4. Show that PA X PB = PC X PD if PT is a tangent, PB ex 
and PD are secants. 
7 417. Theorem.—In any triangle the product of any two sides is 
equal to the product of the diameter of the circumscribed circle and 


the perpendicular drawn to the third side. 
C 


, : 
E 
Given A ABC inscribed in the circle ABC. CD’. AB, CE-1 8 


diameter. 
To prove that ab = dh. 
Proof.—Draw AE. 


Then Z E = 4B. 0 §277. 


AA 
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Hence, rt. As CDB and AEC are similar. §311. 
- ard = h:b. §307. 
ab = dh. Why? 
Q.E.D 

PROBLEMS 


1. If a = 10, b = 12, and d = 15, find h. 
2. If h = 9, a = 10, and d = 15, find b. 
3. li BD' = 3, a = 5, and d = 10, find b: 


SIMULTANEOUS EQUATIONS INVOLVING QUADRATICS 


418. First and Second Degree Equations.—The simultaneous equa- 
tions solved previous to this involved only equations of the first degree. 
We will now solve simultaneous equations in which one or both equations 
are of the second degree. 

419. Homogeneous Equations.—A homogeneous (composed of similar 
parts) equation is one in which the sum of the exponents of the unknowns 
in each term is the same. 

420. Solution of Simultaneous Equations Involving Quadratics.— 
Simultaneous equations involving quadratics may be composed of 
different combinations of equations. 


Illustrations.—I. Solvex + y = 8, 


xg? + y? = 34. 
Solution. c+y = 8, (1) 
xe? + y? = 34. (2) 
From (1) y=8— 2. (3) 
Squaring (3), y? = 64 — 162 + 2’. 
Substituting for y? in (2), 2? + 64 — 164+ 2? = 34. 
Solving, 2x2 — 16% + 30 = 0. 


zw? — 8e€+15=0. 
(a — 5)(a2 — 3) = 0. 


~ 2 =§. 2 = 38. 
Ans. 
Substituting the values of 2 in (3), y = 8 — 5 or 3. x,y 
And y =8—3sor5. 3,.5 
5, 2 
Check both sets of roots. 
II. Solve 22? + y? = 17, 
ey? = —§, 
Solution. 20° s.y? = 17, (1) 
a— yr = — 5, (2) 
By addition, 377 = 12. 
x = A, 


a 
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Substituting for vin (1),8+ yy? = 17. 
y= 9. 
“~y=rt 3. 

-. When x = +2, y= 4 3. 

And x = —2, y= 2 3. 

Here we have four possible sets of values satisfying the equations. 
= Q2y= 3. Check each set of values. These 
z= 2y= -3. results may be written in this form: 
x=-2,y= 3. or ae oa, 
x= —2,y = —3. 2, +3. 

eS 


Note.—These results cannot be put in the form, x = +2, y = +3 for 


they include only the first and fourth sets of values. 


III. Solve 2? — 2zy = — 8, 
z?+y? = 25. 
Solution. x? — Qry = —8, 
x? -- y? = 25. 
Substituting vx for y in (1), 2? — 2vr? = —8. 
Factoring, x2(1 — 2v) = —8. 
—8 
. pe . 
: a 1 —= 2v 
Substituting vx for y in (2), x? + v*x? = 25. 
Factoring, x2(1 + v?) = 25. 
Rie dee eke 
Pa hae fe 1 aE ye? 
: —§ 25! 
By comparing (3) and (4), EO rere 
Clearing of fractions, —8 — 8v? = 25 — 50v 
Equating to zero, 8v? — 50v + 33 = 0. 
“v= or i. 


(3) 


(4) 


Substituting the values of v in (3), 2? = oe and ————* 


. 2? = 16 and §. 


“ 2 = +4 and +25. 


The same result will be obtained if the values of v are substituted 


in equation (4). 


In solving for y, in the equation y = va, be careful to multiply each 


pair of values of x by the corresponding value of v. 
Substituting then in y = vx we have, 


When x = +4, y = +3. 
ty Ee aS meee 
= +8V5,y = +4hV5. 
z= —3V5,y = AV 5- 


IV. Solvexz+y= 9, 
zy = 20. 


Ans. 
vw, Y 
+4, +3, 
+275, V5. 
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zty= 9, 
Solution (a). xy = 20. 
20 
From (2) i gee 
20 4 
By substituting for x in (1), a +y=9. 
Solving, 20 + y? = 9y. 
y? — 9y + 20 = 0. 
y =4or 5. 
Substituting for y in (2), z = 5 or 4. 
Solution (6). xcty =9. 
zy = 20. 
Squaring (1), x2 + Qay + y*? = 81. 
Multiplying (2) by 4, 4zy = 80. 
Subtracting, x? — 2y+y?=1 
Extracting the square root, z — y = +1. 
zcty =9. 
x—y= +1. 
Adding (1) and (8), 2z-= 10 or 8. 
-z=5or4 
Subtracting (3) from (1), 2y.= 8 or 10. 
“ y =4orsd 
Miscellaneous Problems. 
V. Solve x8 — yy = 37, 
Solution x? + ey + y? = 37. 
Dividing (1) by (2), x—y=1. 
Squaring (3), x? — Qay + y? = 1. 
Subtracting (4) from (2), sry = 36. 
. ry = 12. 
Adding (2) and (6), 2? + 2xy + y? = 49. 
ee he 
c=) ye 
Adding (3) and (7), 22 = 8 or —6. 
o @ = 4 0Or =a. 
Subtracting (8) from (7), 2y = 6 or —8. 
. y =3or —4. 
VI. Solve x sy + 3y? = 15, 


w= Sey + yt = —65. 


(1) 
(2) 


(3) 


Ans. 
L,Y. 
4,5: 
5, 4. 


(1) 
(2) 


Solution 


x— sy + 3y? 
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= 15. 


Multiplying (2) by 3, 322 — 9xy + by? = —15. 
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(1) 
(3) 


(4) 
(5) 
(6) 
(7) 
(8) 


Ans. 


bon ap 
SE Os) oat oy 


tV/5, $/5. 


Adding, 4x? — 10xy + 6y? = 0. 
Dividing by 2, 227 — Sry + 3y? = 0. 
Factoring, (2x — 3y)(x — y) = 0. 
Solving, e = By 
2 
c= y. 
ee th. eee é 
Substituting 9 for x in (1) 
a2 2 
We have, u git oe = 15. 
Solving, 15y? = 60. 
y? =4, 
apes 2 
Substituting +2 for y in (7), 
x = 3 when y = 2, 
and x = —3 when y = —2. 
Substituting y for z in (1) 
We have, y= y? + Sy? = 15: 
Solving, ay? = 15. 
y? = 5. 
y= v5. 
Substituting ++/5 for y in (8), 
= 1/5 when y = V5, 
= —/5 when y = —V5. 


Checking we find each of these four sets of values satisfy the equations. 

Note.—(a) When one equation is of the first degree and the other equa- 
tion is of the second degree, the method by substitution can always be 
used in solving the equations. 

(6) When both equations are of the second degree, the method y = vz, 
used in the solution of III, can always be used in solving the equations. 


PROBLEMS 

Solve for x and y and check. 

GP at + yf = 12, 2,.2—y=1, 3. 
ey—y? = —5. sy = —¥. 

4.z2+y = 16, 5. 2—y = —12, 6. 
zy = 63. sy = —35. - 

4. 2—y = 8, 8. 22 — 3y = —5, 9: 
a? + y? = 34 2x? — 3y? = —19: 

10. 8x — y = 2, 11. 32 — 2y = 11, 12. 
a? — zy = —4. 3a? + 2Qry = 52. 

18. +i =% 14. 2 —ay+y? = 7%, 
Pe be 18. 


aty=65. 
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15. 2—y = 15, 16. 23 + y3 = 91, 17. «3 — y* = 61, 
ze? — y? = 45. aty=7. z—-ye=l. 

18. 23 + y? = 117, 19. x3 — y3 = 37, 20. x3 + y® = 468, 
a+ty =3. z—y=l. his YP to 

21. 2? + 2ay = —3, 22. 2+ y3 =7, 23. 23 — y3 = 56, 
z-y=5. a—sy ty? =7. xz? + ay + y? = 28. 

24, 2n2 — 3ay = —4, 25. x? + 3y? = 28, 26. y2 + zy = 3, 
4ry — 5y? = 3. x? + cy + 2y? = 16. zy +2? = —2. 

27. 3x? — 2ry = 39, 28. zy = 20, 29. xy = 16, 
x? + y? = 13. x? + y? = 41. xz? + y*? = 68. 

30. 22 + zy + y? = 39, 31. 23 + y* = 9a, 32. m2 + mn + n? = 39, 
za—y=12. x+y = 3a. 2m2 + 3mn + n? = 63. 
1 1 25 ‘Seeker’ lees Ff a Pe 

33, A Rat RET 34. . y 6° 3D. £ 2zry 15, 
tt aay ny = 5 Qry + y? = —5. 
da ES “pre ees Ate ec fT 

ee, Se cy a 38. x y a pa 
ze+y= Q2 — 38y = —5. xy = ab. 

39. peta ink —3, 40. y? = 4a, 
2—-y= —5. x? + y? = 117. 

41. 2x27 — 3xy — 2y? = 0, 42. x? + y? = 5a?, 
322 — 4ry — 4y? = 0. xy = 2a’. 

43. 2? + zy = 60, 44, 23 + y3 = 152, 45, 22? + 2y — 2x = 72, 
y? + vy = 84. ety =8. yto=1 

46. 2? — y? — 32 = —38, 47. «4 — y* = 65, 
y — §@ = 1. a? + y? = 13. 


48. The area of a rectangle is 90 square feet and its perimeter is 42 feet. Find 
its dimensions. 

49. The difference of two numbers is 15 and their product is —54. Find the 
numbers. 

50. The sum of two numbers is 9 and the difference of their ee is 9. Find 
the numbers. 

51. The area of a rectangle is 108 square feet and the length of its diagonal is 
15 ft. Find its dimensions. 

52. The hypotenuse of a right triangle is 15 and the area is 54. Find the base 
and altitude. 

53. If the product of two numbers be multiplied by their sum, the result is 30, 
and the sum of their cubes is 35. Find the number. 

Hint.—Refer to illustrations V and VI. 


54. The area of a right triangle is 15 and the hypotenuse is +/ ‘61. Find the legs. 


55. The perimeter of a right triangle is 48 feet and its area is 96 square feet. Find 
the hypotenuse and legs of the triangle. 


56. The sum of the cubes of two numbers is 189, and their sum is 9. Find the 
numbers. 


57. The ratio of two numbers is 3:2 and their product is 600. Find the numbers. 


58. The difference of two numbers is 3, and the sum of their reciprocalsis}%- Find 
the numbers. 


59. Two numbers are in the ratio of 7:4. If 15 be added to both numbers the 
difference of their squares is 1275. 


421. Graph of a Quadratic Equation in Two Unknowns.—Statistical 
graphs as well as graphs of equations of the first degree in two unknown 
quantities have been studied. The latter were found to be straight 


ae 
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ines. Now we will construct graphs of equations of the second degree 
in two unknown quantities. 
Illustrations.—1. Construct the graph of y = x? — x — 6, 
Solution.—Assign values to x and solve for the a a values 
of y. 


Bin 
PERCE 
RSG shh ee 


The graph obtained is the curve ABC and is called a parabola. The 
path of a projectile, such as a cannon ball shot through the air, neglecting 
the friction of the air, is an arc of a parabola in a different position with 
respect to the axes. This can be proven by analytical geometry. 

2. Construct the graph of x? + y? = 36. 

Solving for y in terms of 2, y = ++/36 — 22. 

Construct the table as in (1). 


x y 
0 | 38 ssssnetitacsttit 
1 +5.9 
2 +5.6 
3 +5.2 
4 +4.5 
5 +3.3 
6 0 
eet | +5.9 
—2 +5.6 
=3 5.2 
—4 +4.5 
—5 +3.3 
= 6 0 


The graph is a circle with its center at the origin and a radius equal 


to 6. 
PROBLEMS 


Construct the graphs of the following: 

ly=x2?—2z —2. 2. 22 + y? = 16. 
3. 4x2 + Oy? = 36. 4,9 = 47 — dy + 5. 
5. 9x? — 16y? = 144. 6. 2 +y?—4=5, 
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422. Graphic Solution of Simultaneous Equations Involving 


Quadratics. 
Illustration—Solve graphically «—y = —1 and 2 + y? = 25. 
Construct the graphs of the two Y 


given equations, one of the first 
degree and the other of the second 
degree. 

As will be seen from the graphs, 
the line and the circle intersect in 
the points (3, 4) and (—4, —3). x 

This is the graphic solution of the 
two equations. If the equations are 
solved algebraically we obtain the 
same result. 

Note.—When the result 1s written 


|_| 
it 
i 


N 
Ee 


i 
rE 


/ 
as follows: = 
Cot ay 
3 8 
—4, —3. 


Each pair of values denotes the coordinates of a point of intersection 
of the graphs of the two equations. 

423. Imaginary Roots.—Construct the graphs of x? + y? = 9 and 
x+y =5. It will be found that the graphs do not intersect. if 
these two equations are solved, the values of x and y will be imaginary. 
Thus, the imaginary roots correspond to points that cannot be plotted 
since the graphs of the given equations do not intersect. 

424. Number of Roots.—In general the number of roots in a pair of 
simultaneous equations is equal to the product of the degree of the two 
equations. If we have two equations each of the second degree, the 
graphs of these equations intersect in four points either real or imaginary. 
The student should illustrate this by constructing the graphs of y = 
x? — 6 and 2? + y? = 9. 

There are, however, some exceptions to the above statement. Thus, 
in solving the equations x? + y* = 27 and x + y= 3, we get only two 
sets of roots. Illustrate this fact by the graphs of the two equations. 


PROBLEMS 

Solve by graphs and check. 

1. y? = 32, 2. v? + y? = 25, 3. zy = 4, 
z—y=0. x — 2y = —5. zt+y=83. 

4, 2 + y? = 13, 5. 40? + Oy? = 145, 6. 2? + y = 7, 
zy = 6. xv? + y? = 25. Bs? =. 

7. 4a? — 9y? = 36, 8. 32? + y? = 3, 9. x? + y? = 100, 
2¢ — 3y = 5. e—y = —-2. 3x2 — 4y = 12. 

10: 9? = 22, 


zy = 2. 


—— © 2 


CHAPTER XII 
MENSURATION 


425. Practical Use of Plane and Solid Geometry.—Engineers are 
often required to compute areas of geometric figures, such as the surface 
of floors and walls; the curved surface of cylinders and spheres; the 
area of a section of land, etc. They must also be able to compute the 
volumes of geometric solids such as a rectangular bin or a cylindrical 
tank. In railway construction, the volume of earth to be removed in 
making a cut or fill is a problem of frequent occurrence. In heating and 
ventilating the amount of air space in a room is a factor to be considered. 

In any of the above problems a knowledge of formulas derived in 
plane and solid geometry is required. No attempt will be made to 
study the derivation of the formulas based on solids, although the more 
important formulas derived from plane geometry are more fully developed. 

The application of geometric formulas most frequently needed will 
be shown in this chapter by solving problems requiring their use. If the 
student desires a rigorous analysis and proof of any formula the proof 
of which is omitted he should consult standard text books on Plane and 
Solid Geometry. 

AREAS OF POLYGONS 


426. Area.—The area of any surface is the number of square units 
into which the surface may be divided. 

427. Area of a Square.—Study the square ABCD whose surface is 
divided into 16 smaller squares. 

1. Each dimension AB and BC is 4 
divided. into 4 units of the same length. A ID 

2. Each little square is called a unit of 


measure. 
3. The area of each small square 1s a 


1X1=1. 
4. The area of the large square is the 
product of the two linear dimensions, thus 


ax 4 — 16. 
Hence, the area of asquare is equal to Nipaeer ova emcees ca D 


the square of a side. 
Formula.—A = a2. (A = areaanda = 
side.) on 
428. Area of a Rectangle.—By the a 
method of §427, find the area of the rec- o . 


tangle ABCD as follows: 
187 
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1. The length AD is divided into 5 units. 

2. The width AB is divided into 3 units. 

3. By drawing the lines shown, the rectangle is divided into 15 square 
units, thus 5 X 3 = 15. 

Hence, to find the area of a rectangle, multiply the length by the 
width. 

Formula.—A = lw or A = bh. 


PROBLEMS 


Find the area of the following: 
. A square 15 inches on a side. 
. A square 25 inches on a side. 
. A rectangle whose dimensions are 16” and 27”. 
. A rectangle whose dimensions are 20’ and 30”. 
. A rectangle whose dimensions are 54” and 16”. 
. Find the altitude of a rectangle, if the area is 300 square inches and the base 
is 15 inches. 
Solution.—A = bh. where b = the base and h =the altitude. Substituting, 
300 = 15h. .°.h = 20. 

7. Find the altitude of a rectangle, if the area is 189 square feet and the base is 
9 feet. 

8. Find the base of a rectangle whose area is 504 and whose altitude is 12. 

9. Find the area of a rectangle, if the base is 21 inches and the altitude is 104 
inches. 

10. Find the base of a rectangle, if the altitude is 19 inches and the area is 380 

square inches. 


OnrwWNH re 


429. Area of a Parallelogram.—The area of a parallelogram is equal 
to the product of its base and altitude. 

If we think of a parallelogram D M C 
as a rectangle which has been so 
forced that its right angles are 
now all oblique, we can readily 
grasp the nature ofits construc- h 
tion. 

Consider first the rectangle 
ABCD, Fig. 1, with AM drawn A b B 
forming the rt. A AMD. Now Fra. 1. 
remove the rt. A AMD and let R Cc M 
it take the position of the A 
BMC in Fig. 2. 

Then, 

1. The bases b and the alti- 
tudes h of both figures remain 
unchanged. 

2. The areas remain un- A b B 
changed, for the A cut from Fig. We, 2: 
1 is placed in another position to form Fig. 2. 

3. The area of the rectangle in Fig. 1 is bh. 


MENSURATION 189 


4. The area of the parallelogram in Fig. 2 must also be bh. 
Formula.—A = bh. 
PROBLEMS 


Find the area of a parallelogram whose base and altitude are: 
1. 10 and 20. 2. 14 and 22. 3. 16 and 19.95. 4, 82 and 21.63. 


430. Area of a Triangle.—The area of a triangle is equal to one-half 
the product of its base and altitude. : 

Given the parallelogram D G 
ABCD which is divided into 
two triangles by the diagonal 
BD. 

Then, 

1. The diagonal of a par- 
allelogram divides it into two 
equal triangles. §154. A b B 

2. The altitude h and the 
base b are the altitude and base for both the triangle and the 
parallelogram. 

3. The area of the parallelogram is bh. 

4. Since the area of each triangle is one-half the area of the parallelo- 
gram, the area of the triangle is 3bh. 

Formula.—A = $bh. 


PROBLEMS 
Find the area of a triangle, having given: 
1550: =710, 2. b = 25, 3. h = 16, 4, h = 5.5, 
h = 12. = 20. = 5. b = 10.2. 
Find the unknown in the following using the same formula. 
5. A = 120, 6: h= 10.7, 7. A = 35.5, 8. A = 490, 
b = 24, A = 62.5. b = 20. b = 28. 


431. Area of a Rhombus.—The area of a rhombus is equal to one-half 
the product of its two diagonals. 

Given the rhombus ABCD 
whose diagonals are AC and DB. 

Then, 

1. The diagonals of a rhombus 
are perpendicular to each other. 
DO is then an altitude of the A 
ACD on AC as a base, and OB is 
an altitude of the A ABC on AC 
- as a base. A 
2. The area of A ACD = 3 AC X OD. 

3. The area of A ABC = 3 AC X OB. 
4, By addition, the area of a rhombus ABCD = 4 AC(OD + OB), or 


4AC X BD. Az. 12. 
Formula.—A = id-d;. (dand d, are the diagonals.) 
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PROBLEMS 
Find the area of a rhombus if the diagonals are: 
1. 18 and 10. 2. 32 and 12.25. 3. 16 and 24. 4. 48 and 22.08. 


432. Area of a Trapezoid.—The area of a trapezoid is equal to one- 
half the product of the altitude and the sum of its bases. . 
Given the trapezoid ARKM M ‘ K 
in which the lower base is bi, 
' the upper base is b, the altitude 
is h, and the diagonal is MR. 


Then, 
1. The area of A ARM = 
% hbi. 
2. The area of A MRK = Q bi R 
4 hb. 
3. By addition, the area of the trapezoid ARKM = § h(b + bi). 
Formula.—A = 3 h(b + bi). Ate 
PROBLEMS 
Find the area of a trapezoid whose bases and altitude are: 
1. b = 10, 2.b = 3.5, 3.b = he 
bi = 14, b: = 6.5, bi = 5:22, 
b= 1d. bh =_208 he = 12-32. 


Note.—Since the median of a trapezoid is equal to one-half the sum of its bases, 
the formula A = %h(b + bi), may be changed to A = hm, where m is the length of the 
median. §164. 

MISCELLANEOUS PROBLEMS 


1. A surveyor in measuring the area represented by the polygon ABCDE divides 
it into right triangles and trapezoids as 
shown. BF, FH, and CK are all perpen- 
dicular to the diagonal AD. 

The following data, in feet, are com- 
puted from field notes. 


AF = 25 KD = 45 
BF = 70. HE = 50 
HK = 105. FH = 15 
KC = 55 


Compute the area of the polygon. 
2. Compute the area of the polygon 


ABCDEG, having given the following C 

dimensions, in feet. Pros.. 1. 
MC = 75. AJ = 90. 
HD = 170: Jika— 50: 
MB aos 0 @ Fem ia 5s 
BH = 35. ALE = 28), 
HA = 45 


Note.—(a) The figure MCDEK = trapezoid MCDH -+ trapezoid HDEK. 
(b) From this total subtract (rt. A MCB + rt. A AGJ + trapezoid JGEK) 
and there remains the polygon, HBCDEGA whose area is to be found. 
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) Find the area of a city lot ABCD bounded by two parallel streets AB and 
DC. _ A and D are right angles, AB is 120 ft., DC is 130 ft., and AD is 45 ft. 
In the figure of problem 3, draw diagonal 
BD and compute the area by finding the areas of K Es 
the two triangles. Does it check with problem 3? 
5. The area of a triangleis 150 sq. ft. The ratio 
of the altitude to the is base 2:3.’ Find its dimen- J 
sions. (Use 2% and 382 for altitude and base.) 
6. Find the area of a right triangle whose base 
is 16 and whose altitude is 22. 
7. Find the area of a rectangle whose base is 16 


and whose diagonal is 20. A 
8. Find the area of a trapezoid whose bases are 
16 and 20 and whose altitude is 12. H D 


9) Find the side of a square whose area equals 
that of a rectangle whose base is 9 and altitude 4. 


10. Find the altitude of a trapezoid whose area B 
is 120 and whose bases are 11 and 15. 
11. Find the area of a square whose perimeter is 
44 feet. 
The area of a trapezoid is 140 and the sum M C 


of itS bases is 28. Findthealtitude. Ifonebaseis6 
more than the other, find the bases. 

fC Find the side of a square whose area is equal D 
to that of a triangle whose base is 16 and altitude 8. 

14) Find the side of a square whose area is equal 
to that of a parallelogram whose base is 16 and whose 
altitude is 9. A 

15. Find the area of a rectangle whose base and Son a 
altitude are 40 and 30 respectively. 

Find the area of a rhombus whose diagonals are 20 and 24. 

17. Find the area of a rhombus, the sum of whose diagonals is 44 and their ratio 
is 5:6. 

18. Find the area of a trapezoid whose altitude is 10 and median 13. 

G9 9) Find the area of a rhombus whose perimeter is 40 and altitude 8. 


433. To Compute the Altitude of Any Triangle When the Three Sides 
are Given. 


A c B M \ 


Given the A ABC with the sides denoted by a, b, and c and Z A 
acute. Altitude h is drawn to side ¢ extended. 

In A CAM, h? = 6? — AM?. RY oh) 

In A ABC, a? = 6? +c? — 2c X AM. A 
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Solving for AM, 
AM beg? = at 
2c 
Substituting in (1), I 
b? +c? — a%\? » 4b%e? — (0? 4 ce et 
Factoring, 
fee (2bc + b? + c? — a*)(2be — b? — CF + a”) 
Ac? 
_[@+ 9? = atta? = & = 94) 
4c? 
, (b+etalb+c-a(atb—ocol(a—bt+o) 
3 4c? 


Rearranging factors, 
atb+o(-at+tb+o(a—b+oatb-—oc) 
ee 4? eat oe 


Now leta+6+c = 2s. 

Then —a+b+c = 2s — a). 
a—b+c = 2s — BD). 
a+b—c=2(s—c). 

Substituting in (2) 
5 (28)2(8 =<. a) 29 = b)2le =o) 


h 
4c? 
_ 16s(s — a)(s — ds — ©) 
. 4c? ; 
Zz 4s(s — a)(s — b)(s — ©) 
Ce 


Dee yo ee ee 

ehs eV 8s —a)(s — b)(s — ¢). 
We may designate this altitude as hy. 
Hf h is drawn to the side a then, h. = VAC —a)(s — b)(s — C¢). 


If h is drawn to the side b then, hy = “Jats —a)(s — b)(s — ¢). 


434. To Compute the Median of a Triangle When the Three Sides 
are Given. 
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Given the A ABC in which h is the altitude and m the median drawn 
to the side c, and p the projection of mon AB. 


In A DBC, a? = m2 + (3) 2(S)p- $413. 
In A ADC, & = m? + (5) + 2(S)p. S414. 
Adding, a? + b? = 2m?-4 2(S) - 


. 4m? = 2(a? +. b?) — c?. §§394, 395. 
.m = 34/2(a? +?) — c2. 
We may designate this median as m, 
If m is drawn to b then m, = 3+/2(a? + c?) — b?. 
If m is drawn to a then mz = 4+/2(b? + c”) — a2. 
\ 435. To Compute the Bisector of an Angle of a Triangle in Terms 
of the Sides. ; 


Al 
TE 
E 


Given the A ABC and t the bisector of ZC. Circumscribe a © 
about A ABC and extend CD to EH, draw EB. 


Se A ADC is similar to A CEB. §310. 
~. CE:b = a:t. Why? 
ab = t-CE. 
ab = t(tt + DE) = 2 + t-DE. 
But tDE =AD-DB. §322. 


Substituting, ab = t? + AD-DB. 
“. 2 = ab — AD-DB. 
This can be reduced to the form, 
2 
t = a+ bY absis —C¢). 


436. To Compute the Radius of a Circle in Terms of the Sides of 
he Inscribed Triangle. 


Given the sribed.in © O with AE a diameter. 


Draw EC. 
ise 
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Then rt. As AEC and ABD are similar. §311. 
*. b:h = 2R:c, where 2R = AL. (1) 
. be = Wh or R = 57 @) 
*. bc = 2R-h or & = oF 
But h= 2 als = a)(s = b) (s — ri §433. 
b 
Substituting in (2), R ; 2 
2(2) Vals — als — Be — 6) 
abc 


Simplifying, = Rae eee 54 


MISCELLANEOUS PROBLEMS 


1. Find the legs of an isosceles triangle whose base is 80 and whose altitude is 
10/39. 

2. Find the legs of an isosceles right triangle whose hypotenuse is 15+/2. 

3. The side of an equilateral triangle is s. Find the altitude h. 

4, If the altitude of an equilateral triangle is h find the side s. 

5. The legs of a right triangle are in the ratio of 3:4, the hypotenuse is 60. Find 
the legs. 

6., The sides of a rectangle are 90 and 50. Find the diagonal. 

The sides of a triangle are 8,.7, and 12. (a) Find the three altitudes. (6) 
Find the three medians. (c) Find the three bisectors of the angles.. 

<s, ‘A base ball diamond is 90 feet square. Find the diagonal distance between 
bases. 

9! The sides of a triangle are 12, 16 and 20. Find the segments of sides made 
by the bisectors of the angles opposite. §318. 

10. Find the longest and shortest chords that can be drawn through a point 8 
inches from the center of a circle whose radius is 12 inches. 

11. A diameter is perpendicular to a chord 16 inches long. The radius is 10 
inches and one segment of the diameter is 4 inches. Find the distance of the chord 
from the center. 

12. In problem 11 find also the lengths of chords joining the extremities of the 
diameter to the given chord. 

13. In a circle whose radius is 30 inches two parallel chords 56 and 58 inches 
are drawn. Find the distance between the chords. Is there more than one solution? 

¥ 14. From one external point two tangents are drawn to a circle of radius 12 
inches. The distance from the external point to the circumference is 15 inches. 
Find the length of the tangents and of the chord joining the points of tangency. 

15. The radii of two concentric circles are 8 and 16 inches. Find the length of 
the. chord of the larger circle tangent to the smaller. 

16. From an external point two secants are drawn. The segments of the one are 
5 and 10, and of the other 6 and x respectively. Find x. (2 solutions.) 

17. The distance from the center of a circle to a 12 foot chord is 14 feet. Find 
the 4 tance from the center to a 10 foot chord. 

. Find the three altitudes of a triangle whose sides are 22.4, 35.6, and 46.2. 
1y Find the radius of the circle circumscribed about the brigiple of problem 18. 
0. Find the radius of the circle circumscribed about a triangle whose sides are 
6, 12, and 13. 


21. The radii of two intersecting circles are 9 and 12 inches, and half the common 


chord is 8 inches. Find the line of centers. Pee 


a SS eee ee eee o—ih—e 


. aps Fay - 
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22. The radii of two concentric circles are 8 and 12. Find the length of a chord 
of the larger circle which is tangent to the smaller circle. 

23. Find the length of the chord of problem 22 when the radii are x and Y. 

24, A secant and its external segment are 47 and 15. Find the length of the 
tangent to the circle from the same external point. 

25. The bases of an isosceles trapezoid are 6 and 9 and the altitude is 5.3. Find 
the legs and the diagonals. 

26. The perimeter of a rectangle is 70 and the diagonal is 25. Find the sides. 

27. A chord and the radius of a circle are each 10 feet. Find the distance of 
the chord from the center. 

28. In problem 27, if the chord equals 3 of the radius how far is it from the center? 

29. The radius of a circleisr. What is the length of the chord if it is 2r distance 
from the center? 

30. The sides of a triangle are 82.4, 101.6, and 132.6. Find the altitude on the 
side 101.6. 

31. The sides of a triangle are 83, 94, 112. Are the angles opposite the respective 
sides acute, right, or obtuse? 


AREAS OF SIMILAR FIGURES 


437. Theorem.—The areas of two similar inate are to each other 
as the squares of any two corresponding/Sides. » 


Gy 


A D es 


Given the two similar triangles ABC and A’B'C’. 
BABRCI SY AP 

To prove that A ABC! > ra 

Proof.—Draw the altitudes CD and C’D’. 


ABC MB CD ' 
Ow eae = FB’ XCD" Any two A are to each other as their 


areas. 


N 


AB XCD AB CD AB CD §316. 


But 47B7ScC"D’ = A'BY™ CD” *"4 AB’ ~ CDT 
zara Is , CD 
Substituting i for its equal CO"! 
A ABC AB _,AB Ae Q.ED. 


We have, A ABC’ = AB’ Xx AR’ A'B” 


438. Corollary.—The areas of two similar triangles are to each other 
as the squares of any two corresponding altitudes. 
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439. Theorem.—The areas of two similar polygons are to each 
other as the squares of any two corresponding sides. 


Dp’ 


A’ B/ 


Given the similar polygons ABCDE and A’B’C'D’E’ whose areas are 
denoted by A and A’ respectively. 

To prove that A:A’ = AH?:A’E”. 

Proof.—Draw the diagonals DA, DB, D’A’, and D’B’.. 


AE SARAED. -AD* | AOARD 
Now aia ~ A A'E'D! = Sas = Ae etc. §437. 
po DAED. 2 A ABD » “ABER 
That is, A AVE’! = A ABD’ ~ A BC'D FY 
_. AAED+ AABD+ ABCD” _ AAED _ AP? §301 
IS A'E'D! + DL ATB'D! + A BC'D a A, A'E'D! AE ° 
A: A! = AR: A'R". Q.E.D. 


440. Corollary—The areas of two similar polygons are to each 
other as the squares of any two corresponding diagonals. 

441. Corollary.—The square root of the areas of any two similar 
polygons are to each other as any two corresponding sides. 

442. Problem.—To construct a square having the same area as a given 
parallelogram. 

M 
D 


A b M R E R re. 


Given theparallelogram ABCD, b the base, and h the altitude. 

To construct a square equal in area tol ABCD. 

Construction.—On HX take ER = hand RP = b. 

On EP as a diameter describe a semi-circle and draw MR 1 EP 

cutting the semi-circumference at M. 

On MR as a side construct the required square-K. 

Proof.—MR? = ER X RP. §407.. 
“. The square on MR = 4 ABCD. Q.E.F. 
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443. To Compute the Area of an Equilateral Triangle in Terms of Its 
Sides.—Let a be a side, h an altitude, and A 


C 
the area. 


Simplifying, A = a V3. 


¢ 3 2 
444, To Compute the Area of a Triangle in 2 Terms of its Sides. ma me 
h be drawn to side c. 


Then h, =-Vae— a6 DG 6. C 

§433. : : 
But A = - x AVEC —a)(s — b)(s — o)- 

§430. A CS i) B 


"A = Vs(s — a)(s — b)(s — oc). 


445. To Compute the Area of a Triangle in Terms of Its Sides and the 
Radius of the Circumscribed Circle.—Let R denote the radius of the 
circumscribed circle and h the altitude of the A ABC. 


Then bc = 2R-h. §436-2. 
Multiplying by a, abe = 2R-ah. 
But ah = 2A. §430. 
abc = 2R:2A or 4RA. 
abc 
A= aR’ 
abe 


446. To Compute the Area of a Triangle in Terms of Its Sides and the 
Radius of the Inscribed Circle.—De- 
note the radius of the inscribed circle 
by r. 

Area of A AOB = $c Xr. 

Area of A'BOC = ia Xr. an 

Area of A AOC = 3b Xr. wat 

‘Adding, A = 3(a-+ 6 + e)r. 

Buta +b+c¢ = 2s. 

» A = 4(2s)ror sr. 
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447. To Compute the Radius of a Circle Inscribed in a Triangle in 


Terms of Its Sides. oe 
_ Va(s — a)(s — b/s — ©) _ 


=cr. ..f = 
A s 


~ | > 


i — p(s — B(s — 9° 


§ 
PROBLEMS 


1. A house is 50 feet long, 40 feet wide, and 30 feet high. The ridge pole above 
this point is 25 feet high and extends the length of the house. Compute the area 
to be painted including the roof surface. 

2. The base and altitude of a rectangle are 12 and 5 feet respectively. Find 
the side of a square of equal area. 

3. Compute the side of a square equivalent to a right triangle whose legs are 
each 9.5 feet. 

4, Find the area of an isosceles right triangle whose hypotenuse is 4.5 feet. 

5. Find the area of a triangle whose sides are 7, 15, and 20. 

> (a) Find the area of a triangle whose sides are 22, 26, and 40. (b) Find the 
radius of the circumscribed circle. (c) The radius of the inscribed circle. 

7. Find the area of an equilateral triangle whose side is 20. 

8) The altitude and base of a triangle are 16 and 18 respectively. Find the 
side of an equivalent square. 

9. The area of a triangle is 450 square feet and its altitude is 40 feet. Find the 
base of an equivalent rectangle having the same altitude. 

10. The bases of two similar triangles are 6 and 8. The area of the first is 72. 
Find the area of the second. 

11. The base of a triangle is 12 and the altitude is 6. Find the perimeter of a 
rhombus of equal area, whose altitude is 4. 

12. Find the side of a square if the area is equal to that of an equilateral triangle 
whose side is 12. 

13: The sides of a triangle are 9, 15, and 20. Compute A, R, and r. 

14, The sides of a triangle are 20, 40, and-30. Compute A, R, and r. 

15. The sides of a triangle are 22.5, 32.8, and 48.7. Compute A, R, and r. 


16. The corresponding altitudes of two similar triangles are 9 and 12. Compare . 


their areas. 
17. The bases of an isosceles trapezoid are 12 feet and 16 feet and the area is 56 
square feet. Find the length of the legs. 


18. Find the perimeter, area, and diagonals of a rectangle whose dimensions are — 


90 and 40. 


19, The sides of a right triangle are in the ratio of 6:8:10. The hypotenuse is 


50. “Find the legs. 

20. Find the altitude on the hypotenuse of the triangle in problem 19. 

21. The sides of two squares are 9 and 7. Find the side of a square equivalent 
to the sum of the two squares. 

22. Find the sides of a square equal in area to a triangle whose altitude is 18 and 
whose base is 36. 

23 Find the area of a rhombus whose diagonals are 4.62 and 3.31. 

24/ The area of a rhombus is 30. The altitude is 1 foot less than a side. Find 
the altitude and a side. 

25. Find the area of a rhombus if the perimeter is 200 and one diagonal is 80. 

26. Two similar triangles contain a total area of 500. Two corresponding sides 
are in the ratio of 2:1. Find their areas. 


27. The area of a rectangle is 1536 sq. ft. The ratio of the sides is 2:3. Find 


the dimensions. 
28. The side of a square is 5. Find the side of a square 9 times as large. 
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29 The area of two similar polygons are to each other as 3:5. The area of the 


first-is 300. Find the area of the second. 
0} The legs of a right triangle are in the ratio of 5:7. The area is 437.5. Find 
the i 
\ 81) The corresponding altitudes of two similar triangles are 8 and 16. ° Com- 


pare their areas. If the area of the first is 200, what is the area of the second? 


448. Regular Polygons.—A regular polygon is a polygon whose sides 
are equal and whose angles are equal. It is equilateral and equiangular. 

We have had illustrations of this in the equilateral triangle and the 
square. 

449. Theorem.—Any equilateral polygon inscribed in a circle is a 
regular polygon. / 


/ 


iy E 
4a 


B C 


Given ABCDEF an equilateral polygon inscribed in a ©. 
To prove that ABCDEF is a regular polygon. (Prove ABCDEF 


equiangular.) 
Proof.—The arcs AB, BC, and CD, etc. are equal. §185-5. 
Then the arcs ABC, BCD, etc. are equal. Ax. 1: 
Then the ares CHA, DFB are equal. Why? 
Zs ABC, BCD, etc. are equal. §277. 
*. The polygon is regular, being both equiangular and equilateral. 


Q.E.D. 
450. Theorem.—A circle may be circumscribed about, or inscribed 
in, any regular polygon. 


Given ABCDE a regular polygon. 
I. To prove that a circle may be circumscribed about ABCDE. 


Proof.—Pass a circle through A, B, and C. §170. 
Draw OA, OB, OC, and OD. 
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Then Z ABC ==Z BCD. Given. 
and *2 OBC = Z OCB: §110. 
Then Z OBA = ZOCD. Az. 2. 

Now in the As ABO and OCD we have, 
AB = CD. Given. 
OB = OC. Why? 
LOBA = CUCD: (Proved above) 
~ WN ABO = OCD. §105. 
Then OA = OD. §104. 


.. A circle which passes through A, B, and C will also pass through D. 
In the same way it can be shown that this circle will pass through E. 
:. A circle with center O and radius OA will pass through all the vertices 
of the polygon. 

II. A circle may also be inscribed in this polygon. 

Since the polygon is regular and therefore equilateral, the sides are 
equal chords of the circumscribed circle. 

These equal chords are equally distant from the center. 

Therefore, a circle with center O and a radius equal to the perpen- 
dicular distance from O to one of these equal chords will be inscribed in 
the polygon. Q.E.D. 

451. Radius of a Regular Polygon.—The radius of a regular polygon 
is the radius of the circumscribed circle. 

452. Center of a Regular Polygon.—The center of a regular polygon 
is the center of the inscribed and circumscribed circles. 

453. Apothem of a Regular Polygon—The apothem of a regular 
polygon is the radius of the inscribed circle. 

454, Central Angle of a Regular Polygon.—The angle at the center 
of a regular polygon is the angle formed by two radii drawn to the 
extremities of any side. 

455. Corollary 1.—The radii of a regular polygon bisect the angles of 
the polygon. 

456. Corollary 2—The angle at the center of a regular polygo 
is equal to four right angles divided by the number of sides. Therefore 
all central angles are equal. 

457. Corollary 3.—An interior angle of a regular polygon, and an 
angle at the center are supplementary. 

458. Theorem.—Two regular polygons of the same number of sides 


are similar. BE ) 


E D 
é g 
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Given K and K’ regular polygons of n sides. 
To prove that K and K’ are similar. 


Proof.—Kach Z of either polygon = (n — 2) 2 rt. Zs. §151. 
n 

Also AB = BC = CD, etc. 

And A’B’ = B'C’ = C’D’, ete. §448. 


Dividing, AB: A’B’ = BC:B’C’ = CD:C'D’ = DE: D'E’, etc. 

“. The polygons are similar, for their corresponding angles are equal 
and their corresponding sides are proportional. Q.E.D. 

459. Corollary 1.—The perimeters of two regular polygons of the 
same number of sides are to each other as their apothems or as their 
radii. 

Hint.—Draw the corresponding apothems and radii in the figures of 
$458. Apply §319 and problem 1, §315. 

460. The Limit of a Variable.—The limit of a variable is a constant 
quantity such that the difference between the constant and the variable 
may become and remain less than any assignable positive quantity 
however small. 

The following illustration will help clarify the idea of a variable 
approaching a limit. 

If the distance between two points P and Q is known, and we walk 
from P towards Q under the condition that during the first minute we 
walk one-half the whole distance; during the second minute, one-half 
the remaining distance, and so on, walking one-half the remaining 
distance each succeeding minute we will never arrive at Q. 

Here the distance PQ is a constant and the distance walked is a vari- 
able which never equals PQ. PQ is the limit of the sum of the distances. 
walked. 

The variable may increase or decrease towards its limit. 

461. Theorem.—If the number of sides of a regular inscribed polygon 
be indefinitely increased, the apothem increases in length and approaches 
the radius of the circle as its limit. : 


A B 


Given AB a side, OA the radius, and OM the apothem of a regular 
inscribed polygon of n sides. rte 

To prove that OM approaches OA as its limit, when the number of 
sides of the given polygon is indefinitely increased. 
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Proof. (OA — OM) < AM §103-2 
and (OA — OM) < AB. (For AB is twice AM.) 

Think of the number of sides being indefinitely increased. 

Then AB can be made less than any assigned value. 

But (OA — OM) <AB. 

.. (OA — OM) can be made less than any assigned value. 

- OM tends to lengthen and approach OA as its limit. 


PROBLEMS 


1. The area of a circle is greater than the area of its inscribed polygon. 
2. The area of a circle is less than the area of its circumscribed polygon. 


462. Theorem.—The circumference of a circle is the limit which 
the perimeters of the regular inscribed and circumscribed polygons 
approach, if the number of sides is indefinitely increased, and the area 
of the circle is the limit which the areas of these polygons approach. 

A rigorous proof of this theorem will not be 
attempted here. By a study of the figure the 
student will be able to satisfy his needs at this 
point by picturing the perimeter of the circum- 
scribed polygon as decreasing and the perimeter 
of the inscribed polygon as increasing as the 
number of sides of both polygons are indefinitely 
increased. They will be seen to approach the 
circumference of the circle as a limit. 

At the same time the area of the circum- 
scribed polygon becomes smaller and the area of the inscribed polygon 
becomes larger and each approaches the area of the circle as its limit. 

463. Theorem.—The circumferences of two circles are to each other 
as their radii. 


Given R and R’ the radii of the circles whose circumferences are 
C and C’. 

To prove that C:C’ = R:R’. 

Proof.—Inseribe in the circles regular polygons of the same number of 
sides denoting their perimeters by P and P’. 

WAP SP = Rae $459. | 


——— 
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Now think of the number of sides of each polygon as being indefinitely 
increased, but not destroying the similarity of the polygons. 

Then the perimeters P and P’ will become constantly larger, approach- 
ing C and C’ as their limits. For our purpose we may substitute C for 
eF and C’ for P’. §§460 and 462. 

SOG aR: R’. 

464. Corollary 1—The circumferences of two circles are to each 
other as their diameters, or C:C’ = D:D’. 

465. Corollary 2—The ratio of a circumference to its diameter is 
constant and is represented by the Greek letter 7. For by alternation, 

CG D ak ti 


C= Dp becomes Fe a 


sat 3 is the constant ratio represented by 7. 


466. Corollary 3.—The circumference of a circle is equal to 7 times the 
diameter or two z times the radius. 


For £ = 7. -.0 =7D or 27k. 


Note. « = 3.1416. For practical purposes 22 is often used for the 
value of 7. ‘ 

467. Theorem.—The area of a regular polygon is equal to one-half 
the product of its perimeter and apothem. 


Given p the perimeter, A the area, and h the apothem of the regular 
polygon ABCDEF. 

To prove that A = 3 hp. 

Proof.—Draw the radii OA, OB, OC, etc. 

The polygon is now divided into equal isosceles As. 

The area of each A is 3h times its base for all the As have equal 
altitudes (the apothem). 

The sum of the bases of all the As = p. The sum of the areas of all 
As = A. 

Hence, A = 3h(AB + BC + CD + etc.) or A = 3 hp. ie 
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468. Theorem.—The area of a circle is equal to one-half the product 
of its radius and circumference. 


Given R the radius of a circle, A the area, and C the circumference. 

To prove that A = 3 RC. 

Proof.—Circumscribe a regular polygon about the circle denoting 
its perimeter by P and its area by A’. 

Now A’ = 3 RP. §467. 

Think of the number of sides of this polygon as being increased 
indefinitely. ‘Then P approaches C as its limit and A’ becomes larger 
approaching A as its limit. 

.. 4 RP approaches 4 RC as its limit. 

Dut A’ = 3 RP: 

. A =iRC. (Substituting as in §463.) 

469. Sector.—A sector of a circle is that portion of a circle bounded 
by two radii and their intercepted arc. 

470. Corollary 1.—The area of a circle is equal to 7 times the square 
of the radius. 

The area of a circle = + RC and C = 2rkR. 

-. By substitution, the area of a circle = } R(2cR) or A = TR’. 

471. Corollary 2.—The areas of two circles are to each other as 
the squares of their radii. For if A and A’ denote the areas, and & and 
R' the radii, then A: A’ = 7R?:7R” or A: A’ = R?:R". 

472. Corollary 3.—The area of a sector is equal to one-half the 
product of its radius and bounding arc. 


473. Corollary 4.—Similar sectors are to each other as the squares of | 


their radii. Hint—Similar sectors are sectors whose central angles are equal. 
474. Problem.—To inscribe a square in a given circle. 
Given the circle whose center is O. 
To inscribe a square in the circle O. 
Construction.—Draw the diameters AC and 
BD to each other. 
Draw AB, BC, CD, and DA. 
ABCD is the required square. 
Proof. Zs A, B, C, and D are rt. Zs. Why? 
AB = BC = CD = DA. Why? 
.. ABCD is a square. Q.E.F. 
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PROBLEMS 


1. Inscribe a regular octagon in a circle ; regular polygons of 16, 32, 64 sides 
respectively. 

2. Show that by drawing tangents to a circle at the vertices of an inscribed square, 
a circumscribed square is formed whose area is twice that of the inscribed square. 

3. Draw two concentric circles and show that the area of the circular ring is equal 
to that of a circle whose diameter is a chord of the outer circle and a tangent to the 
inner circle. 


E 


475. Problem.—To inscribe a regular 
hexagon in a circle. 

Given the circle whose center is O. 

To inscribe a regular hexagon in the 
circle O. 

Construction—Draw the radius OA. 
Draw a chord AB = the radius OA. 


*,.. 

Then chord AB is one side of the regular ; 
hexagon. A B 

Proof.—Draw OB a radius, and prove that Z AOB = 60° or ? of 
360°. 

.. The are AB is ¢ of a circumference and AB is one side of a regular 
inscribed hexagon. Q.E.F. 

PROBLEMS att 

1. Find the ratio of the areas of an inscribed and a circumscribed square. 10, ae 

2. Inscribe a regular twelve sided figure in a circle. “OV 

3. Inscribe an equilateral triangle in a circle. ; Lee ( 

4. Circumscribe an equilateral triangle about the circle in problem 3. \ fe 

5. Find the ratio of the sides of the triangles in problems 3 and 4. evs \ 

6. Compare the areas of the triangles in problems 38 and 4. 


7/ Compute the side, apothem, and area of a square inscribed in a circle whose 
radius is 10 feet. 
8. Compute the side, apothem, and area of a square circumscribed about a circle 
whose radius is 20 inches. 
\91)'An equilateral triangle is inscribed in a circle whose radius is 10 inches. Find 
a side, an altitude, and the area. 
Compare the area of the triangle in problem 9 with that of the circle. 
2 An equilateral triangle is circumscribed about the circle in problem 9, Find 
the area and compare it with area found in problem 9. 
12. Compute the radius of a circle circumscribed about an equilateral triangle 
whose side is 20 inches. 
‘13. Find the area of the circle in problem 12. 
4) A regular hexagon is inscribed in a circle with a radius of 8 feet. Find the 


apothem and area. 
15. Find the radius of a circle circumscribed about a hexagon whose per meter 
i 


is 60 feet. : jy Be 
_16. Find the area of a circle whose diameter is 100.feet. » 
17. Compute the number of degrees in the interior angles of each of the follow- 
ing regular polygons; pentagon: hexagon; octagon; decagon. 
18. Compute the number of degrees in an angle at the center of each of the above 


polygons. } ; 
19. How many sides has a regular polygon each of whose interior angles equals: 


(a) 120°; (b) 135°; (c) 144°; (d) 1284°; (e) 140°? 
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20, Find the number of degrees in a central angle of each of the polygons of 
problem 19. 

21. Find the difference in area between a circle and its inscribed hexagon, if the 
radius of the circle is 10 feet. 

22. The area of a circle is 78.54 sq. in. Find the radius. 

23. The circumference of a circle is 87.9648. Find the radius. 

24. A circular plot is to contain one acre (43,560 sq. ft.). Find the radius. 

25. The radius of a circle is 10 inches. Find the radius of a circle twice as large: 
one = as large. 

96. Find the area of a sector whose central angle is 40° and whose radius is 14 
inches. 

27. Find the area of a circular segment which subtends a central angle of 60°, 
and whose radius is 12 inches. 

28, The radii of two circles are 5 and 10. Find the ratio of their areas. 

29. Compare the area of a circle with that of a triangle whose base equals the 
circumference of the circle and altitude equals the radius. 

30. How many revolutions will a wheel 34 inches in diameter make per mile? 

31. There are 250 tubes each 3 inches in diameter in the boiler of a heating plant. 
Find the total area of their cross sections. 

32./An oil tank is 15 feet in diameter. Find the total length of metal required 
to make four straps around the tank, allowing 6 inches for overlapping for each 
strap. : 

33. Two pulleys are 12 feet apart, center to center, and each has a radius of 7 
inches. Find the length of belting required to engage these pulleys. 

34, A running track has two parallel sides qs of a mile long and semicircular 
ends each 7, of a mile in length on the inner side. What actual distance is covered 
by a runner whose path is 12 inches from the inner side? 

35. What pressure is exerted on a piston head in a cylinder of 18 inches radius, 
if the steam pressure in the boiler is 80 Ibs. per square inch? 

6. A water main feeds a series of 12 half-inch pipes. What must be its diameter 

to supply these pipes with a constant flow of water? 
37. A hot air furnace draws cold air from the outside to supply 8 pipes each 
10 inches in diameter which carry the heated air into the building. What must be 
the minimum size of the cross section of the cold air duct, not allowing for expansion 
of the heated air? 

38. The side of a regular inscribed hexagon is 20 inches. Find the radius, apo- 
them, and area of the hexagon. 

39. Find the area of the regular hexagon circumscribed about the circle of the 
above problem. 

40. Find the area of the equilateral triangle inscribed in the above circle, 

“41. The radii of two concentric circles are R and r. Develop a formula for find- 
ing the area of the circular ring thus formed. Denote this area by A. 

42.’ The circumference of the top of a smoke stack is one-half as large as the 
circumference at the base, compare their radii. 

- 43) The radii of a driving wheel of a locomotive and a small trailer wheel are as 
4:1. Compare the number of revolutions made by these wheels in going any given 
distance. s 

44. A chord 50 inches long subtends an arc 20 inches high. Find the radius of 
the circle. 

45. An arc 5 feet long in a circle whose radius is 14 feet subtends how many 
degrees at the center? (Use x = 3.) 

‘* If a 4 inch pipe fills a tank in three hours, how long will it take a 13 inch 
pipe 

47, Find the radius of a circle equal in area to the sum of the areas of two circles 
whose radii are 8 and 10 inches. 


—————L————<—<— 
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48. Prove that the side of a circumscribed regular hexagon is }R~/3, where the 
radius is denoted by R. 

49. Find the side of an equilateral triangle circumscribed about a circle whose 
radius is R. 

50.” An iron casting is bolted to the floor by four 
13” diameter mild steel bolts, and a force tends to 
slide the casting along the floor. Neglecting friction, 
what is the force when the unit shearing stress in the 
bolts is 10,000 pounds per square inch? 

Force = total area of a section X stress. 

51. A short square steel bar 2’” X 2” in section 
and 4’ long carries a tensile load 60,000 pounds. The 
Modulus of Elasticity is 30,000,000 lbs. per square 
inch. What is the unit tensile strength and total Pros. 50. 
elongation? 


load 


piresss— ——— 
ee — 


1 ae load X length in ins. 
ore area X mod. of El. Pros. 51. 


476. Theorem.—If s is the side of a regular polygon inscribed in 
a circle of radius r, then the side of a regular inscribed polygon of double 


the number of sides is W2r? — rv/4r? — s®. 


y 7 | 
Given the side AB of a regular inscribed polygon denoted by s, 
the radius denoted by r, and AC the side of a regular inscribed polygon 
of double the number of sides. 


To prove that AC = Vor? — rv/4r? — 8?. 
Proof.—Draw the diameter CE cutting AB at D. Draw AO and AE. 


Now CE L AB at its middle point. §169. 
—_ s 
In rt. A DAO we have, OD? = r? — -) : §412., 
2 
“OD = 4{r? — a 


Since CAE is a right triangle AC? = CD x CE. §405-3. 


. AC = VCD X ‘ 
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i Sees 
Substituting, AC = J (: — r - =) 2) 


AG a clon = ar fe s 
«= AC = Nor? — rr/4r? — 8? 


Q.E.D. 


477. To Compute the Value of 7 Approximately.—If a regular hexagon 
is inscribed in a circle whose radius is 1, then the side of the hexagon is 1 
and the perimeter is 6. If in this same circle we double the number of 
sides of the hexagon seven successive times we will get regular polygons 
of 12, 24, 48, 96, 192, 384, and 768 sides. = 

By using the formula, AC = Vor? — rv/4r? — 82, just developed 
for finding the side of a regular polygon of double the number of sides, 
we can find the length of the side of each succeeding polygon. The 


perimeter is found by multiplying a side of each polygon by the number — 


of sides of that particular polygon. Thus, 


Number of sides Length of side Perimeter 
of polygon 
6 1 6 
12 V2 — \/4 — (1)? = 0.51763809 6.21165708 
24 N2 — +/4 — (51763809)? = 0.26105238 6. 26525722 
768 V2 — 1/4 — (01636228)? = 0.00818121 6.28316941 


But consider a polygon of 768 sides inscribed in a circle whose radius 
is 1 inch, for example, and remember that we have computed its perim- 
eter to be 6.28316941 inches and consider that for all practical purposes 
of measurement this perimeter of 768 sides is approximately equal to the 
circumference of the circle, then we see that C equals 6.28316941. 
(Nearly.) 


C : 
But C = 2rr orr = on §466. 
Substituting, 2.7 = eee or 3.14158+ 


The value of 7 used depends upon the accuracy required. 
For most purposes 7 = 3.1416. 


MENSURATION OF SOLIDS 

478. Rectangular Solid.—A rectangular solid has six rectangular 
faces as shown. The lateral faces 
are the sides and the end faces are 
the bases. 

479. Lateral Edge.—The lateral iy 
edge of a solid is the line of inter- } 
section of two lateral faces. AY 


—" 
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480. Lateral Area.—The lateral area of a solid is the sum of the areas 
of the lateral faces. 

481. Total Area.—The total area of a solid is the sum of the lateral 
area and the area of its bases. 

482. Formula for the Volume of a Rectangular Solid. 

V = lwh F E 

Think of a rectangular solid, 4 by 
3 by 3 inches, as divided into blocks of 
one cubic inch each. 

It contains 36 ‘‘cubic-inch”’ blocks 
having 3 tiers of 12 each. This h=3 
value is the product of length, width, 


_ and height. 
. V =4X3 X38 or 36 cu. in. 4 B 
PROBLEMS 
Find the volume of a rectangular solid whose dimensions are: 
1. 8, 9, and 10. 4. 10.7, 8.92, and 31.6. 
2. 10, 13, and 15. 5. 5.17, 8.73, and 9.15. 
3. 6.5, 8.6, and 9.4. 6. 10.07, 9.19, and 32.06. 


—"™ 7. A fill of uniform depth of 3.5 ft., 30 ft. wide, 500 ft. long is required. How 
many loads of 1 cu. yd. each must be moved? 
How many cu. ft. of earth must be removed in making an excavation 30’ X 
a0 X67 
9. How many cu. yds. is contained in a car 40.5’ X 8.5’ X 4’? 

10. A coal pocket 40 ft. long, 10 ft. wide, and 20 ft. high is $ full. How high will 
the coal stand if leveled and how many tons will it contain, figuring 35 cu. ft. to the 
ton? 

(y A rectangular tank 20.5’ X 30.2’ X 5.7’ is filled with oil. How many gallons 
wilt contain allowing 73 gallons to the cu. ft.? 

12. How many cu. ft. of air is contained in a room 30’ 6” X 20’ 8” X 12’? 


483. Prism.—A prism is a solid whose lateral faces are parallelograms 
and whose bases are equal and parallel polygons. 


Triangular Prism Rectangular Prism Pentagonal Prism 


-484. Altitude.—The altitude of a prism is the perpendicular distance 


between the planes of its bases. 
14 
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485. Formula for the Volume of Any Prism. 
V= Bh, 
where B is the area of the base and h is the altitude. 


PROBLEMS 
Find the volume of the following prisms. 


1. Base = 40 sq. in., altitude = 20 in. 

2. Base = 18.8 sq. in., altitude = 9.2 in. 

@ Base = 20.52 sq. in., altitude = 5.18 in. 

4. Find the volume of a rectangular prism whose base is a rectangle 7” X 9’ and 


whose altitude is 15”. > 
.(@\ Find the altitude of a prism whose volume is 300 cu. ft. and whose base is _ 


15'sq. ft. 

486. Right Prism.—A right prism is a prism whose lateral edges are 
perpendicular to the bases. 

487. Formula for the Lateral Area of a Right Prism. 

L.A. = ph 

where L.A. is the lateral area, p is the perimeter of the base, and h is 
the altitude. : 

A88. Formula for the Total Area of a Right Prism. 

T.A. = L.A. -- 2B, 


where T.A. is the total area and B is the base area. 


PROBLEMS we 


1.. Find the lateral area of a right prism whose altitude is 22 inches and the perim- 
eter of whose base is 32 inches. é 

2, Find the lateral area and total area of a right prism having an altitude of 
12.5 inches and a triangular base whose sides are 8, 9, and 15 inches. 

3. Find the total area of a right prism whose altitude is 25 inches and a regular 
hexagonal base, each of whose sides is 6 inches. / 

4, Find the total area of a right prism the sides of whose triangular base are 
20, 22, and 28 and whose altitude is 40. 


489. Pyramid.—A pyramid is a solid whose base is a polygon and 
whose lateral faces are triangles having a 0 
common vertex. 

The sum of the areas of its lateral faces 
is the lateral area. 

The intersections of its lateral faces are 
lateral edges. 

The altitude is the perpendicular dis- 
tance from the vertex to the plane of the 
base. A regular pyramid is a pyramid 
whose base is a regular polygon and whose A 
center coincides with the foot of the D 
perpendicular dropped from the vertex to M 
the base. 

The slant height of a regular pyramid is : 
the altitude of one of its triangular faces. poate 


OK is the altitude, 
OM is the slant height 
OA, OB, OC, OD, and OE ar 
490. Formula for the Volt 


491. Formula for the Lateral Area of a Regular Pyramid. 
L.A. = $sp, 
where s is the slant height. 
492. Formula for the Total Area of a Regular Pyramid. 


TA =LA+B. 


PROBLEMS 


Find the volume of a regular pyramid: 
-| 1. When the altitude is 12 inches and the base is a triangle whose sides are each 

-8 inches. 

2. When the base is a square each of whose sides is 5.5 feet and the altitude is 
9.7 feet. 

3. When the altitude is 9 feet and each side of the hexagonal base is 3.5 feet. 

4, Find the total area of a pyramid, if each side of the triangular base is 4 inches 
and the slant height is 7.8 inches. \ ‘\ 

5. Find the total area of a pyramid, if each side of the square base is 5.3 feet and 
the slant height is 7.2 feet. 

6. Find the lateral surface of a pyramid if each side of its pentagonal base is 5.27’ 


and the slant height is 19.18’. 
The volume of a triangular pyramid is 24 cu. ft. The sides of the base are 
4, 5, and 7 ft. Find the height. \ 

493. Prismatoid.—A prismatoid is a solid two of whose faces (the 
bases) are polygons in parallel planes. 


The sides are triangles or trape- 
zoids, having one side common with a ere 
side of one base and the opposite 
vertex or side common with a vertex 
or side of the other base. The 


altitude is the perpendicular distance 
between the bases. The mid-section 
is a plane cutting all the edges mid- , 
way between and parallel to the bases. 


It bisects all the edges and the altitude. ; ; 
In the above figure h is the alti- Prismatoid 

tude, B and Bi, the areas of the lower 

and upper bases respectively, and M, 

the area of the mid-section. 
494, The Prismatoid as a General 

Solid.—(a) A prismatoid in which all 

faces are plane figures, and the two 

are dissimilar parallel plane 

of the same number of sides is 


oid. Prismoid 
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(b) When the bases of a prismatoid are equal polygons and the corre- 
sponding sides are parallel, the figure is ap y 

(c) When the bases are unequal but simu and the corresponding 
sides parallel, a frustum of a pyramid is fc 

(d) When one base is a point the fi 

(e) When one base is a line the f 

495. Formula for the Volume of a P. 


V = 4h(B + B,+ 4M). 


Engineers use this formula in computing the volume of earth removed 
in making cuts or fills in railway construction. 


PROBLEMS 


Solve the following by the prismatoid formula. 
i Find the volume of a prism whose base is a square 10 inches on a side, and 
whose altitude is 15 inches. 
_ (2) Find the volume of a pyramid whose base is a regular hexagon 6 inches on a — 
side, and whose altitude is 21 inches. — 
3. Find the volume of earth to be moved in excavating a trench 100 feet long with 
sloping sides. A cross section of the trench is 30 feet wide at the top, 15 feet wide 
at the bottom, and has a depth of 9 feet. 
4. Find the volume of a rectangular wedge having a base 80 ft. by 50 ft., whose 
upper edge is 70 ft., and altitude 50 ft. 
® Find the number of cubic yards of earth removed in making a cut 200’ long, 
if Ohe end is 18’ deep, 75’ wide at the top, and 24’ wide at the bottom; the other end 
is 14’ deep, 66’ wide at the top, and 24’ wide at the bottom. 


496. Cylindrical Surface.—A cylindrical surface is a curved surface 
generated by a moving straight line which always remains parallel 
to its first position and which always touches a given curved line not 
in the plane of the. straight line. The moving line in any position is an 
element of the cylindrical surface. 

497. Cylinder.—A cylinder is a solid bounded by two parallel planes 
and a cylindrical surface. 

The parallel planes are the bases. The 
cylindrical surface is the lateral surface. The 
altitude is the perpendicular distance between 
the bases. If the elements are perpendicular 
to the base the cylinder is a right cylinder. If 
the bases are circles it is a circular cylinder. 
The area of its lateral surface is the lateral area. 
The lateral area plus the two base areas is the 
total area. 


498. Formula for the Volume of a Cylinder. 
V = Bh. 


=a 


es 
~ 
iS 


Cylinde 
499. Formula for the Lateral Area of a Right Circular Cy 
L.A. = Ch. 
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500. Formula for the Total Area of a Right Circular Cylinder. 
T.A. = L.A. + 2B. 


f 


yey 
—- 


PROBLEMS 


4) The diameter of a cylindrical tank is 8 feet and the height is 12 feet. Com- 
pute its volume. How many gallons of water will it-hold if there are 7} gallons in 
a cubic foot? = 


How many square feet of sheet iron is required to make a cylinder with open 
ends, if it is 20 feet long and 20 inches in diameter? 


3. Find the length of a cylindrical tank 2.5 feet in diameter which will hold 85 


gallons. 
0. many cu. yds. of earth must be removed in digging a tunnel 30 ft. long, 
wh@sé\cross section is a semi-circle with a radius of 28 ft.? 
\ 


501. Conical Surface——A conical surface is a surface generated 

by a moving straight line which constantly touches a fixed curve and 
passes through a fixed point not in the plane of the curve. The moving 
line in any position is an element of the conical surface. 
*— 502. Cone.—A cone is a solid bounded by a conical surface and a 
plane cutting this surface. The conical surface is 
the lateral surface of the cone. The plane surface 
is the base. The fixed point is the vertex. The 
perpendicular distance from the vertex to the plane 
of the base is the altitude. A circular cone is one 
whose base is a circle. A line drawn from the vertex 
to the center of the base is the axis. If the base is a 
circle and the axis is perpendicular to the base, the 
cone is a right circular cone. The slant height of a 
right circular cone is an element of the cone. 

503. Formula for the Volume of a Circular Cone. 


V = 1Bh. 
504. Formula for the Lateral Area of a Right Cone. 
L.A. =‘4Cs, : 


where s is an element. 
505. Formula for the Total Area of a Right Cone. 


T.A. = L.A. + B. 


PROBLEMS 


9) Find the volume of a right circular cone having an altitude of 10 feet, if the 


radius of the base is 1.5 feet. é 
Find the lateral and total areas of a right cone whose slant height is 12.7 feet, 


a e circumference of the base is 16.2 feet. 
he height of a right circular cone is 8 feet. The diameter of the base is also 
8 ‘| Find the ratio of the area of the base to the lateral area. 


506. Sphere.—A sphere is a solid bounded by a surface all points 
of which are equally distant from a point within called the center. 
The radius of a sphere is a straight line drawn from the center to any 
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point in the surface. The diameter of a sphere is a line passing through 
the center and terminated by the surface. The area of a sphere is the 
area of its surface. 

507. Zone.—A zone of a sphere is that portion of its surface included 
between two parallel planes 
which cut its surface. The 
circumferences made by the cut- 
ting planes are the bases of the 
zone and the perpendicular dis- 
tance between those planes is the 
altitude of the zone. If one base 
is tangent to the sphere, the zone 
is a zone of one base. 

508. Segment of a Sphere.—A segment of a sphere is that portion 
of a sphere included between two parallel planes which cut the surface 
of the sphere. The parallel planes are its bases and the perpendicular - 
distance between its bases is its altitude. If one plane is tangent to the 
sphere the segment is a segment of one base. 


~ 


a hat - 


509. Formula for the Area of the Surface of a Sphere. 
A = 47rR’, 


where A is the area and R the radius. 
510. Formula for the Area of a Zone. 


A = 2rRh, 
where A is the area, R a radius of the sphere, and h the altitude. 
511. Formula for the Volume of a Sphere. 
V = 4RA or $rR?° or inD® 
512. Formula for the Volume of a Segment of Two Bases. 


h 3 
Wi = 3 (wry? + wre?) + = 


where r; is the radius of the circular cross section of one base and fe - 
is the radius of the circular cross section of the other base. If the 
spherical segment has but one base, rz becomes zero and the formula 
reduces to, 


V = $cr*h + rh’. 
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Note.—The prismatoid formula is general and can be used for finding 


‘the volume of any solid. 
PROBLEMS 


Find the surface of a sphere if the diameter is: (a) 12’ ; (b) 13.5’; (c) 28.3’. 
Find the volume of a sphere if the diameter is: (a) 8.2’; (b) 9.3’; (c) 18.7’; 


(d) 15.8’. “i 
~3. A dome in the shape of a half-sphere is 60 feet in diameter. How many sq. 


ft. of metal is required to cover it? 
4. A ball 4.5 feet in diameter is gilded at 50 cents per sq. ft. Compute the cost 


5. The volume of a sphere is 33.5104 cu. ft. Find the diameter. 
The surface of a sphere is-50.2656 sq. ft. Find the diameter. 
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CHAPTER XIII 
RELATIONS OF THE FUNCTIONS OF ANGLES 


513. Functions of Angles.—When two variables, such as x and y, are 
so related that a change in the value of x causes a corresponding change 
in the value of y, then y is said to be a function of x (§267). By referring 
to the table for the sine, the cosine, and the tangent of various angles 
(§289) it is seen that as the angle changes there is also a corresponding 
change in the value of the sine, the cosine, and the tangent of those angles. 
For this reason these ratios are called the functions of the angle. 

They should be remembered as the ratios of the sides of a right triangle 
as follows: 


B 
B 
B 
e a 
A D Cuca 
sin of acute Z = opp. side, cot of acute Z = adj. side 
hyp. opp. side 
cos of acute Z = adj. side sec of acute Z = ae) ae 
hyp. adj. side 
tan of acute Z = opp. side = _ hyp. 
cute sdiade ese of acute Z oan a 


The ratios which define the functions are true regardless of the 
length of the sides of the triangle so long as the acute angle does not 
change in value. This is readily understood from the figure, since all 
the triangles are similar and the ratios of the corresponding sides are 
equal. 

Three other functions are sometimes used in engineering, viz., the 
ex-secant (exsec), the versed sine (vers), and the coversed sine (covers). 
They are defined as follows: 

exsec A = sec A — 1, vers A = 1 — cos A, and covers A = 1 — 
sin A. 

216 


RELATIONS OF THE FUNCTIONS OF ANGLES ee 


PROBLEMS 


(1. Write the six functions of A and B in the right triangle ABC where Z C is 
the right angle. B 

-2. From problem 1 show that the function of an angle 
is equal to the co-function of its complement. 


- Thus, tan A = o = cot B. 


b 
8. In the right triangle ABC, a = 5 and b = 2/6, ee Hite 
find the six functions of A and B. 
Solution. a® + b? = c?, 
Substituting, 25 + 24 = c?. 
em SS ay A C 

Writing the functions from the figure we have, pov 6 

sin A = ? = cos B, cot A = 2V8 _ ton B, 

2/6 ; Wedesee ae bo acts = 
cos A = = sin B. BEC 2/6 19V6 = ese B. 
Se pag So 
ieee uy oe esc A = = = sec B. 


4. What condition must be fulfilled so that the three sides a, 6, and c will be 
the sides of a right triangle? Is this condition fulfilled in the following values of 
a,b, andc? When it is, write the six functions of angle A. 


(a) 3, 4, and 5. (b) 8, 15, and 17. 

(ec) "5; -12,-and 13. (d) 7, 10, and 12. 

(e) 1, +/3, and 2. (f) 2ab, a? — b2, and a? + 62, 

2mn m* + 2 

(g) 1.20, 1.19, and 1.69. (h) Pree ge +n, and oe 
ES V5 

(t) 3” 3 and a Ta 

5. If a? + b? = c?, find the functions of A in the following: (Draw figures.) 

(a) a— 6, b = 8. (6) a =4,6=6. Ge = Shite = Fs, 

(dd) 6 = 12, ¢ = 138. (e) a = x? — y?, b = Qay. (f) b = 8a, ¢ = 5a: 


(g) 4 = V/3,¢ = 2. (h) a = 2,b = +f6. 


6. On coordinate paper construct z if, 


(a) tan z = 2. (b) sin z = ¢. (c) cot a = $. 

(d) secox = +/2. (e) escx = (f) cos x = . 

(g) sec x = §. (h) tan x = +/3. J 
7. Draw a right triangle and solve the following: | 
(a) If a = te, find the six functigns of A. 

(b) If 6 = 3c, find the six functions of B. 3 


(c) If a = 3b, find the six functions of A. 

(d) If c = 2a, find the six functions of B. 

(e) If b = 2.64 and c = 2.65, find the six functions of A. 
(f) Find a, if sin A = $, andc = 25.2, 

(g) Find b, if tan A = x5 and a = 3.5. 

(h) Find ¢c, if esc A = 5.3 and a = 23. 

(t) Find c, if cos A = .45, and b = 4.35. 

(j) Find b, if cot A = 1.3 anda = 5.2. 

(k) If c = 3.53 feet, sin A = 0.8, and cos A = 0.6; find the legs. 


Pros. 6a. 
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514. Line Representation of the Functions of an Angle.—Let O be the 
center of a unit circle. (A unit circle is Y 2 
one in which the radius is unity or 1.) 
Draw the diameters XX’ and YY’ per- 
pendicular to each other. Draw OR making 
any convenient angle, @ (Theta) with OX. ra 
Draw PM 1 OX,PN 1 OY,TX tangent at 
X,and YR tangent at an , 

Note that Z YRO = Z @, (Alternate 
interior Zs of || lines, etc.) and keep in 
mind that the radius of the circle is 1. 

Since OP, OX, and OY are radii and equal to 1, the functions may be 
defined and represented as a single line, as follows: 


sin 6 = a = PM. cot 6 = (7%) = YR) 

cos 0 = ee) = (5) = OM. sec 0 = (Ay = OT. 

tan @ = ee = TX. csc 6 = (55 = OR. 
exsec § = PT. vers 6 = MX. covers 6 = YN. 


515. Infinity—The sign © is used to denote infinity which is larger 
than any assignable value. It is not a number. 
Some idea of the meaning of infinity may be gained if we consider 


the fraction °, in which the denominator x decreases indefinitely, 


becoming for example, 1'y’ shy ros ete., until it approaches zero. 
In each case the value of the quotient becomes correspondingly larger 
and approaches a value larger than any known number. ‘This result is 
called infinity. 

516. Change in the Values of the Functions as the Angle Increases 
from 0° to 90°.—If the angle 6 is increased 
from 0° to 90°, the values of the functions 
will either increase or decrease. The 
lines PM, P’M’, etc., represent sin 6; OM, 
OM’, etc. cos 6; XT, XT’, etc., tan 4; 
YS, YS’, etc., cot 0; OT, OT’, etc., the sec 
6; and OS, OS’, ete., the ese @. 

Note.—The sine, tangent, and secant 
increase as the angle increases: while the 
cosine, cotangent, and cosecant decrease as 
the angle increases. 

The reverse is also true if the angle 
decreases in value. 

By a careful study of the figure it will be seen that as the angle 6 
increases from 0° to 90°, sin @ increases from 0 to 1; cos @ decreases from 
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1 to 0; tan @ increases from 0 to ~, cot @ decreases from © to 0; sec 0 
increases from 1 to ~ ; and ese 6 decreases from © to l. 

These are the limiting values of the functions of an acute angle. 

Hence, for acute angles the sines and cosines can have values between 
Oand | only; tangents and cotangents can have any value; and secants and 
cosecants can have any value greater than 1, but can never have a value 
between 0 and 1. 

§513 can now be more fully appreciated. 


PROBLEMS 


1. If @ is an acute angle, show that: 

(a) tan @ is greater than sin @. (6) tan @ is less than sec 6. (c) cot @ is less than 
esc 6. (d) sec @ is greater than cos 0. 

2. Find @, if sin @ is represented by one-half the side of a regular inscribed hexagon; 


one-half the side of a regular inscribed octagon. §456. 
3. Construct the angle @, if: 
(a) sin 6 = 3 cos @. (c) sec 6 = 3. (e) 3sin 6 = tan @. 
(b) tan 6 = 2. (d) cos 6 = sin 6. (f) cos 6 = 2. 
4, Given an angle A; construct an angle B such that: 
(a) sin B = 3 sin A. (c) esc B = sec A. 
(6) tan B = 2 tan A. (d) 2cos B = cos A. 


5. Show that twice the sine of an angle is equal to the chord of twice the angle. 


517. Functions of Complementary Angles.—As has been shown in 
_ §289 the function of an angle is the co-function of its complement. In 
fact that is where the co-functions get their name. Cosine means com- 
plements’ sine. 
(a) sin A = cos B = cos (90° — A). 
(b) cos A = sin B = sin (90° — A). 
(c) tan A = cot B = cot (90° — A). 
(d) cot A = tan B = tan (90° — A). 
(e) sec A = esc B = ese (90° — A). 
(f) esc A = sec B = sec (90° — A). 


PROBLEMS 
1. Express the following functions as a function of the complementary angle. 
(a) sin 40°. (b) cos 45°. (c) tan 58°. 
(d) cot 42°. (e) sec 30°. (f) esc 4870" 
(g) sin 32° 25’. (h) tan 47° 53’. (i) sec 83° 59’. 


2. Given sin 30° = 3, find cos 60°. 
3. Given tan 60° = +/3, find cot 30°. 
4, Given sin @ = cos 8, find 6. 
5. Given tan 6 = cot 28, find @. 
6. Given sec 36 = esc 66, find @. 
7. Given tan 6 = cot (45° — 46), find @. 
8. Given sin 3A = cos 2A, find A. 
9. Given cot 3A = tan 124A, find A. 
10. Given esc (45° + x) = sec 2, find z. 
11. Given sin x = cos mz, find z. 
12. Given tan (38° + z) = cot (x — 40°), find z. 
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518. Formulas Connecting the Functions of an Angle. 
The sum of the squares of the sine and cosine of an angle equals 1. 
From the triangle ABC, a? + b? = c?. 


Dividing by c’?, os Sia goer tial © 
2 2 

But % = sin? A and ec 

satetituting, sin 2A + cos 2A = 1. (1) 

Solving (1) for sin A and cos A we ope. sin A = 

1/1 — cos?A and cos A = V/1— sin in 2A. 
The tangent of an angle is equal to the sine divided by the cosine. 
This can be shown to be true from triangle ABC. 


cos? A. sas 


‘I 


Thus, tan A = 3 sin A = cos A = - 


(2) 


Show from the above figure that: 
(a) The sine and cosecant of an angle are reciprocals. 


; 1 M : 
sin A = pares Sa A = Bake and sin A csc A = 1. (3) 


(b) The cosine and secant of an angle are reciprocals. 


cosA = —y sec A = ss and cos A sec A = 1. (4) 


ec A cos A 
(c) The tangent and cotangent of an angle are reciprocals. 
1 1 
tan A = eK: cot A = aah and tan A cot A = 1. (5) 


The following arrangement will aid in remembering the reciprocal 
relations between the functions. 


sin A, cos A, tan A, cot A, sec A, csc A. 
| 


(d) tan 7A = sec 2A — 1, and sec *7A = 1 + tan 7A. (6) 
(c) cot 2A = csc 2A — 1, and csc 2A = 1+ cot 2A. (7) 


It can be shown that the above formulas are true for angles of any 
magnitude. 


By the use of the above formulas, any function of an angle can be 
derived in terms of any other function. 


RELATIONS OF THE FUNCTIONS OF ANGLES 


PROBLEMS 


Show that the following identities are true. 


1. sec 2A esc 2A = sec 2A + ese 2A. 
Leen. 24) = cos 2A. 
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Solution. — = = : 
Ss sin 2A cos?A4_ cos 2A a. sin 2A sin 2A cos 2A 
But, sin 2A + cos *4 = 1, Why” 
1 1 ae ; : 
Hence, eT PSE Poe oY GRY B This is an identity. 
2. sin A = cos A tan A. 3. 2sin 2A — 1 = sin 2A — cos 2A. 
4. tan A = sin A sec A. 5. sin A cot A = cos A. 
6. 7/1 — cos 2A cot A = cos A. 7. (1 — cos 2A) sec 2A = tan 2A. 


eta cot 4 —i. 9. sin A sec A cot A = 1. 
10. (sin A + cos A)? —1 =2sin A cos A. 

11. sin A cos A (tan A + cot A) —1=0. 

12. 1 — 2 ese 2A = cot 4A — ese 4A. 

1+snA __cosA 

*““ecosA4 1—sinA 

14. tan 2A sin 2A = tan 2A — sin 2A. 


519. Functions of an Angle in Terms of the Other Functions of 


the Same Angle. 


Illustration.—To find tan @ in terms of the other five functions of @. 


Solution.—tan @ = sin 0, 
cos 6 
But cos 6 = 1/1 — sin?6 and sin 9 = y/1 — cos?6. 


oe in 6 
Substituting, tan 6 = Se ee 
V1 — sin? 6 
ae 2 
Also, thribeee Vil OR 


Now, tan2@ = sec? — 1 or tan 6 = ~/sec?@ — 1. 


Substituting ay for sin 6 in (1) above we have, 
1 1 " 
fan poe esc 6 ¥ csc 6 = 1 
oh Oe, ths v/esc?@ — 1 ~Vesc?@ — 1 
Na csc?6 escé 
if 
in) = 
v/csc?0 — 1 
PROBLEMS 


1. Find sin @ in terms of the other five functions of 0. 


§518-2. 


(1) 
(2) 


(3) 
(4) 


(5) 


2. Find cos @ and cot 6 in terms of the other five functions of 6. Any function 


of an angle in terms of the o 


ther functions of the'same angle may be readily written 
from the following figures. These figures are drawn by the principle of §514. 
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fe») 
1 = 
— 
mM 


Sec? 6-1 


D 
2 
1 
sh 
Cos 
4°) 
KS 


Cot 0 
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4% 

& D 

KY = 
eB 

1 
2 
OF 1 
V/Cse20-1 


520. Functions of 30°, 45° and 60°.—Let ABC be 
an isosceles right triangle and each leg equal 1. 


Then the hypotenuse equals »/2 and Z A = 


Write the six functions of 45°. 
Let ABC be an equilateral triangle and each side 
equal 2, CD the altitude. 
Then ZA = 60°, Z ACD = 30°, and CD = V3. 
Write the six functions of 30° and 60°. 
These results, including those of §516, may be , 


tabulated as follows: 


45°. 


Z 


Angle sin 
0° 0 1 0 
30° 5 44/3 3V3 
45° 44/2 34/2 1 
60° 3/3 b V3 
90° 1 0 © 
PROBLEMS 
Find the value of the angles in the following: 
1. sin & = &. 2. tany = 1. 
4. cosy = 3/2. 5. sinc = 34/3. 
7. esc 0 = 24/3. 8. tan 0 = 3. 
10. tan 6 = © 11. cos 6 = 1. 


14. cot 6 = 373. 


12. 
15. 


esc 
@ 
Z 
/2 
24/3 
1 
V/2. 
x ae 
V/3 
ae 
2° 


of 


fr 


CHAPTER XIV 
SOLUTION OF RIGHT TRIANGLES 


521. Solution of a Triangle-—The solution of a triangle is the process 
of computing the values of all the unknown angles and sides of the 
given triangle. To solve a triangle three parts must be given, one of 
which must be a side. In this chapter only right triangles will be 
solved. 

522. Solution by Natural Functions.—The student should first learn 
to solve right triangles by using natural functions. In §289 a short 
table of natural functions was given. It is now necessary to become 
familiar with the use of a more complete set of tables which will be 
explained in Chapter XVIII. ‘ 

523. The Four Cases of the Solution of Right Triangles.—In solving 
a right triangle, the right angle is one of the given parts, therefore only 
two parts need be given. The two parts given come 
under four cases as follows: 

1. The hypotenuse and one acute angle. 

2. Either leg and one acute angle. 

3. Both legs. 

4, The hypotenuse and either leg. 

When one acute angle is given or found, subtract 
it from 90° to get the other acute angle. The solution 4 . 
of each case will be illustrated using natural functions. 


CASE I 


Given c = 25 and A = 50° 35’. Find B, a, and 6. 
Solution. a, 2 
1. B = 90° —.50° 35’ = 39° 25’. 

From the functions we have, 


2. sin A =< .a=csin A. a: cos A = 2 =ccos A. 
From tables, sin A = .7725 | cos A = .6350 
c = 25 c = 25 
Multiplying,  @ = 19.3125 “b= 15.8750 
~ CASE II 
Given a = 42.5 and B = 25° 22’. Find A, b, and c. 


Solution. 
1. A = 90° — 25°22’ = 64° 38’. 
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b ae a . = a e 
2. tan B = =o = a tan 6. 3. cos B = — -¢ era: 
tan B = 4741 a = 42.5, cos B = .9036 
w=a25 42.5 _ 47.03 
“b= 20.14925 TET ee 
CASE III 
Given a = 30 and b = 62.5. Find A, B, and c. 
Solution. 
a 
1. tan A = > 
b . ert a eae ease 
Ge SU A Seo 2 nee 
tan A = Ea hes 4800 a = 30, sin A = .4328. 
62.5 my 
“A = 25°38’ 30” “© = Faog = 69.3. 
2.'B.= 90° — As 
B = 90° — 25° 38’ 30” = 64° 21’ 30”. B 
CASE IV i & 
Given c = 205 andb = 80. Find A, B,anda. , de 
Solution. : ¥ 
ae 
1. sn B =- 
3. fand = ; “a = 0 tan.A. 
80 b = 80 
ain B= 555 7 3802 tan A = 2.3597 
Bras 22°°58! 
2. A= 90° — B. 
*, A = 90 — 22° 58’ = 67° 2’. *. a = 188.7760. 
These results may be checked by the formula a? + 6? = c?. 
PROBLEMS (V 
Solve the following right triangles by Natural Functions. % 
Given Find 
It a = 12, Bee. Zoe b, c, and A. 
2. a = 23.2) A = 47°27". b, c, and B. 
3. b = 2.3, A = 53° 14’, a, c, and B. 
4. c = 287, B = 46° 15’. a, b, and A. 
5. a = 8, b = 6. c, A, and B. 
6. a = 9.5, c = 14.2. b, A, and B. 
7. b = .384, c = .542. a, Hy and B. 
8 6b = 3.6, B = 28° 47’. a, c, and A. 
a. ¢ = 425, A = 61° 45’, a, b, and B. 
10. .c = 43, b = .23. a, A, and B. 
ll. a = 2.53, b = 2.60. c, A, and B. 
12. ¢ = .01, a = .008. b, A, and B. 
13. A = 18° 177307, ¢ = 1: a, b, and B. 
14s ba 102 20% (Nit all a, c, and A. 
15. a = 2b, c = 25, 


b, A, and B. 
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16. Measure the angle ACB using a tape. 
Hint.—Measure along CA 200 feet to D and along CB 200 feet to E. 


Measure 
DE. Suppose DE is 175 Ape Draw 1 from C to DE as 
- 4 2 ss . - A 

CF. Then sin iC = “200 7 00. Find Z C- D 

17. Suppose CD measures 100 feet, and DE 140 feet, 
find Z C. 

18. A train is moving south 50° west at arate of 30 miles © 3 
an hour. At what rate is it moving due south; at what rate 
due west? See §550. 

19. At a distance of 100 feet from the base of a tower, the : 
angle of elevation of the top is observed to be 40°20’. Find J 
the height. : Foot i 


524. Solution by Logarithms.—Before proceeding further with this 
chapter the student must learn how to use logarithms. The treatise on 
this subject will be found in Chapter XVIII. The use of logarithms 
is almost indispensable in engineering work. 

525. Solution of Right Triangles by Logarithms. 


Illustration. 
CASE I 
Given c = 25.42 and B = 43° 20’ 10”. Find A, a, and b. 
Solution. 
1.4 = 90° — 43° 20’ 10" =.46° 30" 50”. 
ee oe = =. = pee. 
Cc c 
* a=cecos B. *, b= ¢ sin B. 
loge = 1.40518 log c = 1.40518 
logcos B = 9.86174 logsin B = 9.83650 
loga = 1.26692 log b = 1.24168 
a = 18.489. b = 17.446. 
Check 
a+b? =c? -. a? =c? — b? = (c+ d)(c— Bb). 
c = 25.42 log (c + b) = 1.63210 
b = 17.445 log (c — b) = 0.90173 
c+ b = 42.865 log a? = 2.53383 
e—b= 7.975. log a = 1.26692 


which checks with log a above. 

Note.—The results obtained in work by logarithms will be more accu- 
rate if the treatment of .5 1s uniform. Thus, if we have 3.5 make it 4 and 
if we have 6.5 make it 6. In other words always take the nearest even number. 


CASE II 


Given b = 384.63 and A = 32° 28’30”. Find B,a, and c. 


Solution. 
1. BR =.90° — 32°.23'30" = 57°31’ 30”. 


t& 
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b 
a ate 
2. tan A =;. oe cos A =~. 
| “ i Nene 
* a = b tan A. oe aed 
logb = 2.58504 logb = 2.58504 
log tan A = 9.80377 log cos A = 9.92615 
loga = 2.38881 logc = 2.65889 
a = 244.80. c = 455.92. 
Check 
c = 455.92 log (c + b) = 2.92456 
b = 384.63 log (c — 6) = 1.85303 
c+} = 840.55 log a? = 4.77759 
e—b= 71.29. log a = 2.38880. 
This is a difference of 1 from log a above which is a very good check. 
CASE III 
Given a = .38654andb = .60235. Find A, B, andc. 
Solution. 
cote 2 i ae ee 
1. tan A = } 3. sin A - ae PO 
log a = 9.58719 log a = 9.58719 
log 6 = 9.77985 logsin A = 9.73245 
log tan A = 9.80734 log ¢ = 9.85474 
wy Aewos 41°19", C= ilo 
2..B = 90° — A. 
oe = 90° = 620 41 19" = 57) isa 
Check 
e= .71572 log (c + 6) = 0.11994 
b= .60235 log (c — b) = 9.05450 
c+ b = 1.31807 log a? = 9.17444 
ec—b= ,11337. log a = 9.58722. 


This is a difference of 3 from log a above which is acceptable as a 
check. 


CASE IV 


Given c = 38462 andb = 20359. Find A, B, anda. 
Solution. 


1. sn B = b. 
c 
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3.1COs B= 2. 


log b = 4.30876 
log ¢c = 4.58503 


logsin B = 9.72373 


io) 


log c = 4.58503 
log cos B = 9.92861 


log a = 4.51364 


a=" CCOM GL. 


conde ae 31°57'37"". .a@= 32632. 
2. A = 90° — B. 
eee Ol po) ar or, = $8 2020". 
Check 

c = 38462 log (c + b) = 4.76954 

b = 20359 log (c — 6) = 4.25775 
c+ b = 58821 log a? = 9.02729 
c — b = 18103. log a = 4.51364. 


This checks exactly with log a above. 


PROBLEMS 


Solve the following right triangles by the use of logarithms. 


Given Find 
m e=— 1G, A= 25°50". a, b, and B. 
. c¢ = 38.42, B = 35° 22’. a, b, and A. 
\3. a = 62.54, B = 48° 35’. b cand A. 
4. b = 725, A = 22° 47’. a, c, and B. 
5. a = 3.1416, b = 2.8750. c, A, and B. 
6. a = 99.462; c = 156.820. b, A, and B. 
7. b = .3252, c = .5384. a, A, and B. 
8. A = 38° 25’ 40”, b = .038462. a, c, and B. 
9. B = 51° 2'13”, a = 2.3843. b, c, and A. 
10. a = 68432, b = 53281. c, A, and B. 
11. 6 = .84325, c = 1.23840. a, A, and B. 
12. a = 4.3827, c = 8.3789. b, A, and B. 
13. A = 31° 45’ 15’,’ @ = 723.15. b, c, and B. 
14. a = .003864, c = .006031. b, A, and B. 
15. a = 6.72385, b = 5.8642. c, A, and B. 


Solve the following isosceles triangles in which A and B are the equal angles; a, 
b, and c the sides opposite A, B, and C respectively, and h the altitude. 


Given - Find 

{ 16. A = 62° 45’, b = 25.472. c, h, and C. 
“7. B = 37° 42 35", c = 425.38. b, h, and C. 
V18. h = 45.268, c = 80.482. a, A, and C. 
19. a@ = .08245, c = .09372. h, A, and C. 
20. C = 72° 28’ 36”, h = 3.8645. a, c, and A. 


j21. C = 50° 38’ 44”, a = 3864.5. h, c,and A. 
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22. A regular hexagon is inscribed in a circle whose diameter is 10. Find the 
radius of the inscribed circle. ; 


Surveyor’s level and transit. (From Barker's Plane Trigonometry.) 


23. Find the height of a tower as observed from the summit of a hill if the angle 
of elevation to the top is 30°, and the angle of 
depression to the base is 35°. The horizontal 
distance from the point of observation to the 
tower is 210 feet. 

24. Find the. angle of elevation of the sun 
when a tower 550.25 feet high casts a shadow Point of 
725.32 feet in length. Observation 

25. Find the length of a diagonal of a regu- 
lar pentagon whose side is 3.8642. 

26. Find the angle of elevation of a moun- 
tain slope which rises 472.8 feet in a horizontal 
distance of one fourth of a mile. 

27. The radius of a circle is 10.384 feet. 
régular inscribed decagon. 

28. The angle of elevation of the sun is 55° 25’ 30’. The length of the shadow 
of a tree on a level plane is 48.382 feet. Find the height of the tree. 

29. The length of a kite string is 750 feet, and the angle of elevation of the kite 
is 38°45’, Supposing the kite string to be straight, find the height of the kite. 

_30. At a point a certain distance from the Washington Monument, which is 555 
feet high, the angle of elevation to the top was found to be 47° 25’. The observer 
moved back in a straight line from the monument and then found the angle of eleva- 
_ tion to be 24°38’. How far did the observer move from the first point of observation? 


31. If a hillside has a slope of 9°40’, how far back will a dam 15.32 feet high force 
the water? : 


Angle of 
Elevation 


B 


Find the side and the apothem of a 
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32. AX in the figure represents the component of the force P. If 0 is the angle 
between the direction of P and that of B 


AX, the magnitude of the component is 
P cos 6. What is the component AX 
when the force is 200 pounds and the 
angle @ is 28° 20’. 

33. In the same figure, find the force F 
when the component is 125 pounds and @ 
is 39° 50’. 

34. Find the angle @ when the force is Q 
500 lbs. and the component is 285.5 lbs. 

35. Suppose the force (P) is 18.2 
pounds and acts northward, compute the component of P which acts in a northwest 
direction . Ans. 12.87 

36. Horizontal and vertical forces are illustrated by the figure. If AB repre- 
sents the magnitude of P, then it is found that the horizontal force is represented by 
AC and the vertical force by AD, and 
these represent the horizontal and D B 
vertical components of P. What hori- 
zontal and vertical forces must be ap- 
plied to the body at A in order to prevent 
motion, if P is 100 pounds and @ is 44° 45 ? 

Ans. Horizontal = 71.02 and _ verti- 

cal = 70.40. 

37. Compute the horizontal and ver- 
tical components of a force of 10,000 
pounds when it makes an angle of 75° 30’ A C 
with a horizontal line. Prop. 36. 

38. In a horizontal plane a force of 67.5 pounds acts eastward and is held in 
equilibrium by two equal forces acting northwestward and southwestward. Find 
each of these forces. 

39. In the same figure the horizontal component is 150 pounds and angle @ is 
35°22’30’, find the force (P) and the vertical component. 

40. Suppose the horizontal component is 385.2 pounds and the vertical com- 
ponent is 405.5 pounds, find the force (P) and also the angle 6. 

41. Find the horizontal component and angle 0 if the vertical component is 3842.5 
_ pounds and the force is 5648.3 pounds. 

42. If the force (P) is 1000 kilograms and @ is 240°, what are the horizontal and 
vertical components? 

43. A body weighing 20 pounds rests on a table and is acted upon by a force of 
80 pounds making an angle of 30°15’ with the horizontal. What is the total vertical 
pressure on the table? Ans. 60.302 Ibs. 

44. If the horizontal and vertical components of a force are —64.8 and +108.4 
pounds, what is the magnitude of the force? What angle does it make with the 
horizontal? B 

45. The coefficient of fric- 
tion is indicated in the figure 
where the plane AB is slowly 
rising around the hinge A until 
the body P begins to slide. If 
@ isthe angle BAC, the normal 
(perpendicular) pressure N is 
W cos @ and the resisting fric- 
tion F along the plane is equal 
to W sin 6. Accordingly the 
coefficient of friction is n. 


ee ee ee ee re 


pi 


Lf s 
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F _Wsin 0 

Hence, n = NOW 00s 8 
tangent of the angle BAC. For example, if a brick begins to slide on a board when 
the board is inclined 16°15’ to the horizontal, the coefficient of friction is n = tan 
16° 15’ = 0.29147. 

46. A body weighing 52 pounds rests upon a table, and a force of 26 pounds acts 
horizontally upon it. If sliding just begins, compute the coefficient of friction. 

47. A body begins to slide down a plane when it is inclined 35°15’ to the horizontal. 
What is the coefficient of friction for the surfaces of contact? 

48. If the coefficient of friction is 0.2056 at what angle must the plane be inclined 
so that sliding begins? 

49. If in the figure of problem 45, F equals 28.52 and N equals 36.28, find the angle 
the plane is inclined to the horizontal. 

50. If N is 39.465 and @ is 35° 42’ 35”, find F and W. 

51. If 6 is 25° 32’ 30” and W is 384.62, find n, F and N. 

_ 52. The height of the Woolworth Building in New York City is 750 feet. A man 
walks away from this building so that the angle of elevation is 50°25’. How fardid 
he walk away? 

_53. From the top of a mountain two consecutive mile-stones are observed ona 

Ricaiaht horizontal road leading from the base of the mountain. The angles of 
depression were observed to be 15° 25’ and 8° 32’ respectively. Find the height of 
the mountain. 

54. A street is 900’ long (measured horizontally). At the south end the eleva- 
tion is 100’ and the grade is down .6%. 


= tan 6, i. e., the coefficient of friction is equal to the 


At the north end the elevation is 95’ == i 
elevation and location of the point P, S PETE y N 


where the grade changes. 


Hint. 100 — .0062 = 95 + .005y. opt gs al 

Note.—A grade of 1% means a rise or fall of 1 foot per 100 feet in a horizontal 
distance. Hence the tangent of the angle which a 1% grade line makes with the 
horizontal is .01. The tangent of the angle of a 2.5% grade line with the horizontal 
as .025. 

55. The elevation of the east end of a street 500’ long is 48.25’ and of the west 
end 66.47’. The grade from the east end is up 4.5%, and from the west end the 
grade is down 2.5%. Find the elevation and location of the point where the grade 
changes. Ans. Elevation 61.12’. Distance 286’ from east end. 

56. The grade elevation at the north end of a street 5408 feet long is 12.33 feet 
and the south end it is 9.21 feet. The grade from the south end to the summit is 
2.25%; from the north end to the summit it is 1.15%. Find the location and ele- 
vation of the summit. Ans. Elev. 52.43 feet. 1920.94 feet from the south end. 


— 67. It is required to find the distance from a point B to an inaccessible point A. 


The angle ABC was laid off 90° and the angle was BCA measured 45° 48’. BC was 
measured and found to be 120.85 feet. Find AB. (Draw figure.) 
Ans. 124.27 feet. 
58. It is given in geography that the length of a degree of longitude on the equator 
is about 69.16 miles. (a) Derive a general formula for finding the length of a degree 
of longitude at any latitude. (b) Find the length of a degree of longitude at 30° 
N latitude. (c) At 50° S. latitude. 
Ans. (a) 69.16 cos of the angle of latitude. 
59. Find the area of a segment of a circle, if the height of the segment is 2 feet 
and its chord is 8 feet. Hint.—Apply §322 to find the diameter of the circle. 
60. What is the radius of a circle in which a 100 foot chord subtends an angle of 
12° 27’ at a point on the circumference? 
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61. A locomotive tender contains a water tank 6 feet square and 4 feet deep. If 
the water stands within 1 foot of its top, what maximum uniform acceleration of 
the train may be permitted without losing water from the tank? 


Pros. 61. 


The tangent of the angle the water surface makes with the horizontal equals the 
ace 


acceleration divided by gravity. i.e. tan B = =, 
at gravity 
Ls Ans. 10.7’ per sec. 


7 62. A flag pole is made of two sections. The lower section is 20 feet and the 
upper section is 30 feet long. How far from the foot of the pole in the same plane 
as the base will the two sections subtend equal angles? 

63. A tower 100 feet high stands on a building 75 feet high. At what distance 
from the building will the tower and the building subtend equal angles at a point 5 
feet above the plane of the base of the building? 


Tan B = 3, gravity = 32.2. 


CHAPTER XV 
FUNCTIONS OF ANGLES IN GENERAL 


526. Angles Greater than 90°.—Before oblique triangles can be 
solved, we must extend the definitions of the functions of acute angles to 
the functions of angles of any magnitude. In fact we should be able to 
find the functions of any angle. 

527. The Four Quadrants.—Let CD be perpendicular to AB and 
intersect AB at O. Positive angles are generated by rotating the line 
OP counter-clockwise or in the direc- 
tion opposite to the movement of the 
hands of aclock. Negative angles are 
generated by rotating OP clockwise. 

In the first quadrant the angles are 
between 0° and 90°; in the second 
quadrant they are between 90° and 
180°; in the third quadrant they are 
between 180° and 270°; and in the 
fourth quadrant they are between 
270° and 360°. It will be understood D 
that the angle always starts at the 
line OB. Hence, when OP coincides with OB the angle will be 0°. 
The line OB is the initial line and OP, (P may be in any quadrant) the 
terminal line. As has been shown in graphs (§340) the line AB is the 
axis of abscissas and CD the axis of ordinates. The origin is the point 
O where the axes AB and CD intersect. The abscissa of a point is the 
distance of the point to the right or left of the CD axis. The ordinate of a 
point is the distance of the point above or below the AB axis. 

528. Functions of Any Angle.—In §289 functions of acute angles 
were defined. These definitions must now be extended to include the 
functions of angles of any magnitude. 


PA : 
kh. 


Cc} B 


B 
WY 
1p 
Fia. 1. Fra. 2. Fie. 3. 


In figures (1), (2), and (3), let OB be the initial line and OP the 
terminal line of an angle 6 which may be in the second, third, or fourth 
232 \ 
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quadrant. From A, any point in OP draw AC perpendicular to OB or 
BO extended. In each of the three figures, (a) sin 6 = oa , (b) cos 6 = 


Oc AC 
Od? (c) tan@ = OC" 


Hence, of from any point in the terminal line of an angle, a perpendicular 
zs drawn to the initial line or the initial line extended we have, (a) The sine 
of an angle of any magnitude is the ratio of the length of the perpendicular 
to the distance from the vertex of the angle to the top of the perpendicular. 

(b) The cosine of an angle of any magnitude is the ratio of the distance 
from the vertex to the foot of the perpendicular, to the distance from the vertex 
of the angle to the top of the perpendicular. 

(c) The tangent of an angle of any magnitude is the ratio of the length of 
the perpendicular, to the distance from the vertex of the angle to the foot of 
the perpendicular. 

The cotangent, the secant, and the cosecant of any angle may be 
derived from the reciprocal relations. 

529. The Signs of the Functions in the our Quadrants.—Let CD be 
drawn perpendicular to AB and intersect AB at O. Let OB be the 
common initial side for angles in the four quadrants, and O the common 
vertex. Let y1, y2, yz, and ys be perpendiculars (ordinates) to AB from 
any point P on the terminal line. 2, £2, x3, and x4 are the abscissas of P. 
OP (c) is considered positive in any position. 1, 92, 63, and 64 are angles 
in the first, second, third, and fourth quadrants respectively. 


A: Ol == B A 
D 
Fie. 1. Tag at 
From Fig. 1. From Fig. 2. From Fig. 3. From Fig. 4. 
sin 6; = 3 sin 0. = uf Sin 0s) = eae Le sin 6, = WE 
CG ‘sie Cc 
ree es Beis i _ 7 
cos 6; = a“ cos 62 = py COs 63 ae COS 64 = 
tan 6, =—# tan 6. =—2. — tan @3 = om Laps are pie Ae 
t r1° at! ¥) Gea vp} U4 


The cotangent, the secant, and the cosecant of an angle in any 
quadrant can be derived from the above figures, or they may be derived 
from the reciprocal relations given in §518. 

From the above ratios we have: 

1. Sin 6 and csc 6 are positive in the first and second quadrants, and 
negative in the third and fourth quadrants. 
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2. Cos 6 and sec 0 are positive in the first and fourth quadrants, and 
negative in the second and third quadrants. 

3. Tan 6 and cot @ are positive in the first and third quadrants, and 
negative in the second and fourth quadrants. 


The signs of the functions sin and csc + all functions + 
in the four quadrants are other functions — 
easily remembéred from the Ate ae eee 
accompanying figure. tan and cot-+ | cos and sec + 
other functions — | other functions — 


530. Changes in the Values of the Functions as an Angle Increases 
from 0° to 360°.—In the figure let OA 
be the initial line, OP the terminal 
line, and O the vertex of an angle 
6 as it increases from 0° to 360°. 
Let y be the ordinate, x the abscissa, 
andc = OP. 

By a careful study of the figure 
the following changes in the values 
of the various functions in the four 
quadrants will be readily seen. 

1. Sin @.—In the first quadrant 
y increases from 0 to c¢, therefore the 


ratio i or sin 6 increases from 0 to 1. 


In the second quadrant y decreases from c to 0, therefore the ratio s 


or sin 6 decreases from 1 to 0. 
In the third quadrant y increases in absolute value from 0 to ¢, 


but since y is negative the ratio = or sin 6 decreases from 0 to —1. 
In the fourth quadrant y decreases in absolute value from ¢ to 0 
but again y is negative and the ratio = or sin 6 increases from —1 to 0. 


2. Cos 6.—Following the same reasoning as in (1) we have the follow- 
ing: In the first’ quadrant cos 6 decreases from 1 to 0; in the second, 
it decreases from 0 to —1; in the third, it increases from —1 to 0; and in 
the fourth, it increases from 0 to 1. 

3. Tan 6.—In the first quadrant tan @ increases from 0 to +o (an 
infinite value); in the second, it increases from — © to 0; in the third 
it increases from 0 to + ~ ; and in the fourth it increases from — ~ to 0. 

4. Cot 6, sec 6, csc 6.—The changes in these functions can be traced 
from the figure or they may be derived by use of the reciprocal relations 
given in $518. 

531. Limiting Values of the Functions.—It will be seen from the 
foregoing discussion that the sine and cosine of an angle can have any 


value between 1 and —1. They cannot have any value greater than 1 or 
less than —1. 
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The tangent and cotangent can have any value positive or negative 
whatsoever. 

The secant and cosecant can have any value greater than 1 and less 
than —1, but cannot have any value between 1 and —1. 

532. Short Table of Natural Functions.—The following table shows 
the values of the functions of the angles most often used in engineering 
work. 


Angle nie O° ny) “SO? 45° 60> | 90>) -120° 135° 150° | 180° 


| 
| | j | , 
one ee Oe ee aA e AN ee AL) 3N/8) hanes a) a0 
Pagee fee 1 3Vv3 | av2 oD == 34/2 —3/3 Sil 
GANS SE es SU os fl 0 hae | 1 aye owe | 4/7 Ei) —4,/3 | 0 
| | 
PROBLEMS 
1. Determine the quadrants in which the following angles are found: 
(a)! 125%: (6) 175°. (c) 225°. GD) URS, (e) 425°. 
(f) 1000°. (g) —25°. (h) —335°. (i) —285°. (7) —180°. 


2. Construct the functions of an angle in the second quadrant. What are 
their signs? 

3. Do the same for the third and fourth quadrants. 

4, In which quadrant does an angle lie: (a) If the tangent is negative and the 
sine positive? (6) If the cosine is negative and the cotangent positive? (c) If the 
secant is positive and the tangent negative? (d) If the tangent is negative and 
the cosine negative? (e) If the cosecant is positive and the cotangent negative? 
(f) If all the functions are positive? 

5. What are the signs of the functions of the following angles: 138°; —120°; 
—300°; —25°; —135°; 135°; 120°; 150°? 

6. How many angles less than 360° have the value of the tangent equal to $? 
In what quadrants do they lie? 

7. How many values less than 180° can z have if: (a) sin x = 3? (6) cot x = 
—4? (c)secx = —3? (d) cosz = 3? 

8. In finding sin zx by the equation, sin x = ++/1—cos %z, when must we 
choose the positive sign; when the negative sign? 

9. Given sec x = —2, find the other functions of x when x is in the third quad- 
rant. (Draw a figure.) 

10. Given cot y = —3, find the other functions of y when y is in the fourth 
quadrant. 

11. Given sin y = 3, find all the other functions of y. 

12. Given tan x = 2, find all the other functions of x. 

13. Find the value of 3 sin 90° — 5 sec 180°. 

14. Find the value of b tan 0° — b sec 360° + 6 cos 180°. 

15. Find the value of 2 cot 90° + 3 cos 0° + 2 sin 270° — 6 tan 360°. 


533. Functions of 90° + x, 180° + x, 270° + x, 360 — x, and — x, 
-_ in Terms of Z x, where x is Acute.—In the solution of oblique triangles 


ws 
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it is often necessary to use the functions of an angle between 90° and 180°. 
It is convenient to find the functions of such angles in terms of an angle 
less than 90°. 
The functions.of 90° + 2, 180° — 2, and of —a, will be derived. 
The others may be derived in a similar way if desired. 
I. Functions of 90 + x.in Terms 
of x.—Let Z AOP: be the angle P 
90° + «. 
ConstructZ x in the first quadrant. 
Make OP, =OP: and draw ric 
and JE oB wi3 AVA. 
Nowrt. A BOP, =rt. AOCP:. §187. A’ 
AG P.B = OC and BO = EKG 


Why? 

Pee reg ee OC. ai RB OCs 
sin (90° + x) = OP,’ cos © = Op But OPon OP, 
Hence, sin (90° 4- x) = cos x. ; 

Wes GRRE Ogu One SIG r 
cos (90° + x) = OP?’ sin 2 = Op. But Dr be Oe for OB = 

— PC. 

Hence, cos (90° + x) = —sinx. 

0 _ P2B EOC 
tan(90° + x) = OB’ cot 7 = PC 


Hence, tan (90 + x) = —cot x. 

II. Functions of 180° — xinTerms _ 
of x.—Let Z AOP: be the angle 
180° = 2. 

Construct Z x in the first quad- 
rant. — 

Make.OP, = OP: and draw P:C 
and P.B 1 A’A. 

Now rt. A BOP, = rt. A OCP,. 


re OB = OC and P.B = PC. 


. eee PB ; ~_ Pat P2B. Pi 
a (180 x“) = OP, sin = 6p * But OP. OP, 
Hence, sin (180° — x) = sin x. 
. OB OC OB 0c 
i (0) — = ——) SS —- Ser oo 
cos (18 x) OP. cos x OP, But OP, OP, 
Hence, cos (180° — x) = —cos x. 
° P2B P,C PB PC 
tan (180° — x) = ; meee SS eet ere 
an (180 x) OB tan x OC But OB 0G 


Hence, tan (180° — x) = —tan x. 


rt. 


cos (—x) = cos x, and tan (—x) = 
tan x: 
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III. Functions of (—x) or 360° — x in Terms of x.—In the figure, 


A OCP, = rt. A OCP,. Why? 
a pn ak _ PC 

sin is = oi = OP: 
SEF pay ete We 

AES ewan fay 

Hence, sin (—x) = —sin x. 


In the same way. 


The cotangent, the secant, and the 


cosecant of the angles in I, II, and III may be derived from the figure 
or from the reciprocal relations. 


The above may be briefly summarized as follows: 
1. The functions of 90° + x, 270 + x are equal to the co-functions of x. 


The sign is determined by the quadrant in which the angle lies. 


2. The functions of 180° + x and 360° — x or (—x) are equal to the 


same functions of x. The sign is determined by the quadrant in which 
the angle lies. 


The following formulas are given for reference. 


sin ( 90°+ x) = cosx. sin (180° — x) = __ sin x. 
cos ( 90° + x) = —sin x. cos (180° — x) = —cos x. 
tan ( 90° + x) = —cotx. tan (180° — x) = —tanx. 
cot ( 90° + x) = —tanx. cot (180° — x) = —cotx. 
sin (180° + x) = —sin x. sin (270° — x) = —cosx. 
cos (180° + x) = —cosx. cos (270° — x) = —sin x. 
tan (180° + x) = tanx. tan (270° — x) = cotx. 
cot (180° + x) = cotx. cot (270° — x) = tan x. 
sin (270° + x) = —cos x. sin (—x) = —sinx 
cos (270° +x) = sin x. cos (—x) = cosx. 
tan (270° + x) = —cotx. tan (—x) = —tanx. 
cot (270° + x) = —tan x. cot (—x) = —cotx. 
PROBLEMS 


1. Express cos 250° in terms of the functions of an acute angle. 
Solution—(1) cos 250° = cos (180° + 70°) = —cos 70°. (2) cos 250° = cos 


(270° — 20°) = —sin 20°. 
_Express the following functions in terms of the functions of an acute angle. 


2. sin 135°. 5. cot 220°. re 8. cot 140° 25’. 
3. cos 300°. 6. cos 145°. | 9. tan 195° 38’. 
4, tan 100°. 7. sin 340°. \ 10. sin 299° 40’. 
Find the numerical value of the following: 
ier sm l35-. 15. cos 300°. 19. cot 150°. 
12. cos 225°. 16. sin (—30°). 20. sin 120°. 
Satan Loo. 17. tan (—225°). 21. sin 150°. 


14. cot 330°. 18. tan 120°. 22. cos 135°. 
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23. Reduce the functions of the following angles to the functions of positive 
angles less than 45°: 65°; 175°; 138°; 95° 22’: 50° 22’; and 130° 52’. 

24, Find the numerical values of all the functions of the following angles: 22a: 
150°; 210°; 135°; —30°; and —120°. 


95. Given cos x = —} and sin & positive. Find the other functions of x and 
the value of z. 
26. Given tan z = — 4/3 and z in the second quadrant. Find the other functions 


of x and the value of z. 

27. Find all the values of x less than 360°: (a) If tan z = /3. (b) If sin & = 
44/2. (c) If cos x = —3.- 

28. Find the value of 3 sin (90° + x) — 2 cos (180° — =z). 

29. Find the value of cos (180° + 2) sin (270° — 2). 


30. Evaluate (a — b) tan (90° + 2) — (a+ b) cot (180° — 2). Ans. 2b cot x. 

31. Evaluate 5 tan (270° + x) + 6 tan (270° — =). Ans. cot 2. 

32. Evaluate sin (270° + x) cos (180° — xz) — cos (180° — z) sin (270° — x). 
Ans. 0 


Find the value of @ in each of the following equations. 
33. cos 20 — sin @ = sin 76. 
Solution —cos 20 = 1 — sin 76. 
Substituting, 1 — sin 20 — sin @ = sin 76. 
Collecting, —2 sin 20 — sing +1 =0. 
or 2sin 20 +sing —1=0. 
Factoring, (2 sin 9 — 1)(sin 9+ 1) = 0. 
Solving, .. sin 9 = Zor —l. 
If sin @ = 3, then @ = 30° or 150°. These values are found in the table of 
§532. If sin @ = —1. then @ = 270°. 


34. cos @ = sin 0. 40. 2 sec 6 — cos 6 = 1. 

35. tan 20 = 3. 41. sin 20 — 4 = cos @. 

36. sin 26 = %. 42. cos 26 = 1.3 sin 76. 

37. 2 sin 29 + cos 20 = 2. 43. ~/2 tan @ = sec 6. 

38. sec 20 — 2 = 0. 44, 2 sin @ = tan @. 

39. tan @ + cot 0 = 2. 45. sin 2@ — 3 cos 26 + tan 70 = 0. 


534. Functions of the Sum of Two Angles.—To 
shorten the algebraic work, let the terminal lines of 
the angles equal 1. It must be remembered how- 
ever, that the functions of angles should always be 
considered as ratios rather than as lines. 

Let 2 AOH =a, ZHOB =¥y, BPGCA, BCL 
OH, CE 1 BF,and CD LOA. 

Then ZAOB= Za+ Zy. Also Ze= Z 


O:- EK Dae 


CBE. §127, plete 
From Fig. 1, sin (x + y) = FB = FE + EB = DC + EB. (a) 
OC = cos y and BC = sin y. §514. 


But DC = OC sin x = cos y sin & or Sin & COS Y. 
and EB = BC cos x = sin y COS @ or COS @ Sin y. 
Substituting in (a), sin (x + y) = sin x cos y + cos x sin y. (1) 
cos (« + y) = OF = OD — FD = OD — EC. (b) 
But OD = OC cos & = COs y COS & OF COS X COS Y. 
And EC = BC sinz = sin y sin “ or sin # sin y. 


xr 


FUNCTIONS OF ANGLES IN GENERAL 239 


Substituting in (6), cos (x + y) = cos x cos y — sin x sin y. (2) 

In this proof x and y and (# + y) are assumed to be acute angles. 

If x + y is an obtuse angle, as in Fig. 2, the proof remains the same 
except that the sign of OF is negative. 


Fia. 2. 


These formulas just derived are true if one of the angles is increased 
by 90°. Hence, if we write x’ for x, where x’ = 90 + x, we have 


sin (x’ + y) = sin [90° + (x + y)] = cos (a9 + y). (c) 
cos (2 + y) = cos [90° + (x + y)] = —sin (a + y). (d) 
By formula (2), 

sin (z’ + y) = cos (x + y) = cos x cos y — Sin ZSin y. (e) 
By formula (1), 

cos (x’ + y) = —sin (x + y) = —sin x cos y — cos & sin y. (f) 
Now cos z = sin (90°-+ 2) = sin 2’ and sin = —cos (90° + 2) = 

—cos x’. 


Substituting these values of cos x and sin in (e) and (f) we have, 

sin (x’ + y) = sinz’ cosy + cosz’sin y. 
and cos (x’ + y) = cos 2’ cos y — sin 2’ sin y. 

The same will be true if y is increased by 90°, or in fact if either 
angle is increased by 90° repeatedly. Therefore, the formulas are true 
for angles of any magnitude. 

sin (x + y) _ sin x cos y + cos x sin y 

SDS ss cos (x +y) cosa cosy — sin x sin y 
(Dividing (1) by (2).) 
Dividing each term of the numerator and denominator by cos x cos y 


we get, : 
sin © sin y 
_ cost cosy _ tanz+ tany — 
tan (e+ y) = snasiny 1-—tanztany 
cos x cos Y 
tan x + tan y 
“. tan (x + y) ave : (3) 


— tan x tany 
1. 00s (EY). cos x cos y — sin x sin y, Why? 
cot ( + y) = sin(z+y) sinxcosy+ cosz sin y y* 
Dividing each term of the numerator and denominator by sin # sin y 
we get, 


cot x coty — 1 (4) 
cot y + cot x" 


cot (x + y) = 
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535. Functions of the Difference of Two Angles.—In the figure let. 
O be the center of a circle with unit radius, H 
Z AOH =x, ZBOH =y, and ZAOB=2z—y. Cee 


Draw BC 1 OH, BF 1 OA,CD 1 OA, and 37 ——NB 
BE 1 CD. 

Then Z BCE =z. Why? 

sin (x — y) = BF = CD — CE. (a) y 


CD = OC sin x = cos y sin or sin X COS y. Vas 
CE = BC cos x = sin y cos & or Cos @ Sin y. 
Substituting in (a), sin (x — y) = sin x cos y — cosx sin y. (1) 
cos (x — y) = OF = OD + DF = OD + EB. (b) 
OD = OC cos x = COs y COS & OF COS & COS Y. 
EB = BC sinx = siny sin z or sin 2 sin y. 
Substituting in (b), cos (xk — y) = cosx cosy + sinx sin y. (2) 
By the same method as that used in ($534) these formulas can be 
proved true for any values of x and y. 
i sin (x — y) _ sin x cos y 7 cos x sin y 
cos (x — y) cosxcosy+sinz sin y 
Dividing each term in the numerator and denominator by cos z cos y 
we get, 


tan (4 — 


tan x — tan y 


Se 1+ tanxtany (3) 
Note.—This formula is very important in Analytical Geometry. 
Show that cot (x — y) = cobx cole ts (4) 


cot y — cot x " 
All the formulas in §535 may be derived by substituting — y for y 
in the corresponding formulas of §534. 


PROBLEM 8 
1. Given sin + = 2 and sin y = i find sin (x + y) and cos (x + y). 
2. Given tan x = +/3 and tan y = 1, find sin ( — y) and cos (x — y). 
3. Given cos 2 = - and cos y = .8, find tan (x + y) and tan (x — y). 


A : 2 : 
4, Given sin « = 3 and sin y = .75, find cot (x + y) and cot (a — y). 


5. Given xz = 30° and y = 45°, find sin (cx + y); cos («@ + y); sin (@ — y); and 
cos (x — y). 
Find the numerical value of the following: 
6. sin 15°. Hint.—sin 15° = sin (45° — 30°) = sin 45° cos 30° — cos 45° sin 30°. 
7. tan 15°. 9. sin 105°. lieesimet sce 
8. sin 75°. 10. cot 105°. 12. cot 15°. 
13. Find tan (45° + y) and tan (45° — y) in terms of tan y. 
14, Find cot (45° + y) and cot (45° — y) in terms of cot y 
15. Find sin (90° + y) and cos (90° + y). 
16. Find sin (90° — y) and cos (90° — y). 
Prove the following identities: 
17, sm (~@ —y) _tanz — tany 
“ sin(a+y) tanze+tany 
1g, cose —y) __1 + tan 2 tan y 
cos (x+y) 1 —tan x tan y’ 


an 


Also tan 39 = + 
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19. sin (45° + y) = $y/2 (cos y + sin y) 
20. cot (45° + y) = cot y + 1. 


coty +1 
¢ _ittany 
21. tan (45° + y) = 1 + tan y 
536. Functions of Double an Angle. 
Given sin (x + y) = sin x cos y + cos x sin y. §534-1. 
Let y = 2. 
Then sin ( + x) = sin 22 = sin x cos x + cos @ sin &. 
sin 2x = 2 sin°x Cos x. (1) 
In like manner cos 22 = cos2z — sin2’x = cos’x — 1 + cos?z. 
cos 2x = 2 cos *x — 1. (2) 
2 tan x 
Also t = 
so tan 2x ee (3) 
cot *x —1 
eS 2 cot x (4) 


By the use of these formulas we can find the functions of double 


angle when the functions of the angle are given. 

537. Functions of Half an Angle. 
cos 24 + sin 77 = 1. §518-1. 
cos *z — sin 2x = cos 22. §536-2. 


Adding, 2 cos *z = 1 + cos 2z. 
*. COS @ = —-b AERO 

Subtracting, 2 sin 2x = 1 — cos 22. 

* sin x -+,/: x sos 2g. 
Substituting 6 for 2x and 36 for x we have, 
sin $0 = pees — eos and cos 36 = + a 7 A 
i—cos@_ sind _1 — cos 0 §373. 
1 + cos 0 1 + cos 6 sin 6 
Hint.—Multiply both numerator and denominator: first by 4/1 + cos 6, 


second by ~/1 — cos 0. 


1+cos@?@_1l+cos6_ sind 
1 — cos 6 sin 6 1— cos 0 
By the use of these formulas we can find the functions of half an 


And cot 36 = +,/ 


angle when the functions of the angle are given. 


538. The Sum and the Difference of Functions. 


Given sin (x + y) = sin x cos y + cos zsin y, ' (a) 
sin (x — y) = sin x cos y — cos wsin y, (b) 
cos (x + y) = cosz cosy — sinzsiny, (c) 
and cos (x — y) = cos z cosy + sin z sin y. (d) 

Adding (a) and (6) we have, 
sin (x + y) + sin (c& — y) = 2 sin x cosy, (e) 

Subtracting (b) from (a), 

sin (x + y) — sin (x — y) = 2 cos sin y. (f) 


16 
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Adding (c) and (d), 


cos (« + y) + cos (x — y) = 2 cos z Cos Y. (g) 
Subtracting (d) from (c), , 
cos (« + y) — cos (x — y) = —2 sin zsin y. (h) 


Leta +y =Aanda—-y=B. 

Then « = 4(A + B) andy = 3(A — B). 

Substituting these values in (e), (f), (g), and (h) respectively we have 
the following formulas: 


sin A+ sin B= 2sin 3(A +B) cos 3(A — B). (1) 
sin A— sin B= 2cos}(A+B) sin 3(A — B). (2) 
cosA+cosB = 2cos4(A+B) cos (A — B). (3) 
cos A — cos B = —2sin3(A +B) sin 3(A — B). (4) 


Dividing (2) by (1) we get, 


sin A — sin B . : 

ae —B t34(A + B). 

sin A + sin B tan 3 (4 ey han, 
1 


1 SS ee 
But cot 4 (A + B) aa 
_ sinA—sinB _ tan 3(A — B) (5) 
*sinA+sinB tan 3(A +B)’ 


Pay particular attention to this last formula as it will be used in the 
solution of oblique triangles. 


PROBLEMS 


1. Find sin 32 in terms of sin 2. 
Solution.—In the formula of §534—-1, let y = 2z. 
Then sin (a + 2x) = sin x cos 2x + cos x sin 22. (1) 
Substituting the values of cos 2x and sin 2z in (1) we have, 

sin 3x = sin 2(cos? x — sin? xz) + cos x(2 sin x cos 2). 
Simplifying, sin 3x = sin x(1 — sin? x) — sin’ x + 2 sin z(1 — sin? 2). 

sin 32 = sin x — sin’ z — sin? x + 2 sin 2 — 2 sin? x. 

= 3sin « — 4 sin? a. 


2. Find cos 3x in terms of cos 2. Ans. 4 cos 3 — 3 cos x 
3. Find tan 382 in terms of tan 2. 3 tan x — tan ®z. 
Ans. 1 — 3 tan 22x 


4. Given sin « = 4, find the functions of 2z. 
5. Given tan x = 1, find the functions of 32. 
6. Given cos 4 x = 4, find coszand Zz. 
7. Given tan 42 = 
8. Given cot 4 2 = 2, find cos z. 
9. Given sin 45° = 34/2, find the functions of 22° 30’. 
10. Given tan 60° = 1/3, find the functions of 30°. 
11. Given cos 30° = 34/3, find the functions of 15°. 
12. If A+ B+C = 180°, prove that tan A + tan B +tan C = tan A tan B tan C. 
Hint.—A + B = 180° — Cand tan (A + B)= tan (180° — C). 
13. If A + B + C = 180°, prove that sin A cos B + cos A sin B = sin C. 


14. In a right triangle show that cot 32 = NP “i . 
& — 
15. Show that sin 50° + sin 30° = 2 sin 40° cos 10°. 
Solution.—sin 50° + sin 30° = 2 sin 43(50° + 30°) cos 43(50° — 30°) = 
2 sin 40° cos 10°. 


FUNCTIONS OF ANGLES IN GENERAL 


Prove the following identities. 


16. 
Wee 
18. 


Gh 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
28 


sin 60° + sin 30° = 1/2 cos 15°. 
cos 60° — cos 30° = —+/2 sin 15°. 
sin 80° — sin 40° = sin 20°. 

cos A’— cos B _ 


eee eee ee 1 = 
sin A + sin B tan $ (4 — B), 
o _ cos 33° + cos 3° 
ee oa SS L.gin 5 
eGo 2 tan =z 
1+ tan 2x 
1 —cosz Carat sin x 
sin x = 1+ cos z 
PPR Tht ge sin © 
sin x 1 —cosz 
tan x + tan y _ 
icc woty ee 
PSs FORT. pot pant 9. 


tan x — tan y 
cos (t — y) — cos(x + y) _ cos(z + y) + cos (x = y) 


sin x sin y cos £ COS Y 
sin3z , cos3r_ 2 
cos sin x tan 2x 


tan (45° + x) — tan (45° — x) = 2 tan 2z. 
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CHAPTER XVI 
OBLIQUE TRIANGLES 


539. Formulas for the Solution of Oblique Triangles.—The problems 
solved thus far depend upon the knowledge of the solution of right 
triangles only. It will be found, however, that many problems occur in 
engineering which involve the solution of oblique triangles. An oblique 
triangle may be solved by first dividing it into right triangles and then 
solving these right triangles. Such a solution is often long and offers 
more chances for errors than if solved by a formula into which the given 
parts of the triangle can be substituted directly. Before taking up the 
solution of oblique triangles the necessary formulas will be derived. 

540. Laws of Sines.—In any triangle any two sides are in the same 
ratio as the sines of the angles opposite these sides. 


C 


Fia. 1. . Fie. 2. 


Let Fig. 1 be an acute triangle, and Fig. 2, an obtuse triangle, Z B 
being obtuse. 

Let CD be the altitude of each triangle denoted by h. 

In the rt. A ADC (Fig. 1), h = b sin A. 

In the rt. A DBC, h = asin B. 

. asin B= bsin A. 
In the rt. A ADC (Fig. 2), h = b sin A. 
In the rt. A BDC, h =a sin Z DBC =a sin (180° — Z ABC) 


=a sin B. 
. asin B = b sin A. a 
Dividing both members of the equation by 6 sin B we have, \ 
a_ sin A ; 
b snB 


Hence in both figures a:b = sin A:sin B. 
244 
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In the same way, by drawing altitudes from A and B we have, 
b:c = sin B:sin Canda:zc = sin A:sinC. 
et ye eee © 
““sinA sinB~ sinC’ 
541. Law of Tangents.—In any triangle the difference of any two 
sides is to their sum as the tangent of half the difference of the angles op- 
posite these sides, is to the tangent of half the sum of the same two angles. 


§ 295. 


In any triangle a:b = sin A:sin B, $540. 
By division and composition we have, 
of ncn cand 2. 
Be SD tae 
iat ee = 
Ben be 
Likewise oi FC) ~b Fe tan HOLA) "EFS 


542. Law of Cosines.—In any triangle, the square of any side is 
equal to the sum of the squares of the other two sides diminished by 
twice the product of these two sides and the cosine of the included 


angle. 


pom an 


| 


Fria. 1. Fie. 2 
In A ABC (Fig. 1) a? = b? + c? — 2c X AD. §413. 
But in rt. A ADC, AD = bcos A. 
Substituting for AD, .. a? = b? + c? — 2be cos A. 
In A ABC (Fig. 2) a? = b? + c? + 2c X AD. §414. 
Bato rt A ACD, AD = _b cos. ZCAD =} cos (180° —.A) 
= -—cosA. §533-II. 


a? = b? + c? — 2be cos A. 
Likewise b? = a? + c? — 2ac cos B, and c? = a? + b? — 2ab cos C. 
543. General Relation Involving os Six Parts of a Triangle. 


a_sinA _ sin B, 5AO. 
c. sin g oes ~ sin C (2) § 
—b sinA — sin B, 
Subtracting (2) from ae oa 4 0, a (3) Az. 2: 


246 ENGINEERING MATHEMATICS 


But sin A — sin B = 2 cos 3(A + B) sin 3(A — B). (4) §538-2. 
Also 4 (A + B) and 3 C are complementary. Why? 
- cos (A + B) = sin 3C. (5) §517. 
Substituting from (4) and (5) in (8), 
a—b 2sin4C sin $(A— B). 
c sin C 


(6) 


Multiplying both numerator and denominator of the right hand 
member of (6) by cos 3C we have, 


a—b_ 2sin3C cos 3 Csin3 (A — B) 


c sin C cos$C (7) 
But 2 sin 3C cos $C = sin C. (8) §536-1 
Substituting from (8) in (7) 
a—b_sinCsin3(A — B) _ sin3 (A — B). (9) 
ce 0©—Tr-s. sin C cos 3 C cos $C 
Clearing of fractions, (a — b) cos } C = c sin} (A — B). (10) 


Relation (10) will be used for checking the solution of oblique tri- 
angles. It is a reliable check because it involves the six parts of the 
triangle. 

544. Solution of Oblique Triangles——The three formulas derived 
above will now be used in solving oblique triangles. We must remember 
thatA + B+C = 180°. Read again §§521 and 523. 

These solutions may be classified as follows: 

I. Two angles and a side. 
II. Two sides and the angle opposite one of them 

III. Two sides and the included angle. 

IV. Three sides. 

545. Case I—Two Angles and a Side. 

Illustration. , 

Given A = 48° 25’, B = 52° 48’, and a = 384.52. 

To find C, by and c. 


Solution. 
1. C = 180 — (A + B) = 78° 47’. 
a _ sin A 7 oem 8, 3 a* snA _asinC 
"b ssn Bo” sin A 6)" pipe Oe Oe 
log a = 2.58492 log a = 2.58492 
log sin B = 9.90120 logsin C = 9.99162 
colog sin A = 0.12610 colog sin A = 0.12610 
log b = 2.61222 log c = 2.70264. 
“. b = 409.47. “ c¢ = 504.24. 
Check 


(b — a) cos} C =csin}(B— A). — §543-10 
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~ 


Since B > A, B and A as well as b and a must be interchanged in the 
formula. 


a = 384.52 A = 48° 25’ 
b = 409.47 B 252° 48° 
c = 504.24 C = 78° 47’ 
. b—a@ = 24.95 BA = 4° 23" 
$C = 39°23'30". AB — Aly 2 12750", 
log (6 — a) = 1.39707 log c = 2.70264 
log cos 3}C = 9.88808 log sin 3(B — A) = 8.58254 
Adding logs, 1.28515. Adding logs, 1. 28518. 
The logs check within 3 in the last place, which is near enough. 
PROBLEMS 


D Given a = 126.32, A = 65° 35’, B = 73° 18’, find C, b, and ¢. 


; Ans. 6 = 132.88, c = 91.226, C = 41°7"._ 
2. Given B = 50° 37’, C = 68° 11’, c = 2.8364, find A, a, and b.-— Re 


(8) Given A = 26° 10’ 45”, C = 4435" 12”, b = .6708, find a, ¢, and B. 
Ans. a = .31344, c = .49872. 

4. Given B = 82° 43’ 2”, C = 55° 37’ 48”, a = 38456, find A, b, and c. 

(5) Given a = 6412, A = 70° 55’, C = 52°9’, find b, c, and B. 
Ans. B = 56° 56’, b= 5685.9, c = 5357.5. 

6. Given c = 38.459, B = 105° 26’, C = 60° 12’, find a, b, and A. 

7. Given b = .04256, A = 38° 46’ 15”, C = 33° 26’ 40”, find a, c, and B. 

8. A ship K can be seen from two points A and B on the shore. The distance 
AB is 4890 feet, and angles KAB and KBA are 62° 37’ and 73° 45’ respectively. 
Find the distance from B to the ship. 

9. An airplane is directly over a straight level road-way and between two observ- 
ers in the road. The observers are 3540 yards apart’ and the angles of elevation of 
the airplane as measured simultaneously by the observers are 46° 28’ 15” and 58° 
45’ 30’’, respectively. Find the distance from each observer to the airplane and the 
distance from the airplane to the roadway. Draw figure to approximate scale. 

10. The longer side of parallelogram is 10.32 feet and the angles between 
this side and the diagonals are 47° 32’ and 30° 45’. Find the diagonals of the 
parallelogram. 


546. Case II. Two Sides and the Angle Opposite One of Them.—In 
this case we may have one or two solutions, or it may be possible that 
there is no solution. 


ww 
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(a) There will be one solution: 

1. When A is acute and a > 6 (Fig. 1). 

2. When A is acute and a = b sin A (rte ZX): 

3. When A is acute and a = b (Isos. A). 

4. When A is obtuse anda > b. Draw a figure. 

(b) There will be two solutions when A is acute anda < }, but a > b 
sin A (Fig. 2). 

(c) There will be no solution: 

1. When A is acute and a < bsin A. 

2. When A is obtuse anda < bora =b. 

Tllustrate the last two cases by drawing figures. 

Tustrations. | 

1. Given a = 25.35, b = 20.36, and A = 68° 28’ 45”. 

Find c, B, and C. 


The side opposite the acute angle is greater than the adjacent side, 
hence only one solution. 


Solution.—From the law of sines we have, 
ee eae, . b sin A 
‘gin A~ ‘sin’ Sue nce a 
log b = 1.30878 
log sin A = 9.96862 
colog a = 8.59602 — 10 


log sin B = 9.87342 
B = 48° 20' 44”. 
2. C = 180 — (A+ B) = 68° 10’ 31”. 

Oa | Oe ena pee 
sinsA © Leino. sin A ~ 

log a = 1.40398 

log sin C = 9.95056 

colog sin A = 0.03138 

log c = 1.38592 

¢ = 24.318. 
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2. Given b = 8.425, c = 9.582, and B = 52°38’. Find ajay A, A’, 
C, and C’, 


Since the side b, opposite the acute angle B is less than the adjacent 
side c, and is greater than c sin B, there will be two solutions. 


Solutions. 
lS ee c sin B 
in come GS pe 
(eit adel = pie and ae 
“sn A sin B sin B sin B © 
log c = 0.98146 log b = 0.92557 
log sin B = 9.90024 log sin A = 9.94867 
colog b = 9.07443 colog sin B = 0.09976 
log sin C = 9.95613 log a = 0.97400 
C = 64° 40’ 40”. a = 9.419. 
3. A = 180° — (B+ C) = 62°41’ 20”. 
Cl = 180" —. C= 115° 19’ 20" 
A’ = 180° — (B+ C’) = 12° 2' 40". 
Results 
a = 9.419 log b = 0.92557 
a’ = 2.212 log sin A’ = 9.31946 
A = 62° 41’ 20” colog sin B = 0.09976 
A* x 12° 2! 40" ne eee 
C = 64° 40’ 40” log a’ = 0.34479 
C= 115" 19" 20". se 2.212, 


PROBLEMS 


Draw a figure approximately to scale for each problem before solving to deter- 
mine how many solutions if any. 
. Given a = 56, b = 45, A = 45° 26’. 
. Given b = 384.6, c = 562.3, C = 38° 42’. 
Given a = 64.385, c = 85.605, A = 64° 25’. 
. Given a = 64.385, c = 85.605, A = 28° 40’. 
. Given a = 64.385, c = 85.605, A = 48° 46’ 33”. 
. Given a = 38.642, b = 74.891, B = 102° 28’. 


Onpwd ee 
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7. Given b = 7.462, c = 6.885, C = 42° 32’ U5. 
8. Given a = 35.68, b = 23.46, B = 31° 22’. 

9. Given a = 939.92, b = 919.75, A = 121° 36’. 
10. Given b = 12.111,c = 8.268, C = 31° 41’ 45”. 
11. Given b = 24.45, ¢ = 39.38, B = 58° 22’. 


547. Case II.—Two Sides and the Included Angle. 

Illustration. 

Given b = 45.256, c = 32.485, and A ‘= 58° 25’ 20”... Findra,-2; 
and C. 

Solution.—From ae law of tangents we have, 


1. tan 4(B — C) = a tan 4 (B +). 
B+C = 180° — 58° 25’ 20” = 121° 34’ 40”. 
1(B + C) = 60° 47’ 20” ee 
b = 45.256 = 
c = 32.485 
Meas ees b 
‘sn A sinB 
_ bsinA 
sin Bo 
b+c=77.74l1 log b = 1.65567 
b= e-= 12.771 log sin A = 9.93041 
log (b — c) = 1.10622 ; colog sin B = 0.01100 
colog (b + c) = 8.10936 —___——_ 
log tan 3(B + C) = 0.25248 log a = 1.59708 
a = 39.544 
logtan 3(B — C) = 9.46806 Results 
4(B —C) = 16° 22! 22” a = 39.544’ 
1(B + C) = 60° 47’ 20” B = 77° 9! 42" 
: om C = 44° 24" 58”. 
Adding, Beil 9’ 42”. 


Subtracting, C = 44° 24’ 58”. 


PROBLEMS 


. Given a = 25, b = 30, and C = 85° 28’; find c, A and B. 
. Given b = 384.2, c = 425.8, and A = 57° 25’; find a, B and C. 
. Given a = 62.874, c = 50.385 and B = 102° 38’ 30”; find b, A and C. 


late lt 


. Given b = .8647, c = .7642, and A = 80° 52’ 45”; find a, B and C. 
Given a = .0284, c = .0236, and B = 28° 56’ 40”, find b, A and C, 
Given a = 3.7642, b = 2.9686, and C = 98° 48’ 45”; find c, A-and B. 


. Given b = 89721, c = 7023.4, and A = 48° 48’ 25”; find a, B and C. 
. It is desired to find the distance between two points A and C. B was taker 
SC) that AB = 2874.5 feet, BC = 3142.4 feet, and Z ABC = 63° 20’ 20’. Find AC. 
Draw a figure. 

9. The point P is acted on by a force PA of 20 potnds and a force PB of 25 
pounds. The angle between the lines of direction of the two forces is 108° 28’. What 
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will be the resultant force and what angle will it make with each of the original forces? 
(Use the principle of the parallelogram of forces.) 

- 10. Two trains running at the rates of 25 and 40 miles per hour respectively start 
at the same time from the same point and move along straight level railroads, which 
intersect at an angle of 64° 40’. How far apart are they at the end of 72 minutes? 


548. Case IV.—Three Sides. 

Given the three sides of a triangle; a, b, and c. 

From the law of cosines we have a? = b? + c? — 2be cos A. 

b2 a c = a? 

Seen (1) §542. 
To adapt this formula to logarithmic work we proceed as follows: 
(a) Subtracting both sides of equation (1) from 1 we have, 


~~ COS A = 


a b? + c? — a? 

1—cosA = 1 — = Sones i 

see = Pe ee 

7 2be 
: OS igh a ae (a+ b6—-o)(a—b+o) 

Factoring, = D be dbe (2) 
To simplify, let a+b+c=2s. Then 6+c—a= 2s — a), 
a—b+c=2(s — bd), anda+b—c=2(s—c). §433. 
- —b 2(s — —b 
Substituting in (2), 1 — cosA = eo AS re 2 2G ) 


Zbe be 
(b) Adding 1 to both sides of equation (1) we have, 
- 2 =a" 2b b? +.¢3 —‘a? bor Ot a 
eee ee Pak fe 


2be “a 2 be 2 be 

Factoring, 

‘. (b+et+tab+e—a) 

4 2bc 
Substituting as above, 
2s'2(s — a) _ 2s(s — a) 

Z be ca be 

But 1 — cos A = 2 sin? 3A, and 1+ cos A = 2 cos? $A. §537. 
2s(s — a) a) 


1+cosA = 


*, 2sin? 3A = plies we o), and 2 cos? $A = cme ee Ax. 2. 
sin? 4A = as ee -_ a (3) and cos? 3A = 0 a) (4) Ax. 4. 
Dividing (3) by (4), 
one, eee 
or tan 3A = foe : ee a eS (5) 


— a)(s — ¢) 
Similarly, tan 3B = (s =o b) 4 


= —b 
and tan 3C = ue ails ), 


s(s — ¢) 


\ 
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Note the arrangement of a, b, and ¢ in the formulas. 
Multiplying both numerator and denominator of the radical in (5) by 


tan g4° = s(s — a)? s—aN - S 
But ae =a = DS gs EN 93 r. §446. 
tan $A = —7 tan $B = =" 5 and tan 30 = 5 (6) 
Illustration. 
Given a = 21.42, b = 24.68 and c = 30.82. Find A, B, and C. 
Solution. 
' @ = 2142 log (s — a) = 1.23147 = (1) 
b = 24.68 log (s — b) = 1.13925 (2) 
== 30.82 log (s — c) = 0.88309 (3) 
2s = 76.92 colog s = 8.41499 (4) 
s = 38.46 log r? = 1.66880 (5) 
s—a = 17.04 logr = .83440 (6) 
s— b= 138.78 
s—c= 7.64 


Subtracting (1), (2), and (8) in turn from (6) we have, 

log tan 3A = 9.60293,  -. 4A = 21°50" 28° 
log tan 3B = 9.69515, -. 9B = 96° 21° 50.5" 
and log tan 3C = 9.95131. ©. 3C = 41° 47’ 41.5" 
A = 43° 40’ 56” 

B = 52° 43’ 41” 

Co = -88°°35' 23" 

Check A + B+ C = 180° 0’ 0” 

Note.—It sometimes happens, even if there are no mistakes in the 
work, that the swm of the angles will not be exactly equal to 180°. In 
this case the difference should be divided among the angles according to the 
probable amount of error for each angle. 


I 


PROBLEMS 
Find the angles of the following triangles having given the three sides. 
Th, tok cce Ist. =O} Co—' 25; 
2. a = 1.428, b = 1.943, c = 1.647. 
3. a = 82.63, b = 78.41, c = 70.44 
4. a = 384.25, b = 338.42, c = 401.37 
5. a = .2864, b = .2472, (i OPLE 
6. a = .03785, b = .03848, c = .03168. 
7. a = 45623, b = 38472, C= adie 
8. a = 62.423, b = 72.463, c = 82.478. 
9, A surveyor selected three points A, B, and C. The distances between the 
points were found to be, AB = 324,6 feet, BCum 432.8 feet, and CA = 386.4 feet. 
Find each angle of the triangle formed. a e 


10. If the sides of a triangle are 11, 13, and 15, find the sine of the largest angle. 
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549. Area of Oblique Triangles. 
1. When two sides and the included angle are given. 


C 


Q 


i 
Pe 7 eee ee 


> 
° 
os) 
es) 
=) 
nd 
° 
ise) 


Fig. 1. Pra, 2. 


In the triangle ABC (either figure) A = Area. .«. A = ch. 
But h = asin B = bsin A. 

.. A = 4ac sin B or 4bc sin A. 
Similarly A = gab sin C. 


2. When two angles and a side are given. 
Be ee i sin C. 
an A. gn. sin A 


Substituting for c in the formulas of (1) we have, 


pas = 
3. When the three sides are given, use the formula 
A= VV sis a) = b)(s — c). $444, 
PROBLEMS 


Find the area of a triangle having given: 


1. a = 48.62, b = 39.46, and C = 68° 24’ 10”. 
2. a = 384.85, c = 334.63, and B = 102° 25’ 30”. 
3. 6 = 6.754, A = 96° 22’, and B = 70°, 20’ 20”, 
4. a = 5.6892, b = 8.3106, and c = 6.9421. 
5. c = 3864.2, A = 38° 40’ 45”, and B = 68° 20’ 20”. 
wa 6. 6 ='200, c= 1505 and A = 72° 187 30”. 
7. a = 672.35, A = 48° 50’ 50”, and B = 78° 20’ 30”. 
8. Prove that the area of any quadrilateral is equal to one half the product of 


its diagonals and the sine of their included angle. 
9. The diagonals of a quadrilateral are 14.92 and 19.36, intersecting at an angle 
of 40° 20’. Find the area of the quadrilateral. 

10. Given A, B, C, and D the vertices of a field. The following measurements 
were taken: AB = 106.4 rods, BC = 88.3 rods, CD = 92.7 rods, DA = 60.5 rods, 
and AC = 110.8 rods. Find the number of acres in the field. . 

/ EO Ay Lock FACTE 
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APPLICATIONS 


550. Bearing.—The bearing of a line is the acute angle which the 
line makes with a north and south 
line. 

Illustrations.—In the figure let O 
be the point of observation. The 
bearing of OA is north, 30° east, and is 
written N. 30° E. 

The bearing of OB is north, 75° 
west, and is written N. 75° W. The 
bearing of OS is due south. 

The bearing of OC is south, 50° 
east, and is written S. 50° E. 

Note.—A bearing is always read 
from the north or south point and 
never from the east or west. 


PROBLEMS 


1. AB is a straight line extending due north from A a distance of 537 feet. At 
iC A a point P bears N 40° E. At B the same point P bears N. 70° E. Find AP and 
BP. Draw a figure and check. 
Ans. AP = 1009.23; BP = 690.35. 
2. MN is a straight line extending N. 30° E from M a distance of 500 feet. 
At M a point P bears N 50° E. and at N the same point P bears N 75° E. Find 
M P and NP. 
3. A B is a base line 825 feet long, extending N. 30° 30’ W from A. At Aa 


point P bears S 75° 30’ W and at B it bears 8 40 W. Find the distance from A 
and B to P. 


. It is required to find the distance from a point B to a point A across a stream. 
A base line B C was laid off 117.83 feet. Angles ABC and BCA were measured and 
found to be 76° 48’ 30” and 53° 31’ respectively. Find AB. This is the same dis- 
tance found in problem 57, §525. 

5. To locate a buoy C in a river, a base line AB was laid off 200 feet long, angle 
CAB is 56° 27’ and angle A BC is 40° 20’ 30”. Find the distances of the buoy from 
A and B and also from the line A B. 

6. A ship lies in a river 428 yards wide. From two points of the same elevation 
on opposite banks of the river and in a straight line with the mast, the angles of 
elevation to the top of the mast were observed to be 11° 48’ and 13° 25’ respectively. 
Find the height of the mast above the points of observation. 

7. To find the height of an inaccessible point C, the ¢ 
following data were taken: The angle of elevation DAC = 
24° 22’. The horizontal angles DAF and AFD are 78° 34’ 
and 73° 13’ respectively. AF = 135 feet. Find CD. 

8. From the ridge of a mountain, the anglesof depression @ 
to the ends of a tunnel at the base are found to be 55° 30’ 
and 68° 10’ respectively. The distances measured down 
the slope to the ends of the tunnel are 3475 and 2896 feet. ete: 

The point of observation and the ends of the tunnel must be in the same vertical 
plane. Find the length of the tunnel. 

9. A tree standing on the side of a hill which rises at an angle of 15° 45’ breaks 
off 28 feet above the ground. The top strikes down the slope 32 feet from the foot 
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of the tree. How high was the tree? (a) If the distance was measured on the slope. 
(6) If the distance was measured horizontally. 

10. Three forces in the same plane acting on a body produce equilibrium. The 
least force is 6 pounds, and the greatest is 10 pounds. The angle between the 6 
pound force and the unknown force is 79° 43’. Find the third force. 

11. Two forces of 16.2 pounds and 12.5 pounds making an angle of 108° 20’ act 
on the same body at the same time. Find the resultant and the angle it makes with 
each force. 

12. To find the main span A B of a bridge, a base 
line CD was taken 150feet long. Angles were mea- 
sured as follows: ACB = 25° 6’, BCD = 95° 10’, 
BDA = 35° 0’, and ADC = 10° 14’.. Find AB. 

Ans. 136.15 feet. 

13. It is required to find the distance between 
two points A and B on opposite sides of a building. 
Points C and F are chosen so that sights may be 
taken on A and B. The field book showed the 
following data: 


AC = 310.05 ft., CB = 294.95 ft., ZC = 98° 46’. 
AF = 311.78 ft., FB = 419.42 ft., ZF = 76° 22’ 30”. 


Compute AB from both sets of data and compare results. Ans. 459.36 ft. 
14. To find the elevation of the top of the statue on Memorial Hall, Fairmount 
Park, Philadelphia, the following data were taken: 


Station Vert Z Rod Distance 
A 21° 44’ ne AM AB 
B 19555! 1.60’ 45’ 


Stations A and B were taken in the same straight line with the statue. The 
rod was held on a bench mark (BM) whose elevation above sea level is known to be 
113.87 feet. Study carefully the accompanying figure and solution. 


i 


Note.—In getting data for measuring the height of objects it is not possible to set up 
the transit at the same elevation any two successive times. Then, too, the stations on which 
the instrument is set will not all be in the same horizontal plane as the point above which 
the elevation is desired. It is, therefore, necessary to take a rod reading at each set up 
to determine the difference in elevation between the point on which the rod is held and 
the line of sight of the transit. 
The following solution will illustrate this point. 
Solution. zx = .1lcot A. .. BD = 45 — .11 cot A. 
BS _ (45 — .11 cot 21° 44’) $540. 
sin 21°44’ sin 1° 49’ 
: (45 — .11 cot 21° 44’) sin 21° 44” 
Be sin 1° 49’ 


° 49’ 
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h’ = BS sin 19° 55’. Why? 
epithe (45 — .11 cot 21° 44’) sin 21° 44’ sin 19° 55’ _ 177.96 ft. 
. sin 1° 49’ 
h =h’ + 1.60 ft. or 179.56 ft. 

Height above sea level is 179.56 +- 113.87 = 293.43 ft. 

15. To find the height of Smith Memorial, Fairmount Park, Philadelphia, the 
following data was taken, the rod being held at the base of the monument. Three 
stations were taken so the height may be computed from three sets of data. A, 
B and OC are in the same straight line with the monument. 


I 


Station Vert Z Rod Distance 
A 40° 18’ Ae AB = 80.45’ 
B 292-30) 5.33 BC. =154:10° 
6} 19° 26’ 2.93’ 


Draw a figure and solve by at least two pairs of triangles for a check. 
Ans. 143.33 ft. 

16. To find the distance between two inaccessible high points P and Q, a base 
line XY was laid off 150 ft. long. The following angles were measured. Z XYP = 
40° 14’, Z XYQ = 139° 20’, Z.QXY = 25°, and 4 PXY = 119° 12" Draw i 
figure and solve for PQ. 

17. To find the distance between two points A and B on opposite sides of a pond, 
a point C is chosen from which both A and B are visible. The following measurements 
are then taken. ZC = 77° 41’ 30”, CA = 88.50’, and CB = 79.70’. 

18. To find the distance between two inaccessible points C and D, a base line AB 
was laid off 80 feet long. 

The following angles were measured. 4 CAD = 47° 7’ 30”, ZCAB = 78° 43/, 
Z ABC = 38° 58’, and Z ABD = 116° 39’ 30”. Draw a figure and solve for CD. 

19. Find the height of the statue on Memorial Hall, Fairmount Park, Philadelphia 
from the following data. 


Station Vert Z Vert Z Rod Distance 
to foot to top 
A 21° 49’ Jor oO) ps Pd AB 
B 17° 42’ 19° 26’ 3.08’ 92.50’ 


Stations A and B were taken in the same straight line with the statue and the rod 
readings were taken on the same bench mark. 


CHAPTER XVII 
SUPPLEMENTARY TOPICS 


CIRCULAR MEASURE 


551. Radian.—A radian is an angle such that if the 
center of a circle, the sides intercept an are equal 
in length to the radius of the circle. The num- 
ber of radians in an angle, therefore, is given 
by the number of times the radius is contained 
in the intercepted arc. This relation may be 
written in the form of an equation. Thus, 


vertex is at the 


Stupey es 


arc 
radius 
*. arc = number of radians X radius.. 
The symbol for radians is r. Instead of writing 2 radians, it may be 
written 27. 
552. Relations between Degrees and Radians.—The circumference 
of a circle contains 360° and its length is 27 times the radius. 


The radius is contained in the circumference 27 times. Hence we 
have, 


Number of radians in an angle = 


Qn? = 360°. 
a” = 180°. 
nerdy ae ine = 5§7.3° or 57°17’ 45” (nearly). 


Also 1° = .01745”. 
Therefore, 


: 180 
1. To express any given number of radians in degrees, multiply by rage 
Number of radians < = = number of degrees. 
: : T 
2. To express any given number of degrees in radians, multiply by 180 


Number of degrees X oy = number of radians. 


Note.—The sine and tangent of angles of 2° and less differ very little 
from the number of radians in the angle. For this reason right triangles 
with one very small angle may be solved, with very little error, by the use of 
radians. 
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PROBLEMS 


1. Express the following angles, given in radians, to equivalent angles in degrees. 


aun nw 30 20 3a 


S43 8a S eS 
2. Express the following angles in radians. 
90°, 60°, 30°, 45°, 185°, 75°, 15°, 223°, 210°. 


553. Graphs of the Trigonometric Functions.—The representation of 
the trigonometric functions in §514 furnishes a simple method for plotting 
the graphs of these functions. 

1. The Sine Curve.—Given y = sin x. Then y = 0 when z = 0, 7, 
Qn, or in general nz. This shows that the curve passes through the 
origin and crosses the z-axis at intervals of 7. 


To plot the sine curve, let C be a circle with unit radius. Draw the 
z-axis and the y-axis as shown in the figure. From the origin lay off OK 
equal to the length of the semi-circumference of the circle, or 7. For 
convenience divide OK into twelve equal parts by the method of §213 
and draw vertical lines through these points of division. Divide the 
first and third quadrants of the circle into six equal angles, each being 15° 


or a radians. Now the vertical lines from the ends of the radii to the 


diameter represent the sines of the respective angles. Through the 
outer extremities of the radii draw lines parallel to the z-axis. By 
drawing a smooth curve through the points of intersection of the corre- 
sponding pairs of vertical and horizontal lines the sine curve is traced. 

Note.—Since sin 105° = sin 75°, sin 120° = sin 60° etc. and sin 195° 
= sin 345°, sin 210° = sin 330° etc., if the horizontal lines are drawn long 
enough, as many arches of the siné curve may be plotted as desired. 

2. The Cosine Curve.—To plot the cosine curve, lay off the successive 
values of the cosine on the corresponding vertical lines of division. 
Connect the points thus determined by a smooth curve. 


Curves of any of the trigonometric functions may be drawn by follow- 
ing the same method. 


INVERSE FUNCTIONS 


554, Inverse Trigonometric Functions.—If a function of an angle is 
more important in a problem than the value of the angle in degrees or 
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radians, the inverse notation is used. Thus, instead of tan y = 1 we 
have, y is the angle whose tangent is 1. It is written y = tan-'! 1 or 
y =arctan1. In the expression tan-!z, —1 is not to be considered as an 
exponent. It is here used only to express the inverse function. 

If the angle is measured in radians, then the expression, y = arc tan 1, 
means that y is the number of radians in the angle or are whose tangent is 
1. It must be remembered that y is an angle. 

In many problems, it is not as necessary to know the value of an 
angle as it is to know a function of that angle. When the grade of a street 
is given, we have given the tangent of the angle which the street line 
makes with a horizontal line. It is the tangent of the angle and not the 
angle itself which is needed to solve problems 54, 55, and 56, $525. The 
same reasoning applies to the problems on ‘the coefficient of friction”’ 
in the same article. 

In analytical geometry, the tangent of the angle which a line makes 
with the positive direction of the z-axis is more important than the value 
of the angle. Hence the inverse notation is used. 

555. Values of Direct and Inverse Trigonometric Functions.—In the 


3 5 
direct function, y = sin 60°, y has only one value, Sa If y = sin—! 9 


y can have any number of values, as 60°, 120°, 420°, 480°, ete. Thus in 
solving problems in which inverse functions are given certain limitations 
are usually put upon the number of values which the angle may have 
in that particular problem. In most cases the smallest angle is the 
angle used. Problems involving inverse trigonometric functions are 
most easily solved by first constructing the acute angle, one of whose 
functions is given. 
Illustrations.—1. Given @ = sin“ ;3;. Find all the functions of 8. 
Solution. 6 = sin"! +; may be 
written sin 0 = +5. 
Hence from the figure, by E 
sin 0 = 75, csc 6 = 43, 
cos 6 = +%, sec 0 = 73, 
tan 6 = +, cot 0 = 4. 
2. Find the value of sin (sin! $ + tan 1). 
Solution.—Let x = sin7! ¥ and y = tan“? 1. 
Then, sin (sin-! 3 + tan-!1) = sin (sin~! ¥) cos (tan“*1) + 
cos (sin~! 4) sin (tan-! 1). (1) §534-1 
Construct angles x and y as in illustration 1. 


, 


@ 
yy f £ 1 
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Now substitute in (1) the values of the functions from the figures. 
Hence, 
1 ea a 1 VN Oe 1 1 V/3 
sin (sin parte 1)=5 3/27 57, nie e/a} axon 
Pan/3 - lf, e 
A a ee Q+ 6): 
1X2 = ilva+ v6) 
PROBLEMS 
Find the smallest value of each of the following angles. 


(a) in degrees, (b) in radians. x a 
1. sin-! 3; tan-! 1; cos~! 4; sin-1 34/2; cos“! 34/2; sin“? 44/3; cos! 44/3; tan! 


3/3. 
Find the value of the following: 
2. sin (cos~ 4). 3. cos (sin~! 3). _ 4, sin (tan-! 1). 
5. tan (sin? 44/3). 6. sin (sin-! 34/3). 7. cos (cos~? 4). y 
8. sin (cos? 4 + sin 3). 9. tan (tan- 1/3 — tan“ ali 


THEORY OF LOGARITHMS 


556. Logarithms.—The logarithm of a number is the exponent which 
indicates the power to which a given base must be raised to produce 
the number. Thus if 100 is the number and 10 is the base, 2 is the 
logarithm of 100 to the base 10, for 10? = 100. This relation may be 
written logic 100 = 2. If 64 is the number and 4 is the base, 3 is the 
logarithm of 64 to the base 4, for 4° = 64. In general, if 67 = N, 
where N is the number, b the base, and x the logarithm, we have log,N = z. 

Since a° = 1,logal = 0. Hence the log of 1 to any base is 0. 

Since a! = a, logaa = 1. Hence the log of any number to the same 
number as a base is 1. 
log, N = x and b* = N are inverse expressions and mean the same thing. 
b* = N is called an exponential equation. 

Note.—An exponential equation is an equation in which the unknown 
occurs in the exponent. 

557. Computation by the Use of Logarithms.—Since a logarithm is an 
exponent, the computation by logarithms must be governed by the laws of 
exponents. 

558. To Find the Logarithm of a Product. 


The logarithm of a product is equal to the sum of the logarithms of 
the factors of the product. 


Proof. 
Let Ni and N» be two numbers, 

and let log,N; = 2, (1) and log,N2 = y. (2) 
Then N; = 6? (8) and N2 = b?. (4) §556. 
Multiplying (3) by (4), NiN2 = be», (5) 
*. logs(NiNe) = «+ y. (6) §556. 


Substituting the values of « and y from (1) and (2) in (6) we have, 
logy(NiN2) = log, Ni + log,N>. (7) 
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559. To Find the Logarithm of a Quotient. 

The logarithm of the quotient of two numbers is equal to the logarithm 
of the dividend minus the logarithm of the divisor. 

To find the logarithm of N; + No. 


Proof. 
Dividing (3) by (4) in §558 we have, 
Ni + Ne = be», Why? 
“. logp(Ni + Ne) = 2 — y. Why? 


Substituting as above, 
log,(N: + N»2) = log, Ni — log, Ne. 
560. To Find the Logarithm of the Power of a Number. 
The logarithm of a power of a number is equal to the exponent times 
the logarithm of the number. 


Find log N™. 

Proof. ’ 
Let log.N =z. (1). Then N = 0+. (2) 
Raising both sides of (2) to the m power we have, 

No? = 6°* or log.N* = mez. (3) 
.. logsN™ = m log,N. (4) 


561. To Find the Logarithm of the Root of a Number. 

The logarithm of the root of a number is equal to the logarithm of the 
number divided by the index of the root. 

Find log ~/N. 


Proof. 
Let log, N =z. (1). Then N = 6b. (2) 
; ‘ 1 
Raising both sides of (2) to the mm Dower we have, 
1 i 1 
A Se a baa! 
N™ = b™ or log, N™ = ae (3) 
1 
thes 
ae = OB N. (4) 


562. Cologarithms.—A cologarithm of a given number is a logarithm 
of the reciprocal of the number. That is, it is the logarithm of 1 minus 


1 
the logarithm of the number. Thus, colog b = log 5 oF log 1 — log b. 


563. Base of a System of Logarithms.—A system of logarithms may 
be built up with any number as a base. There are, however, two num- 
bers commonly used as bases of systems of logarithms. They are 10 and 
e. (e = 2.718 . . . §381, Prob. 10.) The base for the common or 
Briggian system is 10 and the base for the natural or Napierian system is 
e. The logarithms found in Chapter XVIII are computed to the base 10. 

564. The Relation between the Common and the Natural System of 


Logarithms. 
Let log.V = 2, (1) and logioN = y. (2) 
Then N = e?, (3) and N = 10”. (4) 


Therefore 10¥ = e”. (5) Az. 6. 
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Taking the logs of both sides of (5) to the base 10 we have, 
y = « loge. (6) 
Substituting from (1) and (2) in (6) we have, 
logioN = log.N logice. 
“. log. N = a (7) 
logice 
Note.—It will be found from the tables that logice = 4343. This ts 


1 
called the modulus of the common system. 72343 = 2.3026. Hence, the 


above formula may be written. Natural log = 2.3026 times common log. 


SYMMETRY 


565. Definition.—The word symmetry is derived from two Greek 
words meaning in measure with or having the same measure. A figure 
is symmetrical when its several parts harmonize one with another, or are 
in due proportion and adapted to each other, as in the case of an elevation 
of a building in which the right and left portions, divided by an imaginary 
axis, are seen to be the counterparts of each other. 

The idea of symmetry enters into many phases of structural engineer- 
ing. Designers, artists, and architects are careful to observe the laws 
of symmetry in designing; in arranging the position of objects in a scene 
to be portrayed; and in drawing plans for a building. 

566. Symmetry of Two Points with Respect to a Third Point.—Two 
points are symmetrical with respect to a third point as a center of sym- 
metry, if the third point bisects the line joining the two points. 


A O B 


Thus, A and B are symmetrical with respect to O, for OB may be 
made to coincide with OA by 
swinging OB about on O as a 


center. 
567. Symmetry of Two Points 
with Respect to a Line.—Two xX 


points are symmetrical with re- 
spect to a line as an axisif this 
axis is a perpendicular bisector of 
the line joining the two points. 

Thus, P and M are symmet- 
rical with respect to XY as an 
axis if XY is a perpendicular A 
bisector of PM. 

568. Symmetry of Two Fig- 
ures with Respect to a Line.— A 
Two figures are symmetrical 
with respect to a line as an axis 


M 


1 
HY. 
C 
hn 
XxX’). YF 
/ B’ 
C . 
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if every point in one figure has a correspondingly symmetrical point in 
the other. 

Thus, the triangles ABC and A’B’C’ are symmetrical with respect to 
XX’ as an axis since each point on the triangle ABC has a corresponding 
point of symmetry on the triangle A’B’C’, 

569. Symmetry of a Figure with Respect to an Axis.—A figure is 
symmetrical with respect to an 
axis if the axis divides the figure BY C’ 
into two symmetrical figures. 

Thus, the figure ABCDC’B’ Xx! 
: f : x 
1S symmetrical with respect to A D 
XX’ as an axis since the two 
figures ABCD and AB’C’D are B C 
symmetrical with respect to XX’. 

570. Symmetry of a Figure with Respect to Two Perpendicular Axes. 
If a figure is symmetrical with respect 
to two perpendicular axes it is sym- 
metrical with respect to their intersection. 

Thus, the figure ABCDEFGH is sym- 
metrical with respect to both axes, XX’ 
and YY’, for if the upper half of the 
figure is folded on XX’ as an axis, it 
will coincide with the part below. In 
the same way, if YY’ is used as an axis 
the right hand portion will coincide with 
the left hand portion. Again any point 
K on the perimeter will have a corre- 
sponding point K’ such that K and K’ are symmetrical with respect to 
O as a center. 

571. Further Applications of Symmetry.—The principle of symmetry 
is seen to apply to many geometric figures. A few illustrations follow. 


Y 


Xx’ ae ee x 


Ne 
Circle.—Here the diameters XX’ and YY’ are axes of symmetry. 
Hence their intersection O is the center of symmetry. 
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Parallelogram.—The parallelogram ABCD is symmetrical with 
respect to O, the intersection of the diagonals. 


ae, 

A B a 
Regular Polygon.—Every regular polygon of an even number of 
sides is symmetrical with respect to its center as a center of symmetry. 


PROBLEMS 


1. Is the ellipse shown on the margin symmetrical with respect to the XX’ and 
YY’ as axes and to their intersection O? 


cy 
<P> | 
Y’ 


Pros. 1. Pros. 2. 


2. Is the parabola symmetrical with respect to a point as a center or with respect 
to an axis? 

3. Why can a trapezium not have a center of symmetry? 

4. Does an isosceles trapezoid have an axis of symmetry? 


SUPPLEMENTARY PROBLEMS 


1. Using the formula d = rt, find d when: 

(a) r = 25 andt = 5. (b) r = 17.5 and t = 3.25. 

(c) r = 232% and t = 63. (d) r = 183 andt = 4%. 

2. Using the formula d = rt, find r when: 

(a) d = 235 andt = 5. (b) d = 137.5 andi = 5.5. 

(c) d = 120 andi = 53. (d) d = 160 and t = 13}. 

3. Using the formula d = rt, find t when: 

(a) d = 104.5 andr = 19: (b) d = 150z¢5 and r = 233. 

(c) d = 1672 andr = 303. (d) d = 5153 andr = 533. 

4. Find the value of the following. 

(a) 5ey — 8yz + 522, if e = 3, y = 2, andz = 4. 

(b) ex if ym den ok an ote 
cd = 2 ies 

(c) . ee au 2 if « = 2, andy = 0. 
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5. A ball is thrown vertically upward at the rate of 60 feet a second. The height 
at any time is given by the formula s = 60 — 16¢2, (s = distance and t = number 
of seconds.) 

Find its height at the end of 1 sec.; 14 sec.; 2 sec.; 23 sec. Plot these relations on 
graph paper. 

6. Which number is larger and how much? 

(a) — 4 or 3? (6) —170r18? (c) —S3or—2? (d) —yy or —2? 

(e) 4 or 3? (f) —Zor—3? (g) —lor —14? (hk) —S3or —3.1? 

7. Find the sum of the following and check as in §31. 

3x? — 2y + 4, 2? + 3y — 7, —y — 2x? + 6, 52? + 7y + 2, and — 2y + 5x?-8. 

8. Find the sum of the following, and check. 

ax? + 3y + bz’, ba? — ay + cz’, px? + qy — res, rx? — sy — 323, and 
2x2 + 5y — 72. 

9. From the sum of a + 2b — 3c and 3a — b + 7c take the sum of — a + 4b+7c 
and 5a — 2b +c. 

10. Subtract the sum of x + 3y — 7z and — 3z — y + 8z from x + yt. 

11. Simplify, 4¢ — [2% — (3x — 2)]. ; 

12. Simplify, 7x — {52 + [12x — (6x + 2)]}. 

13. Simplify, (832 — y) — [x — (8a + y) — 42]. 

14. Multiply and check as in §31. 

322 — 52 — 4 by 22? + 32 — 7. 
15. Multiply and check: 
sr3y3 — 2r2y? + zy — 4 by 2x?y? — 82y + 5. 
16. Divide, and check as in §31. 
x + 3x¥y + dry? + y> by x + y. 
17. Divide x -+- yi" by a” — y™. 
18. Divide, a® + 3la — 7a? + 4at — 42 — 15a? by a +3. Check using the 
formula 

j Divisor X quotient = dividend. 

19. Which of the following are correct? 

(get NG a. = 2: 

(6) 3a? = 24 if s = 4, 

(iG) Boas Se Bia aon 

(Dist — 2a 2 — 2: 

20. Multiply 7ab?c° by — 6°. 

21. Multiply 3a*b°c — 5a°b?c by 2abe® — 3a°b. 

22. Divide 42a3mn? by 6a?n3, and check. 

23. Divide 12zx2yz° by — 2x%yz, and check. 

24. Divide 28 into two parts such that the first shall be 2 less than 5 times the 
second. 

25. Find four consecutive numbers whose sum is 66. 

26. Find four consecutive odd numbers whose sum is 112. 

27. Find three consecutive even numbers whose sum is 168. 

28. The height of a railroad bridge is 275 feet, which is 75 feet less than twice the 
width of the span. What is the width of the span? 

29. The hoist shaft of a mine is 700 feet deep. If the shaft is 25 feet more than 
_ 15 times the height of the boiler stack, how high is the boiler stack? 

30. The central arch of a 7 arch bridge is 95 feet longer than each of the six other 
arches. The total length of the bridge is 585 feet. Find the length of each arch. 

31. Divide $4200 among A, B, and C so that B receives $800 less than A and C 
receives $1000 less than A and B together. 

32. How many degrees in each of two supplementary angles if one angle is 22° 


30’ larger than the other? 
33. Each angle of an equiangular polygon is 1547°. How many sides has the 


polygon? 
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34, Can a triangle be constructed using the sides 10.2”, 11.7” and 227 

35, What is the sum of the interior angles of a polygon of 11 sides? Of the exterior 
angles? 

36. Find the length of the legs of an isosceles triangle if the perimeter is 217” 
and the base is 53”. 

37. Divide a given line into 5 equal parts. 

38. Locate a point 15 feet from a given line and 35 feet from a given point. How 
many solutions? 

39. The acute angles of a right triangle are 30° and 60°. The hypotenuse is 
21.72. Find the shorter leg. 

40. ABCD isa parallelogram. £ is the mid-point of the side AB. The diagonal 
AC and the line DE intersect in a point 0. Prove AO = 4AC. 

Find the prime factors of the following: 


Al. 4y3 — 2y. 42. 3a? — Ixy. 
43. ar — br + as — bs. 44, 4m2x? — 20ma — 252. 
45. 322 — 3x2 — bay — 3y?. 46. a? + b%. 
47, 1 + 8y%. 48. 7x? + 48x — 7. 
49. m? + 64. 50. 2r4 + 128. 
51. r3 — (m + n)4. 52. r3 + (m — n)3. 
53. r3 — 8(r + s)%. 54, 4a? — 4? — 9 — by. 
55. m4 + 6m? + 25. 56. 6pq + 14pc — 21g — 49c. 
57. dy? — dy? + 6y. 58. .2525 — 162%. 
59. 247 — 2x2" — 3. 60. yi™ + 2y3" — 3y". 
Factor, using the Remainder Theorem. 
61. 2? — 2x? — 5a + 6. 62. «3 — 3x2 — 6r + 8. 
63. y? + 2y? — by — 6. 64. m3? — m2 —m +1. 
65. r3 — 6r? + 1lr — 6. ’ 66. 2p? — p? — 5p — 2. 
67. g® — 38¢ +2. 68. a +a? —a—1. 
69. b3 + 5b2 — b — 5. 70. at + 5a3 + 5a? — 5a — 6. 
71. Tell which of the following are correct. Give reasons. 
Rest co meee ee Dae Jam Be Be 
Cae a OS jt = 
Se iS m—-n n—-™mM —(b —c c—b 
@ 8otat (@) MaRano™ gy SO a9. 2? 
(g) (a — c) _ = ane == 0): (h) (m —n)(n —q) _(m—m)(m—@Q) 
—c¢ r—s r—s 
(i) @+yy—z)_ ytze—y), (j) (@—y)(y—2z)_ @—yy—-s) 
z2—2 z—2 2-2 2—G2 
Simplify the following. 
aye be a b a* + 0? 
ay y—4 2—-y ae Py AI eer 
x 2 4 a—5 15a 
TES IG on oe Oe eet ear keg eo ak 
76. 2a +b Boe i - a+1 2 


Qy+2a a—y y? — a? 62-613 — 32° 
78 a? — 12a + 32 a? —1la +24 a? —7a +12 


" 21 — 10a — a? a®—a—56 ~ a? — 49 
eee ah — as 
UD ih nner See Sl) eee ee 
Foe ee m? 
pe m—-n— 
mtn 


81. What is the value of the fraction :, when « = 1? When x = 10? Whea 


a 100? When x = 1000? What effect does an increase in the denominator of ¢ 
fraction have upon the value of a fraction, if the numerator remains constant? | 
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82. What is the value of the fraction 5 when +.= 1? When t =.1? When 


z = .01? When x = .001? What effect does a decrease in the denominator of a 
fraction have upon the value of the fraction, if the numerator remains constant? 


. = 
83. Given the fraction = What change occurs in the value of the fraction if z 


increases and y remains constant? What change occurs, if 2 decreases and y 
remains constant? 
84. Which of the following are correct? 


Al! ab ls ae 
Cs aE MRS Pease 

a en c—-y yt 
2 ie n mn Gags s za+y 0 


85. If A = xr, does t = Ar?? 
86. If A = 3bh, doesh = A= 


A 
87. If A = ar, does 1? = 4? 
A 
= a 2 
88. If A = p+ prt, does p T+ 7t 


89. If C = $ (F — 32°), does F = 3 (C + 32°)? 
Solve for x, and check. 


ar ae ar) 
Die ee are — Oo : 
91 4 7 oar eae er = Ae 
ofl etal) fe 8 Tee 1 

92. 5 — ( oe )=4 ( —— ibe 

UA a aE 22 — A ee 2 br = 8 
ON tee ig ae a oe 
95 i eat 

21. WE 1) 4¢7)— 1 
gg, 72 22 +5 _ 8 — x? 

°2—=2° 2£4+3 27? +2—-6 

a+z-—3 6 Sax Be 
97. ee | os 98 5 Ce EB 
99. Gi ae solve for R, ri, andr 

. Given p iss Vv yas 26 


2 
100. Solve for W in the formula z = cube : 


(a) When x = 1.5, V = 40, and R = 2000. 
(b) When x = 2.72, V = 70, and R = 5000. 
101. One formula for computing the H.P. of an automobile engine is, H.P. = 


sesh in which W is the number of cylinders, and D is the diameter of each cylinder 


(in inches). Find the H.P. of a six cylinder engine if the diameter of each cylinder 
is 31 inches. 

102. What is the brake horsepower (B.H.P.) developed by an engine when the 
length of the brake arm is 60’, tare weight on brake 20 pounds, total pressure on 


the brake arm 156 pounds, and the brake wheel makes 200 revolutions? 
B.H.P. = Be eS where L = length of brake arm in feet, W = net presure 7.¢., 


total pressure on brake arm less tare weight in pounds, and N = number of revolutions 
per minute. 
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103. How many gallons of water are delivered per stroke by a 3 plunger pump, each 
8" in diameter with a 12” stroke, neglecting slip? 

G= nets where n = number of plungers, A = cross-section of each plunger in 
sq. inches, and J = length of stroke in inches. 

104. Divide 54 into two parts such that 3 of the greater minus 3 of the smaller 
shall equal 11. 

105. The supplement of a certain angle divided by 3 times its complement equals 
8, Find the angle. 

106. The difference between two numbers is 26. If the greater is divided by the 
smaller, the quotient is 3, and the remainder is 2. Find the numbers. 

107. A belt connects two wheels whose circumferences are 4 and 73 feet, respec- 
tively. How many feet will a point on the belt have traveled when the smaller wheel 
has made 100 more revolutions than the larger wheel? 

108. The sum of two numbers is m and the difference is n. Find the numbers. 

109. A can do a piece of work in x days and B, in y days. In how many days can 
they do it, working together? 

110. A can do a piece of work in 3 days and B, in 5 days. In how many days can 
the work be completed, if they work together? Check your result by substituting in 
the answer of the preceding problem. 

Solve for x and check. 


GR EO 4 ; Ade .252 
111. Pac ae ae a 112. Ta: pa ime, 

3c Se. 4 2.50 +.3 5.25 — 5 
1138. ane G aa 114. 9 3 =i 13; 


115. Ifa:b =c:d, show that a + 5b:a — 5b = ce + 5d:c — 5d. 

116. Find x if 62 — 5a: 4a — 5b = 3a + 5b: 2x + Sa. 

117. If w varies inversely as P, and w is 8 when P is 12, find w when P is 24. 

118. Two chords intersect within a circle and the ares intercepted between the 
sides of a pair of vertical angles are 45° and 75° respectively. Find the angles formed 
by the chords. 

119. The triangle ABC is inscribed in a circle. D is the midpoint of the are AC, 
and BD intersects the line AC in K. Prove that AB: BC = AK: KC. 

120. AB is the diameter of a circle O, BP is a tangent, and AP intersects the 
circumference at Q. Prove A ABQ similar to A APB and AQ: AB = BQ: BP. 

121. AB is achord in acircle, CD the diameter perpendicular to AB and meeting 
it at E. CP is any chord intersecting AB in F. Prove that CD :CF = CP: Cie 

122. Given the triangle ABC, AD 1 BC, and CF 1 AB, Prove that AB: BC 

= AD:CF. 

123. Corresponding medians in two similar triangles have the same ratio as any 
two corresponding sides. 


! 

22 yd os Bad oe, 
124, Solve for « and y and check. 
ba , 7y _ 19 oe 
6. or a iy Bye ee 
126, 744 = 6, 

Gh ety 

22 sy 

Ra 196 74 
22 + 38y — 42 = 10, 128 fa, by _ 10 
127. Solve for z, y, and z and check. ie Ole ee, 
Agi Qy + 32 & 21, 4a 2y 14 


— 8a + 4y + 5z = 16. 3 eed tive 


— ~~ 
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129. If the greater of two numbers is divided by the smaller, the quotient is 2 
and the remainder 8; but if nine times the smaller is divided by twice the greater, the 
quotient is 1 and the remainder, 54. Find the numbers, 

130. A certain fraction becomes 1 when the numerator is increased by 4, and 2 
when the denominator is decreased by 2. Find the fraction. 

131. The sum of the two digits of a number is 9, If the number is divided by the 
sum of the digits, the quotient is 4. Find the number. 

132. A number is expressed by three digits. If the digits are reversed, the new 
number exceeds the original number by 198. If the number is divided by the sum 
of its digit, the quotient is 26 and the remainder, 1. The sum of the tens’ and 
units’ digits exceeds the hundreds’ digit by 8. Find the number. 

133. A man rows 24 miles down a river and back in 10 hours. He rows 6 miles 
down the river in the same time that he rows 4 miles up the river, Find his rate in 
still water, the rate of the current, the time he was rowing down, and the time he 
was rowing up the river. 

134. If the length of a rectangular field is increased 4 rods and its width, 3 rods, 
its area is increased 120 square rods. If the length is decreased 4 rods and the width, 
2 rods, the area is diminished 80 square rods. Find the length and width of the field. 

Which of the statements in problems 135 to 144 inc. are correct? 


135. (2 + +/3)? = 2? + 3. 136. (2x +1)? = 2(¢ + 1). 
137. 3+/22 — 5 = 9x? — 45. 138. (2\/z — 1)? = 4x — 1. 
139. (x + y)? = 2? + y?2. 140. Vz — Vy = Va —y. 
141. VS ayz = JVrVy-vV 2. 142. /oty =Vz+ vy. 
1 
1438. Y2? —-y2 =2-y. 144, 2a-? — 773 = sai aie 


145. Multiply a? + atb? + bi by a? — bt, 
146. Divide a + b by a3 — atbt + 53, 
147. Express with rational denominators. 


(a) V38- v2 o) Vatve 
V3 + V2 Va-~Vb 


148. Simplify: +/32a — NE +2 Ae Ra a 
149. Solve for z and check. ~/z +5 —-~W/z =1. 
a 

150. Expand (32 = 4) : 
151. Expand (1/3 — 1/2): 
152. Find the square root of 2867.52 correct to two decimal places. 
153. Find the square root of 9x4 + 34a”? — 12x73 + 25 — 202. 
154. Find the cube root of 15813251. 
155. Find the fourth root of 167+ — 32x”? + 2427? — 8x + 1. 
156. Solve and check. : 

w+9Q 277-5 

 paenae.: 

157. Solve and check. 

Ba +5 2-5 _ 19 

rah ee 24 8 

158. Using the quadratic formula, solve mz? — nx + p for z. 
159. Solve and check. zx — 52! +6 =0, 
160. Solve and check. 2r — ./3z —2 = 8. 
161. Solve and check. ~/z +2 —-~V/3e2+4+2 =0. 
162. Solve and check. +/22 +5 — V32—2 = V/ 5a — 9. 
163. Solve and check. 2% + +/22+4+3 = 9. 
164. Solve (x? + 3x)? — 2a? — 6x = 15. 


+10 _ 40 
oa Rename 
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165. Form the equation whose roots are a + 24/6 and a — 2~/d. 

166. Find two consecutive odd integers whose product is 143. 

167. The sum of two numbers is 11 and their product is 30. Find the numbers. 

168. The quotient of two numbers is 12 and their product is 216. Find the 
numbers. 

169. The difference between the hypotenuse and one side of a right triangle is 
4, and the difference between the hypotenuse and the other side is 8. Find the sides. 

170. Solve for x and y. 

32? — 2y? = — 6, 

Bay + 38y? = 57. 

171. The cylinder of a pump is 12” long and 9” in diameter. What is the diameter 
of a cylinder 15” long having the same volume? 

172. The volume of air flowing through a mine varies directly as the square root 
of the pressure. If the flow of air is 60,000 cu. ft. a minute under a pressure of 2.8 
Ibs. a sq. ft. what pressure is required to supply a flow of 70,000 cu. ft. a minute. 

173. If 18 men can build 2079 feet of R.R. siding in 60 days, working 10 hrs. a 
day, how many feet can 6 men build in 110 days, working 12 hrs. a day? 

174. The volume of a cylinder varies directly as the product of the length by the 
square of the diameter. 

If the volume of a gas engine cylinder 20” X 10” is 1570.8 cu. in., what is the 
volume of a gas engine cylinder 24” X 16”? 

Find the value of the unknown angle in the following trigonometric equations. 
Check. 

175. (2 cos  — 1)(cos x — 1) = O. 

176. 3 cos 6 + 2 sin? @ = 3. 

177. tan?y =3secy—3. 

178. 2. cos x sin? x — cosa = 0. 

179. sin 2 B = cos B. 

180. esc 54 = sec 32. 

181. sin (60° + @) = cos 26. 

182. 6 sin @ + 4 cos 20 = 5. 

183. 2 sin @ + 2 sin 20 —2cos@ = 1. 

184. 2 sin @ + tan 26 = 0. 

185. One leg of a right triangle is 4.8’, the hypotenuse is 7.3’. (a) Find the other 
leg. (b) Find the six functions of each acute angle. 

186. To give the greatest support to a pole, a guy wire of given length must be 
fastened at an angle of 45° with the pole. Assuming the ground to be level, how high 
up the pole must a 24’ guy wire be placed to give the greatest strength? (6) What 
is the shortest distance from the foot of the pole to the guy wire? 

187. A road bed is inclined +150° to the horizontal. If a person walks up the road 
1 mile, how many feet has he risen, vertically? 

188. In problem 187 how many feet has he gone horizontally? 

189. If the person weighs 200 lbs., how many foot-pounds of work has he done in 
problem 187? 

190. In a circle with a radius of 12.975 inches, find the central angle subtended 
by a chord 4.063 inches long. 

Solve the following oblique triangles having given: 

191. b = 41.554, A = 118° 55’ 49”, and C = 45° 41’ 35”. 

192. a = .007632, b = .004793, and C = 102° 3’ 42”. 

193. a = .34678, b = .91704, c = .80006. 

194. a = 365.24, c = 346.45, C = 62° 17’ 48”. 

195. Two trains start at the same time from the same point and upon straight 
tracks diverging at an angle of 67° 45’. If the one runs 46 miles an hour and other 32 
miles an hour, how far apart are they at the end of three hrs.? 
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196. In any circle, the angle at the center subtended by a chord 100 feet long is 
called the degree of curve. If the central angle is denoted by D and the radius by R, 


Be OU 
show that sin oR 
197. If the radius of a curve is 500 feet, find the degree of curve. 
198. Find the radius of a curve (in feet) having a 25 degree curvature. 
199. If the radius of a curve is 1000 feet, find the degree of curve. 


200. Find the radius of a curve (in feet) having a 15 degree curvature. 


SUMMARY OF FORMULAS 


Notation 
a, b, and c = the sides of a triangle. 

s=#(a+b+¢c). 

h = altitude. 

h, = altitude on side-c. 

m = median. 
Me = median to side c. 

zt = angle bisector. 

i. = angle bisector meeting side ¢. 
A = area. 

b = base. 

d = diagonal. 


p = perimeter. 
C = circumference of a circle. 
R = radius of a circle or a sphere. 
D = diameter. 
ry = radius of an inscribed circle. 
V = volume. 
l, w = length, width. 

B = area of base. 
M = area of mid-section. 

L.A. = lateral area. 

T.A. = total area. 

= slant height or element. 

N = number. 


Binominal Theorem. : 
—1)._ LD, LUG 73) 
1. (a +b)» =a" + Fartb Ke nn = Dae 262 + mn ee eee 
§381. 
Quadratic. 
If az? + bx +c = 0, 
2 2£= be 4/b? = 40. §394. 
2a 
Triangles. 
oe he = 2 vVs(s — a)(s — b)(s — ¢). §433. 
4. me = 4°V/2(a? + 5?) — c?. §434. 
2 V abs(s = Oe §435. 
De t = a ae b 
6. A = 3bh. §430. 
7, A= Vs38(s — a)(s — b)(s — c). §444, 
8. A = 4absin C = jacsin B = Zbe sin A. §549-1. 
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a? sin B sin C 

9 A= ore Whey wae §549-2. 
10. A= v3. §443. 
Quadrilaterals. 

11.. A =s% Square. §427. 
12. A=bh. Parallelogram. §429. 
13. A = idd;. Rhombus. §431. 
14. A = 4h(b+5,). Trapezoid. §432. 
Regular Polygons. 

15. A = $hp. §467. 
Circles. 

16.0 °C)= 22h: $466. 
es fe EG §468. 
Si A sole, ; §470. 

abc 
19. R= a one = st §436. 
abc 
202. R= rei §445. 
1. irs y Sa ee ce §446. 
§ 
SOLIDS 

Rectangular Solid. 
22: V =lwh. §482. 
Prisms. 
23 V = Bar. §485 
24. L.A. = ph. §487. 
25. T.A. = L.A. + 2B. §488. 
Pyramids. 
26. V = 3Bh. §490. 
27. L.A. = fsp. §491. 
OSM WA iLeAe jib. §492. 
Prismatoids. 
29. V =#h(B+Bi+4M). §495. 
Cylinders. 
30. V= Bh. §498. 
31. L.A. = Ch. §499. 
32. T.A. = L.A. + 2B. §500. 
Cones. 

33. V = Bh. §503. 
34. DA. = 4s. §504. 
35. TA. = L.A. +B. §505. 
Spheres. 

36. A = 4rk?, §509. 


Bie A = 2rRh. §510. 


38. 
39. 


. tan (zx + y) = 


. tan (x — y) 


. tan 2x = 


. cot 27 = 


. tan 1, = 
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V= $rR3 = inD3, 
Y= Meri? + ar2?) + =. 
V= 4 rr2h + rh’, 


TRIGONOMETRIC FORMULAS 


. sin? A + cos? A = 1. 


sin A. 


. sec? A = 1+ tan? A. 
. esc? A = 1 + cot? A. 


sin (90° +2) =cosz. 
cos (90° +z) = —sin z. 
tan (90° + x) = —cot 2. 
sin (180 — x) = sing. 


. cos (180° — x) = —cos z. 
. tan (180° — z) = —tan z. 


sin (x + y) = sin zcos y + cos zsin y. 
cos (x + y) = cos z cos y — sin z sin y. 
tan z + tan y. 

1 — tan x tany 

_ cot ycot z —1 

~ “cot y + cot xz 
sin (cx — y) = sin ~ cos y — cos rsin y. 


cot (x + y) 


cos (x — y) = cos zcosy +sin z sin y. 
iol tan x — tan y 
1+ tanztany 


_ cotycotrz+1 
cot (t — y) = cot y — cot x 


sin 2x = 2 sin 2 cos Z. 


. cos 2x = cos? x — sin? z. 


2tanz 
1 — tan’? z 
cot? z — 1 
2cot xr 


at | 1 — cos @ 
=§ = Eee eee | 
a £4 2 


1 1 + cos @ 
_ a = oenuln eee, 
cos 5 +4] 3 


1 — cos @ 
2 1 + cos 6 
il 1 + cos 0, 


. cot —6= 


2 1 — cos @ 


_ sin A +sin B = 2sin 3(A + B) cos 4(A — B). 
. sin A —sin B = 2 cos 3(A + B) sin 4(A — B). 
. cos A + cos B = 2 cos 3(A + B) cos 3(A — B). 
. cos A — cos B = —2sin #(A + B) sin 3(A — B). 


sin A +sin B_ tan 4(A + B). 


-snA—senB tan $(A — 8B) 


18 
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§511. 
§512. 
§512. 


§518 


§533-1. 


§533-I1. 


§534. 


$535. 


§536.° 


$537. 


§538. 
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72. 


73. 


74. 
75. 


76. 


Cth 


» No. of degrees X 130 
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his ghd GOs EC 
sn A sinB sinC 
tan 3(A — B) _a—b 
tan3(A +B) a+b 
a? = b2 + c? — 2bc cos A. 
(a — b) cos $C =c sin 34(A — B). 


1 r 1 r i 
tan pA tan = ey a 


CIRCULAR MEASURE 


r 
s—C 


No. of radians X = = No. of degrees. 


Tv 


ll 


No. of radians. 


LOGARITHMS 
logs (NiN2) = logs Ni + logs N2. 


. logs (Ni + N2) = logs Ni — logy N2. 
. log, N™ = m logy N. 
1 


Mio N™ = ets 


colog, N = logs 1 — logs N. 


log. N = pa Do Wherere 12-718. 
Og 10 @ 


. Natural log N = 2.3026 times common log N. 


APPROXIMATE VALUES 


V2 = 1.4142. a/% = 0.7071. 

4/3 = 1.7821. 4/2 = 1.2599 

/5 = 2.2361. x = 3.1416 
1 

—= = 0.5642. 

We 642 


1° = .01745" and 1° = 57° 17’ 45”. 


§540. 


§541. 


§542. 
§543. 


§548. 


§552. 


§558. 
§559. 
§560 


§561. 


§562. 
§564. 


9.8696. 
= 1.7725. 


0.3183. 


Soa 
31—4 ¥ 
| 


CHAPTER XVIII 
TABLES 


LOGARITHMS OF NUMBERS 


572. Base.—As has been explained in §563 the base of the logarithms 
computed in the tables is 10. 
Now 10° = 1, hence log 1 = 0 §556. 
10! = 10, hence log 10 = 1. 
10? = 100, hence log 100 = 2. 
10° = 1000, hence log 1000 = 3 


104 = 10000, hence log 10000 = 4. 
10—? = .1, hence log .1 = —1. 
10-7 = .01, hence log .01 = —2. 


10-* = .001, hence log .001 = —3, etc. 

It will be seen from the above that: 

1. The logarithm of a number greater than 1 is positive. 

2. The logarithm of a number between 0 and 1 is negative. 

3. Since the logarithm of 1 is 0 and the logarithm of 10is1, theloga- 
rithm of a number between 1 and 10 is a positive decimal fraction. 

4. Since the logarithm of 10 is 1 and the logarithm of 100 is 2, the 
logarithm of a number between 10 and 100 is 1 plus a decimal fraction. 

5. Since the logarithm of 100 is 2 and the logarithm of 1000 is 3, the 
logarithm of a number between 100 and 1000 is 2 plus a decimal fraction. 

It will be further seen that: 

6. Since the logarithm of 1 is 0 and the logarithm of 0.1 is —1, the 
logarithm of a number between 1 and 0.1 is —1 plus a decimal fraction. 

7. Since the logarithm of 0.1 is —1 and the logarithm of 0.01 is —2, 
the logarithm of a number between 0.1 and 0.01 is —2 plus a decimal 
fraction, etc. 

Most numbers are not integral powers of 10. Thus, 780 is more than 
the second and less than the third power of 10. Hence its logarithm is 2 
plus a fraction. 

573. Characteristic.—The logarithm of a number consists of two 
parts, the characteristic and the mantissa. The characteristic is the 
whole number as determined in $572. It is not found in the tables but 
must be supplied by the student. The positive characteristic is 
determined by the number of digits in the given number and is always 
numerically one less than the number of digits to the left of the decimal 
point. The logarithm of every number between 0 and 1 has a negative 
characteristic. ‘This characteristic is numerically one more in absolute 
value than the number of zeros between the decimal point and the first 
significant digit. (All digits except zero are significant digits.) 
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If the characteristic of a logarithm is negative, it is customary in 
computation to add and subtract 10. Thus, the logarithm —1 plus a 
decimal fraction is changed to read 9 plus a decimal fraction —10, since 
—1 is equal to 9 — 10. 

Illustrations. 

log 32 =1-+ a decimal fraction. 

log 320 = 2 + the same decimal fraction. 

log 3.2 =0-+ the same decimal fraction. 

log .32 = 9-+ the same decimal fraction —10. 

log .032 = 8 + the same decimal fraction —10. 


PROBLEMS 
What is the characteristic of the logarithm of each of the following numbers? 
1. 485. 3. 562. 5. .0452. 7. 679.54. 
Ps OW 4, .385. 6. 48620. 8. .00482 


574. Mantissa.—The mantissa is the decimal fraction referred to in 
the preceding article. Tables give the mantissa only. It depends upon 
the sequence of figures in the number. It also determines the sequence 
of figures in the number corresponding to a given logarithm. 

In the log, 3.68542, the whole number 3 is the characteristic and the 
decimal part, .68542, is the mantissa. The decimal point is omitted in 
the tables. 

575. To Find the Logarithm of a Number.—If the number consists of 
not more than three digits it will be found in the column headed No., 
and the mantissa of its logarithm will be found horizontally opposite 
in the first column to the right. If, however, the number consists of 
four digits, the fourth digit will be found to the right of No., and the 
mantissa of its logarithm is found in the column under the fourth digit 
and to the right of the first three digits in the number. 

Check the following from the tables: 


log 32 = 1.50515. 
log 324 2.51055. 
log .368 = 9.56585 — 10. 
log 5.423 = 0.73424. 
log .04867 = 8.68726 — 10. 

576. Antilogarithm.—An antilogarithm is a number which corre- 
sponds to a given logarithm. If the logarithm of a number is given to 
find the number, look in the tables for the mantissa and write down the 
number found to the left. 

Check the following from the tables: 


If log x = 1.73656. x = 54.52. 
If log x = 3.68178. x = 4806. 
If log x = 0.90325. x = 8.003. 
If log = 8.84621 — 10. x = .07018. 


=— 
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PROBLEMS 

Find the logarithm of the following numbers: 

1. 862. 2. 6851. 3. 76420. 

4. 54.63. 5. 3086. 6. 954.3. 

%. 2.367. 8. .1468. 9. .03845. 
10. .00642. 11. .00048. 12. 6.386. 
Find z in the following: 

13. log « = 0.64473. 14. log = 1.48087. 

_ 15. log x = 3.39023. / 16. log x = 2.97109. 
\ 17. log « = 9.89818 — 10. \¥ 18. log « = 8.78433 — 10. 


577. Interpolation——It is often necessary to get the logarithm 
of a number of more than four figures. In order to do this, a correction 
must be made as follows. First get the logarithm of the number of the 
first four figures and also that of the next higher number. Multiply the 
difference of these logarithms by the fifth figure used as tenths and add 
the result to the logarithm of the smaller number. 

Illustrations.—1. To find log 74875. 

log 74870 = 4.87431. 
log 74880 = 4.87437. 


Then log 74875 lies between 4.87431 and 4.87487. 

The required log is found by interpolation as follows: 

The tabular difference is .00006. 

The difference between 74870 and 74875 is 5. 

The difference between 74870 and 75880 is 10. 

Therefore, ;%, of .00006 which is .00003 must be added to the log of 
74870. . 

Then log 74875 = 4.87434. 

In practice the zeros in the differences are omitted. 

2. Given log x = 1.74458, find z. 

log 55.53 = 1.74453. 
log 55.54 = 1.74461. 

Since log x lies between log 55.53 and log 55.54, x must have a value 
greater than 55.53 and less than 55.54. 

The difference between log x and log 55.53 is 5. ‘The tabular differ- 
enceis8. Therefore $ must be added to 55.53 making the required num- 
ber x 55.53 $ or 55.536. 

Hence x = 55.536. 


PROBLEMS 
Find the logarithm of the following numbers. 
1. 23854. “2. 65.402. 3. 9.0264. 
4, 383.67. «5. 1104.5. 6. .46843. 
(eeaues -8. .074321. 9. .86389. 
10. .0023105. AA1. .084653. 12. .00057207. 
Find z in the following: 
13. log x = 1.73275. 14. log x = 3.84251. 
15. log x = 2.90332. 16. log z = 0.99381. 
97. log « = 7.09969 — 10. » 18. log x = 9.75589 — 10. 
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578. Use of Co-logarithm.—The co-logarithm of a number is found 


by subtracting its logarithm from the logarithm of 1. §562. 
Thus, a b 
log 1 = 10.00000 — 10 9.9999(10) — 10 
log 53.84 = 1.73111 1.7a111 
Colog 53.84 = 8.26889 — 10 8.26889 — 10. 


If the above subtraction as shown in method b is used, the colog 
may be read directly from the table. 


Illustrations 1. 


Find the value  paeel 5. ss 5 384 Pin using co-logs. 


log 3.467 = 0.53995 
colog 5.384 = 9.26889 — 10 


Adding, log quotient = 9.80884 — 10 
anti log = 0.64393. 


312 X 7.18 X 31.82. 
519 X 8.27 X 5.182 


log 312 = 2.49415 

log 7.18 = 0.85612 

log 31.82 = 1.50270 
colog 519 = 7.28483 — 10 
colog 8.27 = 9.08249 — 10 
colog 5.182 = 9.28971 — 10 


2, Find the value of: 


Adding, log Ans. = 0.51000 
Ans. = 3.2360. 


3. Find the value of: V3.256 256 X 685: 
/ 68.44 X 42. 867° 


log 3.256 = 0.51268 
log 685 = 2.83569 
log 68.44 = 1.83531 
log 42.867 = 1.63212 


log ~/3.256 = 0.17089 

log 685-2 = 0.56714 
colog ¥/68.44 = 9.63294 — 10 
colog 42.867§ = 9.02073 — 10 


Adding, log Ans. = 9.39170 — 10 
Ans. = .24643. 
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PROBLEMS 
Find the value of the following: 
3864 2.687 2 85am 
a Fras 2. aay 3. 983- 4, ~/216. 5. 4t. 
~ (= 87824) X 3.84, iy. to X_.028634-X 879.23 
—.093824) X 56.2 2.8645 X .9872 X 5.8974 
8. 1/6384.2 X 02674. pee | hy 
W/ 42.86 X 3.876 
10. 2568.4-7, “A111. (—286.32)4 x .00976. 
67254:? X 8643-8 as 
12. wae 113. /(8752)8 + 2753-4, 


3784.35 AGQ<75, 4 
14. 378435 & 5.462 Y 


V 4.3875 

579. Logarithmic Functions.—Only the logarithms of sine, cosine, 
tangent, and cotangent of the acute angles are given in the tables. For 
angles between 0° and 45°, the degrees are at the top of the page, the 
minutes in the left-hand column, and the functions in the columns 
designated by the names at the top. 

For angles between 45° and 90°, the degrees are at the foot of the page, 
the minutes in the right-hand column, and the functions in the columns 
designated by the names at the bottom. 

The sines and the cosines of all acute angles, the tangents of angles 
between 0° and 45°, and the cotangents of angles between 45° and 90° are 
all less than unity. Hence the characteristics of their logarithms are 
negative, but the —10 has been omitted in the tables. The true loga- 
rithm of all other values are given. 

Ilustrations.—1. Find log sin 28° 40’ 18”. 

From table IT, log sin 28° 40’ = 9.68098 and log sin 28° 41’ = 9.68121. 

The tabular difference is 23. 

Hence, 43 X 23 or .00007 must be added to 9.68098. 

.. log sin 28° 40’ 18” = 9.68105. 

2. Find log cos 63° 15’ 25”. 

From table II, log cos 63°15’ = = 9.65331, 

and log cos 63° 16’ = 9.65306. 

The tabular difference is 25. Hence, 2 X 25 or .00010 must be 
subtracted from 9.65331. 

“. log cos 63° 15’ 25” = 9.65321, 

Note.—Since the sine and the tangent of an angle increase as the angle 


' increases and the cosine and the cotangent of an angle decrease as the angle 


, 


increases, the correction in finding log sin and log tan must be added to, 
and the correction in finding log cos and log cot must be subtracted from 
the logarithm of the smaller angle. 

3. Given log tan @ = 0.32654, find 0. 

From the tables, log tan 64° 45’ = 0.32640, 

and log tan 64° 46’ = 0.32673. 

Since log tan @ lies between log tan 64° 45’ and log tan 64° 46’, @ must 

have a value greater than 64° 45’ and less than 64° 46’. 
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The difference between log tan 6 and log tan 64° 45'is14. Thetabular 

difference is 33. Hence, 44 of 60’ or 25” must be added to 64° 45’. 
“. 6 = 64° 45’ 25”. 

Check the following: 

log sin 25° 10’ 20” = 9.62874. 

log cos 40° 28’ 35”” = 9.88120. 

log tan 0 = 9.86432, 6 = Soy ltvol:. 

log cos 6 = 9.45826, 0 = 73° 18’ 24”. 


PROBLEMS 
Find the value of the following: 
1. log sin 30° 28’ 10”. 2. log cos 42° 42’ 30”. 
3. log tan 50° 25’ 45”. 4. log cot 26° 30’ 25”. 
5. log sin 81° 10’ 5”. 6. log tan 16° 46’ 18”. 
Find @ in the following: 
7. log sin 6 = 9.35764. 8. log cos 6 = 9.67619. 
9. log tan 6 = 9.98496. 10. log cot 6 = 0.40857. 


580. Natural Functions of Angles.—In §289 a table of Natural 
Functions of a few angles was given. To find the function of any acute 
angle, more extended tables must be used. 

By consulting the tables in this chapter, it will be found that sin 
30° 20° = 0.5050 and tan 48°37’ = 1.1349. Suppose it is desired to find 
sin 40° 25’ 20”. Sin 40° 25’ = 0.6483 and sin 40° 26’ = 0.6486. There is 
a difference of 3 for a difference of 1 minute in the angle. 20’ is 3 of 
a minute, therefore, take 4 of 3 or 1 andaddit to0.6483. Hencesin 40° 25’ 
20” = 0.6484. 

Note.—Since the sine and the tangent of an angle increase as the angle 
increases, the fractional part of the difference must be added to the function 
of the smaller angle. On the other hand since the cosine and the cotangent 
of an angle decrease as the angle increases, the fractional part of the differ- 
ence must be subtracted from the functions of the smaller angle. 

Conversely, suppose sin @ = 0.8023 and the angle @ is to be found. 
By consulting the tables it is found that 6 = 53° 21’. If tan 6 = 0.3969, 
6 = 21°39'.. Again, if sin 6 = 0.2800, @ = 16°15’40”. Here sin 16° 15’ 
= 0.2798 and sin 16° 16’ = 0.2801, a difference of 3. The difference 
between the value of sin 16° 15’ and sin @is2. Now, 3 of 60” or 40” 
must be added to 16°15’. Hence, if sin 6 = 0.2800, 6 = 16°15’ 40”. 


PROBLEMS 

1. Find the value of the following: 

(a) sin 28° 37’. (d) sin 48° 25’ 30”. 
(b) cos 48° 55’. (e) cos 55° 52’ 45”. 
(c) tan 73° 22’. (f) tan 23° 45’ 15”. 
2. Find the value of 0 in the following: 

(a) tan 6 = 0.6847. (d) sin 6 = 0.3463. 
(b) cos 6 = 0.5878. (e) cos 6 = 0.7362. 


(c) sin 6 = 0.9400. _ (f) tan 6 = 1.7362. 


—_— 


TABLE I 
THE 


COMMON LOGARITHMS 


OF THE 
NATURAL NUMBERS 


From Plane Trigonometry With Tables 


By Everne Henry Barker. 
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5 6 


100) 00.000 00 043 00 087 00130 00173 | 00217 00 260 00 303 00 346 
101 | 00 432 00 475 00 518 00 561 00 604 | 00 647 00 689 00 732 00 775 00 817 
102 | 00 860 00 903 00 945 00 988 01030 | 01 072 O1 115 01157 01 199 O1 242 
103 | 01 284 01 326 01.368 01 410 01 452 | 01 494 01 536 01 578 01 620 01 662 
104| 01 703 01745 O1 787 01 828 01.870 | 01912 01 953 01 995 02 036 02 078 


105 | 02119 02 160 02 202 02 243 02 284 | 02325 02 366 02 407 02 449 02 490 
106 | 02 531 02572 02 612 02 653 02 694 | 02735 02 776 02 816 02 857. 02 898 
107 | 02 938 02 979 03 019 03 060 03100 | 03141 03 181 03 222 03 262 03 302 
108 | 03 342 03 383 03 423 03 463 03 503 | 03 543 03 583 03 623 03 663 03 703 
109 | 03 743 03 782 03 822 03 862 03 902 | 03 941 03 981 04 021 04060 04 100 


110 | 04139 04179 04218 04258 04297 | 04336 04376 04 415 04454 04 493 
111 | 04 532 04571 04610 04650 04689 | 04727 04 766 04 805 04 844 04 883 
112 | 04 922 04.961 04999 05038 05077 | 05115 05 154 05 192 05 231 05 269 
113 | 05 308 05 346 05 385 05 423 05 461 | 05 500 05 538 05 576 05 614 05 652 
114| 05690 05 729 05 767 05.805 05 843 | 05 881 05 918 05 956 05 994 06 032 


115 | 06.070 06 108 06 145 06183 06 221 | 06 258 06 296 06 333 06 371 06 408 
116 | 06 446 06 483 06 521 06 558 06 595 | 06 633 06 670 06 707 06 744 06 781 
117 | 06 819 06 856 06 893 06 930 06 967 | 07 004 07 041 07 078 07 115 07 151 
118 | 07 188 07 225 07 262 07 298 07 335 | 07 372 07 408 07 445 07 482 07 518 
07 555 07 591 07 628 07 664 07 700 | 07 737 07 773 07 809 07 846 07 882 


120 | 07 918 07 954 07 990 08 027 08 063 | 08099 08135 08171 08 207 08 243 
121| 08279 08 314 08 350 08 386 08 422 | 08 458 08 493 08 529 08 565 08 600 
122| 08 636 08 672 08.707 08 743 08778 | 08 814 08 849 08 884 08 920 08 955 
123 | 08 991 09 026 09 061 09 096 09 132 | 09 167 09 202 09 237 09 272 09 307 
09 342 09 377 09 412 09 447 09 482 | 09517 09 552 09 587 09 621 09 656 


125 | 09 691 09 726 09 760 09 795 09 830 | 09 864 09 899 09 934 09 968 10 003 
126 | 10 037 10072 10106 10140 10175 | 10209 10 243 10 278 10312 10 346 
127 | 10380 10415 10449 10 483 10517 | 10551 10585 10619 10 653 10 687 
128| 10721 10755 10789 10823 10857 | 10890 10924 10958 10992 11 025 
129| 11059 11093 11126 11160 11193 | 11227 11261 11294 11327 11361 


130 11394 11428 11461 11494 11528 | 11561 11594 11628 11661 11 694 
131 | 11 727 11.760 11 793 11 826 11860 | 11893 11 926 11959 11992 12 024 
132 | 12 057 12 090 12123 12156 12189 | 12222 12 254 12 287 12 320 12 352 
133 | 12 385 12418 12450 12483 12516 | 12548 12581 12613 12 646 12 678 
12 710 12743 12775 12808 12840 | 12872 12905 12 987 12 969 13 001 


135| 13033 13066 13098 13130 13162 | 13194 13226 13 258 13 290 13 322 
136 | 13 354 13386 13418 13450 13481 | 13513 13 545 13577 13 609 13 640 
137 | 13 672 13 704 13 735 13 767 13799 | 13830 13 862 13 893 13 925 13 956 
138 | 13988 14019 14051 14082 14114 | 14145 14176 14 208 14239 14 270 
139 | 14801 14333 14364 14395 14426 | 14457 14489 14520 14 551 14 582 


140 | 14613 14644 14675 14706 14737 | 14768 14799 14829 14 

141 | 14922 14953 14983 15014 15045 | 15076 15106 15 137 15 188 5 +98 

142 | 15 229 15 259 15 290 15 320 15 351 | 15 381 15 412 15 442 15 473 15 503 

143 | 15 584 15 564 15 594 15 625 15655 | 15685 15715 15746 15776 15 806 
15 836 15 866 15 897 15 987 16017 16 047 16 077 


16 187 16 167 16 197 16 286 16 316 16 346 

146 | 16 485 16 465 16 495 16 524 16554 | 16584 16613 16 643 16 av 16 702 
147 | 16 732 16 761 16 791 16 820 16 850 | 16879 16 909 16 938 16 967 16 997 
148 | 17 026 17056 17 085 17114 17143 | 17173 17 202 17 231 17 260 17 289 
149 | 17319 17 348 17 377 17 406 17485 | 17 464 17 493 17 522 17 551 17 580 


160 | 17609 17 638 17 667 17696 17725 | 17754 17782 17811 17 840 17 869 


— 


160 
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0 1 2 3 4 


17 609 
17 898 
18 184 
18 469 
18 752 


19 033 
19 312 
19 590 


17 638 
17 926 
18 213 
18 498 
18 780 


19 061 
19 340 


17 667 
17 955 
18 241 
18 526 
18 808 


19 089 
19 368 


17 696 
17 984 
18 270 
18 554 
18 837 


19 117 
19 396 


) uy Fy - 
hag 412 
20 683-20 710 


19 618 
19 893 
20 167 


20 439 


19 645 
19 921 
20 194 


20 466 
20 737 
20 952 20978 21 005 
21 219 21 245 21 272 
21 484 21511 21 537 


21 748 21775 21 801 
22 011 22 037 22 063 
| 22 272 22 298 22 324 
22 531 22 557 22 583 
22 789 22 814 22 840 


| 23 045 23 070 23 096 
| 23 300 23 325 23 350 
23-553 23 578 23 603 
23 805 23 830 23 855 
24055 24080 24 105 


24 304 24 329 24 353 
24 551 24576 24 601 
24 797 24 822 24 846 
25 042 25 066 25 091 
25 285.25 310 25 334 


25 527 25 551 25 575 
25 768 25 792 25 816 
26 007 26 031 26 055 
26 245 26 269 26 293 
26482 26 505 26 529 


26 717 26741 26 764 
26 951 26 975 26 998 
27 184 27 207 27 231 
27 416 27 439 27 462 
27 646 27 669 27 692 


27 875 27 898 27 921 
28 103 28 126 28 149 
28 330 28 353 28 375 
28 556 28 578 28 601 
28 780 28 803 28 825 


29 003 29 026 29 048 
29 226 29 248 29 270 
29 447 29 469 29 491 
29 667 29 688 29 710 


19 673 
19 948 
20 222 


20 493 
20 763 
21 032 
21 299 
21 564 


19 866 
20 140 


21 827 
22 089 
22 350 
22 608 
22 866 


23 121 
23 376 
23 629 
23 880 
24 130 


24 378 
24 625 
24 871 
25 115 
25 358 


25°600 
25 840 
26 079 
26 316 
26 553 


26 788 
27 021 
27 254 
27 485 
27 715 


27 944 
28 171 
28 398 
28 623 
28 847 


29 070 
29 292 
29 513 
29 732 


26 340 
26 576 


26 du 


27 045 
27 277 
27 508 
27 738 


27 967 
28 194 
28 421 
28 646 
28 870 


29 092 
29 314 
29 535 
29 754 


29 885 29 907 29 929 29951 29 973 


30 103 30125 30146 30168 30190 


17 754 
18 041 
18 327 
18 611 
18 893 


19 173 
19 451 
19 728 
20 003 


17 782 
18 070 
18 355 
18 639 
18 921 


17 811 17 840 
18 099 18 127 
18 384 18 412 
18 667 18 696 
18 949 18 977 


19 229 19 257 
19 507 19 535 
19 783 19 811 19 838 
20 058 20 085 20 112 
20 276 20 303 20 330 20 358 20 385 


20 548 20 575 20602 20629 20 656 
20 817 -20 844 20 871 "20 898*20 925 
21085 21112 21139 21165 21 192 
21 352 21 378 21 405 21 431 21 458 
21617 21 643 21 669 21 696 21 722 


21 880 21 906 21 932 21 958 21 985 
22 141 22 167 22 194 22 220 22 246 
22 401 22 427 22 453 22 479 22 505 
22 660 22 686 22 712 22 737 22 763 
22 917 22 943 22 968 22 994 23 019 


23 172 23198 23 223 23 249 23 274 | 
23 426 23 452 23 477 23 502 23 528 
23 679 23 704 23 729 23 754 23 779 
23 930 23 955 23 980 24 005.24 030 


24 180 24 204 24229 24254 24279 


24 428 24452 24477 24 502 24 527 
24 674 24699 24724 24748 24773 
24 920 24 944 24 969 24 993 25 018 
25 164 25188 25 212 25 237 25 261 
25 406 25 431 25 455 25479 25 503 


25 648 25 672 25696 25 720 25 744 
25 888 25 912 25 935 25 959 25 983 
26 126 26 150 26 174 26198 26 221 
26 364 26 387 26 411 26 435 26 458 
26 600 26423 26 647 26 670 26 694 


26 834 26 858 26 881 26 905 26 928 
27 068 27 091 27 114 27 138 27 161 
27 300 27 323 27 346 27 370 27 393 
27 531 27 554 27 577 27 600 27 623 
27 761 27 784 27 807 27 830 27 852 


27 989 28 012 28035 28 058 28 081 
28 217 28 240 28 262 28 235 28 307 
28 443 28 466 28 488 28 511 28 533 
28 668 28 691 28 713 28 735 28 758 
28 892 28 914 28 937 28 959 28 981 


29 115 29137 29159 29181 29 203 
29 336 29 358 29 380 29 403 29 425 
29 557 29 579 29 601 29 623 29 645 
29 776 29 798 29 820 29 842 29 863 
29 994 30016 30038 30060 30 081 


30 211 30 233 30255 30276 30 298 


17 869 
18 156 
18 441 
18 724 
19 005 


19 201 
19 479 
19 756 
20 030 


19 285 
19 562 
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ee 


30 103 30 125 30 146 30 168 30 190 
30 320 30 341 30 363 30 384 30 406 
30 535 30557 30 578 30 600 30 621 
30 750 30771 30 792 30 814 30 835 
30 963 30 984 31.006 31 027 31 048 


31175 31197 31218 31 239 31 260 
31 387 31 408 31 429 31 450 31 471 
31 597 31618 31 639 31 660 31 681 
31 806 31 827 31 848 31 869 31 890 
32 015 32035 32 056 32 077 32 098 


32 222 32 243 32 263 32 284 32 305 
32 428 32 449 32 469 32 490 32 510 
32 634 32 654 32 675 32 695 32715 
32 838 32 858 32 879 32 899 32919 
33 041 33 062 33 082 33 102 33 122 


33 325 
33 526 
33 726 
33 925 
34 124 


33 244 33 264 33 284 33 304 
33 445 33 465 33 486 33 506 
33 646 33 666 33 686 33 706 
33 846 33 866 33 885 33 905 
34 044 34 064 34084 34 104 


34 242 34 262 34 282 34301 34 321 
34 439 34459 34479 34 498 34518 
34 635 34655 34 674 34 694 34713 
34 830 34 850 34 869 34 889 34 908 
35 025 35 044 35 064 35 083 35 102 


35 218 35 238 35 257 35 276 35 295 


5 6 7 8 9 


i a ae ee 


30 211 30 233 30 255 30 276 30 298 
30 428 30 449 30 471 30 492 30 514 
30 643 30 664 30 685 30 707 30 728 
30 856 30 878 30 899 30 920 30 942 
31 069 31091 31112 31133 31 154 


31 281 31 302 31 323 31 345 31 366 
31 492 31513 31 534 31 555 31 576 
31 702 31 723 31 744 31 765 31 785 
31911 31931 31 952 31 973 31 994 
32 118 32 139 32160 32181 32 201 


32 408 
32 613 
32 818 
33 021 
33 224 | 


33 425 


32.325 32 346 32 366 32 387 
32 531 32 552 32 572 32 593 
32 736 32 756 32777 32 797 
32 940 32 960 32 980 33 001 
33 143 33 163 33 183 33 203 


33 345 33 365 33 385 33 405 
33 546 33 566 33 586 33 606 33 626 
33 746 33 766 33 786 33 806 33 826 


33 945 33 965 33 985 34005 34 025 
34 143 34163 34183 34203 34 223 


34 341 34 361 34 380 34 400 34 420 
34 587 34 557 34577 34 596 34616 
34 733 34 753 34772 34.792 34 811 
34 928 34 947 34 967 34 986 35 005 
35 122 35 141 35 160 35 180 35 199 


35 315 35 334 35 353 35 372 35 392 


35 411 35 430 35 449 35 468 35488 | 35507 35 526 35 545 35 564 35 583 


35 603. 35 622 35 641 35.660 35 67 
35 793 35 813 35 832 35 851 35 870 
35 984 36 003 36 021 36 040 36 059 


36 173 36 192 36 211 36 229 36 248 
36 361 36 380 36 399 36 418 36 436 
36 549 36 568 36 586 36 605 36 624 
36 736 36 754 36773 36 791 36 810 
36 922 36 940 36 959 36977 36 996 


37 107 37 125 37 144 37 162 37 181 
37 291 37 310 37 328 37 346 37 365 
37 475 37 493 37 511 37 530 37 548 
37 658 37 676 37 694 37 712 37 731 
37 840 37 858 37 876 37 894 37 912 


38 021 38 039 38 057 38 075 38 093 
38 202 38 220 38 238 38 256 38 274 
38 382 38 399 38 417 38 435 38 453 
88 561 38 578 38 596 38 614 38 632 
38 739 38 757 38775 38 792 38 810 


38 917 38 934 38 952 38 970 38 987 
39 094 39 111 39 129 39 146 39 164 
39 270 89 287 39-305 39.322 39 340 
39 445 39 463 39 480 39 498 39 515 
39 620 39 637 39 655 39 672 39 690 


39 794 39 811 39 829 39 846 39 863 


35 698 35 717 35 736 35 755 35 774 
35 889 35 908 35 927 35 946 35 965 
36 078 36 097 36.116 36135 36 154 


36 267 36 286 36 305 36 324 36 342 
36 455 36 474 36 493 36 511 36 530 
36 642 36 661 36 680 36 698- 36 717 
36 829 36 847 36 866 36.884 36 903 
87 014 37 033 37 051 37 070 37 088 


37 199 37 218 37 236 37 254 37 273 
37 383 37 401 37 420 37 438 37 457 
37 566 37 585 37 603 37 621 37 639 
37 749 37 767 37 785 37 803 37 822 
37 931 37 949 37 967 37 985 38 003 


38 112 38130 38 148 38 166 38 184 
38 292 38 310 38 328 38 346 38 364 
38 471 38 489 38 507 38 525 38 543 
38 650 38 668 38 686 38 703 38 721 
38 828 38 846 38 863 38 881 38 899 


39 005 39 023 39 041 39 058 39 076 
39 182 39 199 39 217 39 235 39 252 
39 358 39 375 39 393 39 410 39 428 
39 533 39 550 39 568 39 585 39 602 
39 707 39 724 39 742 39 759 39 777 


39 881 39 898 39915 39933 39 950 
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39 794 39 811 39 829 39 846 39 863 
39 967 39 985 40 002 40019 40 037 
40 140 40 157 40 175 40 192 40 209 
40 312 40 329 40 346 40 364 40 381 
40 483 40 500 40 518 40 535 40 552 


40 654 40671 40688 40705 40 722 
40 824 40 841 40 858 40875 40 892 
40 993 41 010 41 027 41 044 41 061 
41 162 41179 41196 41 212 41 229 
41 330 41 347 41 363 41 380 41 397 


41 497 41 514 41 531 41 547 41 564 
41 664 41 681 41 697 41 714 41 731 
41 830 41 847 41 863 41 880 41 896 
41 996 42 012 42 029 42 045 42 062 
42 160 42177 42193 42 210 42 226 


42 325 42 341 42 357 42 374 42 390 
42 2 504 42 521 42 537 42 553 
42 651 42 667 42 684 42 700 42 716 
42 813 42 830 42 846 42 862 42 878 
42 975 42991 43 008 43 024 43 040 


43 136 43 152 43 169 43 185 43 201 
43 297 43 313 43 329 43 345 43 361 
43 457 43 473 43 489 43 505 43 521 
43 616 43 632 43 648 43 664 43 680 
43 775 43 791 43 807 43 823 43 838 


43 933 43 949 43 965 43 981 43 996 
44 091 44107 44122 44138 44 154 


44 248 44 264 44 279 44 295 44311 
44 404 44 420 44 436 44 451 44 467 
44 560 44576 44 592 44 607 44 623 


44 716 44 731 44 747 44 762 44 778 
44 871 44 886 44 902 44917 44 932 
45 025 45 040 45 056 45 071 45 086 
45 179 45 194 45 209 45 225 45 240 
45 332 45 347 45 362 45 378 45 393 


45 484 45 500 45515 45 530 45 545 
45 637 45 652 45 667 45 682 45 697 
45 788 45 803 45 818 45 834 45 849 
45 939 45 954 45 969 45 984 46 000 
46 090 46 105 46 120 46 135 46 150 


46 240 46 255 46 270 46 285 46 300 
46 389 46 404 46 419 46 434 46 449 
46 538 46 553 46 568 46 583 46 598 
46 687 46 702 46 716 46 731 46 746 
46 835 46 850 46 864 46 879 46 894 


46 982 46 997 47 012 47 026 47 041 
47 129 47 144 47 159 47173 47 188 
47 276 47 290 47 305 47 319 47 334 
47 422 47 436 47 451 47 465 47 480 
47 567 47 582 47 596 47 611 47 625 


47 712 47727 47 741 47756 47 770 


39 881 39 898 39 915 39 933 39 950 
40 054 40 071 40 088 40 106 40 123 
40 226 40 243 40 261 40 278 40 295 
40 398 40 415 40 432 40 449 40 466 
40 569 40 586 40 603 40 620 40 637 


40 739 40 756 40 773 40790 40 807 
40 909 40 926 40 943 40 960 40 976 
41 078 41 095 41111 41 128 41 145 
41 246 41 263 41 280 41 296 41 313 
41 414 41 430 41 447 41 464 41 481 


41 581 41597 41614 41 631 41 647 
41 747 41 764 41 780 41 797 41 814 
41913 41 929 41 946 41 963 41 979 
42 078 42 095 42 111 42 127 42 144 
42 243 42 259 42 275 42 292 42 308 


42 406 42 423 42 489 42 455 42 472 
42 570 42 586 42 602 42 619 42 635 
42 732 42 749 42 765 42 781 42 797 
42 894 42911 42 927 42 943 42 959 
43 056 43 072 43 088 43 104 43 120 


43 217 43 233 43 249 43 265 43 281 
43 877 43 393 43 409 43 425 43 441 
43 537 43 553 43 569 43 584 43 600 
43 696 43 712 48 727 43 743 43 759 
43 854 43 870 43 886 43 902 43 917 


44 012 44028 44044 44059 44 075 
44170 44185 44201 44217 44 232 
44 326 44 342 44 358 44 373 44 389 
44 483 44 498 44514 44 529 44 545 
44 638 44 654 44 669 44 685 44 700 


44793 44 809 44 824 44 840 44 855 
44 948 44 963 44979 44994 45 010 
45 102 45 117 45 133 45 148 45 163 
45 255 45 271 45 286 45 301 45 317 
45 408 45 423 45 489 45 454 45 469 


45 561 45 576 45 591 45 621 
45 712 45 728 45 743 58 45 773 
45 864 45 879 45 894 45 909 45 924 
46 015 46 030 46 045 46 060 46 075 
46 165 46 180 46195 46 210 46 225 


46 315 46 330 46 345 46 359 46 374 
46 464 46 479 46 494 46 509 46 523 
46 613 46 627 46 642 46 657 46 672 
46 761 46 776 46 790 46 805 46 820 
46 909 46 923 46 938 46 953 46 967 


47 056 47 070 47 085 47 100 47 114 
AT 202 47 217 47 232 47 246 47 261 
47 349 47 363 47 378 47 392 47 407 
47 494 47 509 47 524 47 538 47 553 
47 640 47 654 47 669 47 683 47 698 


47 784 47799 47 813 47 828 47 842 
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300| 47712 47727 47741 47756 47770 | 47784 47799 47 813 47 828 47 842 
301 | 47 857 47 871 47 885 47900 47914 | 47929 47943 47 958 47 972 47 986 
302| 48 001 48 015 48 029 48 044 48058 | 48073 48087 48 101 48 116 48 130 
303,| 48 144 48 159 48173 48 187 48202 | 48216 48 230 48 244 48 259 48 273 
304 48 287 48 302 48316 48330 48 344 | 48359 48373 48 387 48 401 48 416 


305 | 48 430 48 444 48 458 48473 48 487 | 48501 48515 48 530 48 544 48 558 
306 | 48 572 48 586 48 601 48 615 48 629 | 48 643 48 657 48 671 48 686 48 700 
307 | 48 714 48 728 48 742 48756 48770 | 48785 48 799 48 813 48 827 48 841 
308| 48 855 48 869 48 883 48 897 48911 | 48926 48940 48 954 48 968 48 982 
309 | 48 996 49 010 49 024 49038 49052 | 49 066~49 080 49094 49 108 49 122 


810 | 49 136 49 150 49 164 49178 49192 | 49 206 49 220 49 234 49 248 49 262 
311| 49 276 49 290 49 304 49318 49332 | 49346 49360 49374 49388 49 402 
812| 49415 49 429 49 443 49 457 49471 | 49485 49499 49 513 49 527 49 541 
313 | 49 554 49 568 49 582 49 596 4061) 49 624 49 638 49 651 49 665 49 679 
314| 49693 49707 49 721 49 734 49°74 49 762 49776 49790 49 803 49 817 


315 | 49 831 49 845 49 859 49 872 49886 | 49900 49914 49927 49941 49 945 
316| 49969 49 982 49 996 50010 50024 | 50037 50051 50065 50079 50 092 
317| 50106 50 120 50 133 50 147 50161 | 50174 50188 50 202 50 215 50 229 
3181 50 243 50 256 50 270 50 284 50297 | 50311 50325 50 338 50 352 50 365 
50 379 50393 50406 50 420 504383 | 50447 50461 50474 50488 50 501 


820) 50515 50529 50542 50556 50569 | 50583 50596 50610 50 623 50 637 
321| 50651 50 664 50678 50691 50705 | 50718 50732 50 745 50759 50 772 
3221 50786 50 799 50 813 50 826 50840 | 50853 50 866 50 880 50 893 50 907 
323 | 50 920 50 934 50 947 50961 50974 | 50987 51001 51014 51 028 51 041 
324 | 51055 51068 51081 51095 51108 | 51121 51135 51148 51162 51175 


325 | 51188 51202 51215 51228 51242 | 51 255 51 268 51 282 51 295 51 308 
326 | 51 322 51335 51348 51 362 51375 | 51388 51 402 51 415 51 428 51 441 
327 | 51455 51468 51481 51495 51508 | 51521 51534 51 548 51 561 51 574 
328 | 51587 51601 51614 51 627 51640 | 51654 51 667 51 680 51 693 51 706 
51 720 51733 51746 51759 51772 | 51786 51799 51 812 51 825 51 838 


51.851 51865 51878 51891 51904 | 51917 51930 51943. 51 957 51970 
831 | 51983 51996 52009 52 022 52035 | 52048 52061 52075 52088 52 101 
832 | 52114 52127 52140 52153 52166 | 52179 52 192 52 205 52 218 52 231 
8333 | 52 244 52 257 52 270 52 284 52 297 | 52310 52323 52 336 52 349 52 362 
52 875 52888 52401 52414 52427 | 52440 52453 52 466 52 479 52 492 


52 504 52517 52530 52 548 52556 | 52 569 52 582 52595 52608 52 621 
836 | 52 634 52 647 52 660 52673 52686 | 52699 52711 52 724 52 737 52 750 
837 | 52763 52776 52789 52 802 52815 | 52827 52 840 52 853 52 866 52 879 
838 | 52 892 52 905 52917 52930 52943 | 52956 52 969 52 982 52 994 53 007 
53 020 53 033 53 046 53 058 53071 | 53084 53 097 53 110 53 122 53 135 


53 148 53 161 53173 53 186 53199 | 53 212 53 224 53 237 53 25 

841 | 53 275 53 288 53 301 53 314 53 326 | 53339 53 352 53 364 53 377 33 300 
342 | 53 403 53 415 53 428 53 441 53453 | 53 466 53 479 53 491 53 504 53 517 
843 | 53 529 53 542 53 555 53 567 53 580 | 53 593 53 605 53 618 53 631 53 643 
844| 53 656 53 668 53 681 53 694 53706 | 53719 53 732 53 744 53 757 53 769 


53 782 53 '794 53 807 53 820 53 832 | 53 845 53 857 53 870 53 882 

346 | 53 908 53 920 53 933 53 945 53958 | 53970 53 983 53995 54 008 PA 020 
347 | 54.033 54 045 54 058 54070 54083 | 54095 54108 54120 54 133 54 145 
348 | 54158 54170 54183 54195 54208 | 54 220 54 233 54 245 54 258 54 270 
349 | 54 283 54 295 54307 54320 54332 | 54345 54357 54370 54382 54 394 


54407 54419 54 432 54444 54 456 


54 469 54 481 54494 54 506 54 518 


LOGARITHMS OF NUMBERS 


287 


0 nl 2 3 4 


54 407 54419 54432 54444 54 456 


54 531 54543 54 555 54 568 54 580 
54 654 54 667 54679 54691 54 704 
54 777 54790 54 802 54 814 54 827 
54 900 54913 54925 54937 54949 


55 023 55 035 55 047 55060 55 072 
55 145 55157 55 169 55 182 55 194 
55 267 55 279 55 291 55 303 55 315 
55 388 55 400 55 413 55 425 55 437 
55 509 55 522 55 534 55 546 55 558 


55 630 55 642 55 654 55 666 55 678 
55 751 55 763 55 775 55 787 55 799 
55 871 55 883 55 895 55 907 55 919 
55 991 56 003 56015 56 027 56 038 
56110 56 122 56 134 56 146 56 158 


56 229 56241 56 253 56 265 56 277 
56 348 56 360 56 372 56 384 56 396 
56 467 56 478 56 490 56 502 56 514 
56 585 56 597 56 608 56 620 56 632 
56 703 56714 56726 56738 56 750 


56 820 56 832 56 844 56 855 56 867 
56 987 56-949 56 961 56 972 56 984 
57 054 57 066 57 078 57 089 57 101 
57 171 57 183 57 194 57 206 57 217 
57 287 57 299 57 310 57 322 57 334 


57 403 57 415 57 426 57 438 57 449 
57 519 57 530 57 542 57 553 57 565 
57 634 57 646 57 657 57 669 57 680 
57 749 57 761 57 772 57 784 57 795 
57 864 57 875 57 887 57 898 57-910 


57 978 57990 58001 58013 58 024 
58 092 58 104 58115 58127 58 138 
58 206 58 218 58 229 58 240 58 252 
58 320 58 331 58 343 58 354 58 365 
58 433 58 444 58 456 58 467 58 478 


58 546 58 557 58 569 58 580 58 591 
58 659 58 670 58 681 58 692 58 704 
58 771 58 782 58 794 58 805 58 816 
58 883 58 894 58 906 58 917 58 928 
58 995 59006 59017 59028 59 040 


59 106 59118 59129 59140 59 151 
59 218 59229 59 240 59 251 59 262 
59 329 59 340 59 351 59 362 59 373 
59 489 59 450 59461 59 472 59 483 
59 550 59 561 59572 59 583 59 594 


59 660 59 671 59682 59693 59 704 
59 770 59 780 59791 59 802 59 813 
59 879 59 890 59 901 59 912 59 923 
59 988 59 999 60 010 60 021 60 032 
60 097 60 108 60 119 60 130 60 141 


60 206 60 217 60 228 60 239 60 249 


5 6 7 8 9 


54 469 54481 54404 54 506 54 518 


54 593 54 605 54617 54630 54 642 
54716 54728 54741 54753 54 765 
54 889 54 851 54 864 54876 54 888 
54 962 54974 54986 54998 55011 


55 084 55096 55 108 55121 55 133 
55 206 55 218 55 230 55 242 55 255 


55 328 55 340 55 352 55 364 55 376 


55 449 55 461 55 473 55 485 55 497 
55 570 55 582 55 594 55 606 55 618 


55 691 55 703 55 715 55 727 55 739 
55 811 55 823 55 835 55 847 55 859 
55 931 55 943 55 955 55 967 55 979 
56 050 56 062 56 074 56 086 56 098 
56 170 56 182 56194 56 205 56 217 


56 289 56 301 56 312 56 324 56 336 
56 407 56 419 56431 56 443 56 455 
56 526 56 538 56 549 56 561 56 573 
56 644 56 656 56 667 56 679 56 691 
56 761 56773 56785 56 797 56 808 


56 879 56 891 56 902 56 914 56 926 
56 996 57 008 57019 57 031 57 048 
57 113 57 124 57 136 57 148 57 159 
57 229 57 241 57 252 57 264 57 276 
57 345 57 357 57 368 57 380 57 392 


57 461 57 473 57 484 57 496 57 507 
57 576 57 588 57 600 57 611 57 623 
57 692 57 703 57 715 57 726 57 738 
57 807 57 818 57 830 57 841 57 852 
57 921 57 933 57 944 57 955 57 967 


58 035 58 047 58 058 58 070 58 081 
58 149 58 161-58 172 58 184 58 195 
58 263 58°274 58 286 58 297 58 309 
58 377 58 388 58 399 58 410 58 422 


58 490 58 501 58 512 58 524 58 535 


58 602 58 614 58 625 58 636 58 647 
58 715 58726 58737 58 749 58 760 
58 827 58 838 58 850 58 861 58 872 
58 939 58950 58 961 58 973 58 984 
59 051 59062 59073 59084 59 095 


59 162 59173 59184 59195 59 207 
59 273 59 284 59 295 59 306 59 318 
59 384 59 395 59 406 59 417 59 428 
59 494 59 506 59 517 59 528 59 539 
59 605 59616 59 627 59 638 59 649 


59 715 59726 59737 59748 59 759 
59 824 59 835 59 846 59 857 59 868 
59 934 59 945 59 956 59 966 59 977 
60 043 60 054 60 065 60 076 60 086 
60 152 60 163 60173 60 184 60 195 


60 260 60 271 60 282 60 293 60 304 


288 LOGARITHMS OF NUMBERS 


400 | 60 206 60 217 60 228 60 239 60 249 | 60 260 60 271 60 282 60 293 60 304 
401 | 60 314 60 325 60 336 60 347 60 358 | 60 369 60 379 60 390 60 401 60 412 
402 | 60 423 60 433 60 444 60 455 66 | 60 477 60 487 60 498 60 509 60 520 
403 | 60531 60541 60 552 60 563 60 574| 60 584 60 595 60 606 60617 60 627 
404 | 60 638 60 649 60 660 60 670 60 681 | 60 692 60 703 60713 60 724 60735 


405 | 60746 60756 60767 60778 60 788 | 60 799 60 810 60 821 60 831 60 842 
406 | 60 853 60 863 60 874 60 885 60 895 | 60 906 60 917 60 927 60 938 60 949 
407 | 60.959 60 970 60 981 60 991 61 002 | 61013 61.023 61 034 61045 61 055 
408 | 61066 61077 61 087 61 098 61 109| 61 119 61 130 61 140 61 151 61 162 
61172 61183 61194 61 204 61 215 | 61 225 61 236 61 247 61 257 61 268 


410 | 61278 61 289 61300 61310 61 321 | 61 331 61 342 61 352 61 363 61 374 
411 | 61384 61395 61405 61 416 61 426 | 61 437 61 448 61 458 61 469 61 479 
412 | 61490 61500 61 511 61 521 61 532 | 61 542 61 553 61 563 61 574 61 584 
413 | 61595 61 606 61 616 61 627 61 637 | 61 648 61 658 61 669 61 679 61 690 
414 | 61 700 61711 61721 61731 61 742| 61752 61763 61773 61784 61 794 


415 | 61805 61 815 61 826 61 836 61 847 | 61 857 61 868 61 878 61 888 61 899 
416 | 61909 61 920 61 930 61 941 61 951 | 61 962 61972 61 982 61 993 62 003 
417 | 62014 62024 62 034 62 045 62 055 | 62 066 62 076 62 086 62 097 62 107 
418 | 62118 62128 62138 62 149 62 159 | 62 170 62 180 62 190 62 201 62 211 
62 221 62 232 62 242 62 252 62 263 | 62 273 62 284 62 294 62 304 62 315 


420 | 62325 62 335 62 346 62 356 62 366 | 62 377 62 387 62 397 62 408 62 418 
421 | 62 428 62 489 62 449 62 459 62 469 | 62 480 62 490 62 500 62 511 62 521 
422 | 62531 62 542 62 552 62 562 62 572 | 62 583 62 593 62 603 62 613 62 624 
423 | 62 634 62 644 62655 62 665 62 675 | 62 685 62 696 62 706 62 716 62 726 
62 737 62 747 62 757 62 767 62 778 | 62788 62798 62 808 62 818 62 829 


425 | 62 889 62 849 62 859 62 870 62 880 | 62 890 62 900 62910 62 921 62 931 
426 | 62941 62951 62 961 62 972 62 982 | 62 992 63 002 63 012 63 022 63 033 
427 | 63 043 63 053 63 063 63 073 63 083 | 63 094 63 104 63 114 63 124 63 134 
428 | 63 144 63 155 63 165 63 175 63 185 | 63 195 63 205 63 215 63 225 63 236 
63 246 63 256 63 266 63 276 63 286 | 63 296 63 306 63 317 63 327 63 337 


63 347 63 357 63 367 63 377 63 387 63 407 63 417 63 428 63 438 
431 | 63 448 63 458 63 468 63 478 63 488 | 63 498 63 508 63 518 63 528 63 538 
432 | 63 548 63 558 63 568 63 579 63 589 | 63 599 63 609 63 619 63 629 63 639 
433 | 63 649 63 659 63 669 63 679 63 689 | 63 699 63 709 63 719 63 729 63 739 
63 749 63 759 63 769 63 779 63 789 63 809 63 819 63 829 63 839 


63 849 63 859 63 869 63 879 63 889 | 63 899 63 909 63 919 63 929 63 939 
436 | 63 949 63 959 63 969 63 979 63 988 | 63 998 64 008 64 018 64028 64.038 
437 | 64048 64 058 64 068 64 078 64 088 | 64 098 64 108 64118 64128 64 137 
438 | 64147 64 157 64 167 64177 64 187 | 64197 64 207 64 217 64 227 64 237 
439 | 64 246 64 256 64 266 64 276 64 286 | 64 296 64306 64316 64326 64 335 


64 345 64 355 64 365 64375 64 385 | 64395 64404 64414 64424 64 434 
441 | 64 444 64 454 64 464 64473 64 483 | 64 493 64 503 64513 64 523 64 532 
442 | 64542 64 552 64 562 64 572 64 582 | 64 591 64601 64611 64 621 64 631 
443 | 64 640 64 650 64 660 64 670 64 680 | 64 689 64 699 64 709 64 719 64 729 
444 | 64738 64748 64758 64768 64777 | 64787 64797 64 807 64 816 64 826 


64 836 64 846 64 856 64 865 64 875 | 64 885 64 895 64 904 64914 64 924 
446 | 64933 64943 64953 64 963 64 972 | 64 982 64 992 65 002 65011 65 021 
447 | 65 031 65 040 65 050 65 060 65 070 | 65 079 65 089 65 099 65 168 65 118 
448 | 65 128 65 137 65 147 65 157 65 167 | 65 176 65 186 65 196 65 205 65 215 
449 | 65 225 65 234 65 244 65 254 65 263 | 65 273 65 283 65 292 65 302 65 312 


65 321 65 331 65 341 65 350 65 360 | 65 369 65 379 65 389 65 398 65 408° 


65 321 65 331 
65 418 65 427 
65 514 65 523 
65 610 65 619 
65 706 65 715 


65 801 65 811 
65 906 
66 001 
66 096 
66 191 


66 285 
66 380 
66 474 
66 567 
66 661 


66 755 
66 848 
66 941 
67 034 
67 127 


67 219 
67 311 
67 403 
67 495 
67 587 


67 679 
67 770 
67 861 
67 952 
68 043 


68 133 
68 224 
68 314 
68 404 
68 494 


68 583 
68 673 
68 762 
68 851 
68 940 


69 020 69 028 
69 108 69 117 
69 197 69 205 
69 285 69 294 
69 373 69 381 


69 461 69 469 
69 548 69 557 
69 636 69 644 
69 723 69 732 
69 810 69 819 


LOGARITHMS OF 


NUMBERS 


65 341 65 350 
65 437 65 447 
65 533 65 543 
65 629 65 639 
65 725 65 734 


65 820 65 830 
65 916 65 925 
66 011 66 020 
66 106 66 115 
66 200 66 210 


66 295 66 304 
66 389 66 398 
66 483 66 492 
66 577 66 586 
66 671 66 680 


66 764 66 773 
66 857 66 867 
66 950 66 960 
67 043 67 052 
67 136 67 145 


67 228 67 237 
67 321 67 330 
67 413 67 422 
67 504 67 514 
67 596 67 605 


67 697 
67 788 
67 879 
67 970 
68 061 


68 151 
68 242 
68 332 
68 422 
68 511 


68 601 
68 690 
68 780 
68 869 
68 958 


69 046 
69 135 
69 223 


67 688 
67 779 
67 870 
67 961 
68 052 


68 142 
68 233 
68 323 
68 413 
68 502 


68 592 
68 681 
68 771 
68 3860 
68 949 


69 037 
69 126 
69 214 
69 302 69 311 
69 390 69 399 


69 478 69 487 
69 566 69 574 
69 653 69 662 
69 740 69 749 
69 827 69 836 


69 408 


69 496 
69 583 
69 671 
69 758 
69 845 


69 897 69 906 69914 69 923 69 932 


65 369 65 379 
65 466 65 475 


68 079 


68 169 
68 260 
68 350 
68 440 
68 529 


68 619 
68 708 
68 797 
68 886 
68 975 


69 064 
69 152 
69 241 
69 329 
69 417 


69 504 69 513 


69 592 
69 679 
69 767 
69 854 


69 940 


69 601 
69 688 
69 775 
69 862 


69 949 


65 389 65 398 
65 485 65 495 
65,581 65 591 
65 677 65 686 
65 772 65 782 


65 868 65 877 
65 973 
66 068 
66 162 
66 257 


66 351 
66 445 
66 539 
66 633 
66 727 


66 820 
66 913 
67 006 
67 099 
67 191 


67 284 
67 376 
67 468 
67 560 
67 651 


67 742 
67 834 
67 925 
68 015 
68 106 


68 196 
68 287 
68 377 
68 467 
68 556 


68 646 
68 735 
68 824 
68 904 68 913 
68 993 69 002 


69 082 69 090 
69 170 69 179 
69 258 69 267 
69 346 69 355 
69 434 69 443 


69 522 69 531 
69.609 69 618 
69 697 69 705 
69 784 69 793 
69 871 69 880 


69 958 69 966 


65 982 
66 077 
66 172 
66 266 


66 361 
66 455 
66 549 
66 642 
66 736 


66 829 
66 922 
67 015 
67 108 
67 201 


67 293 
67 385 
67 477 
67 569 
67 660 


67 752 
67 843 
67 934 
68 024 
68 115 


68 205 
68 296 
68 336 
68 476 
68 565 


68 655 
68 744 
68 833 
68 922 
69 011 


69 099 
69 188 
69 276 
69 364 
69 452 


69 539 
69 627 
69 714 
69 801 
69 888 


69 975 
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1 2 3 4 5 6 7 8 9 


7 69 906 69 914 69 923 69 932 | 69 940 69 949 69 958 69 966 69 975 
201 80 84 69 992 70001 70010 70018 | 70 027 70 036 70 044 70 053 70 062 
502 | 70.070 70 079 70 088 70 096 70 105 | 70 114 70 122 70 131 70 140 70 148 
503 | 70157 70165 70174 70183 70191 | 70 200 70 209 70 217 70 226 70 234 
70 243 70 252 70 260 70 269 70 278 | 70 286 70 295 70 303 70 312 70 321 


70 329 70 338 70346 70355 70 364 | 70 372 70 381 70389 70398 70 406 
208 70 415 70 424 70 432 70 441 70 449| 70 458 70 467 70 475 70 484 70 492 
507 | 70501 70509 70518 70 526 70 535 | 70 544 70 552 70 561 70 569 70 578 
508 | 70586 70595 70 603 70 612 70 621 | 70 629 70 638 70 646 70 655 70 663 
509 | 70672 70 680 70 689 70 697 70 706 | 70 714 70723 70731 70740 70 749 


610 | 70757 70766 70774 70783 70791 | 70 800 70 808 70 817 70 825 70 834 
511 | 70842 70 851 70 859 70 868 70 876 | 70 885 70 893 70 902 70910 70 919 
512 | 70927 70935 70 944 70952 70 961 | 70 969 70 978 70 986 70 995 71 003 
513 | 71012 71 020 71 029 71 037 71 046 | 71 054 71 063 71 071 71 079 71 088 | 
514 | 71096 71105 71113 71122 71 130| 71139 71 147 71155 71 164 71172 


515 | 71181 71189 71198 71 206 71 214 | 71 223 71 231 71 240 71 248 71 257 
516 | 71265 71 273 71 282 71 290 71 299| 71 307 71 315 71 324 71 332 71 341 
517 | 71349 71357 71 366 71 374 71 383 | 71 391 71 399 71408 71 416 71 425 
518 | 714383 71441 71450 71 458 71 466 | 71 475 71 483 71 492 71 500 71 508 
519 | 71517 71525 71533 71 542 71 550| 71 559 71 567 71 575 71 584 71 592 


520 | 71600 71609 71 617 71 625 71 634 | 71 642 71 650 71659 71 667 71 675 
521 | 71684 71 692 71700 71 709 71 717 | 71 725 71 734 71 742 71750 71 759 
522 | 71767 71775 71 784 71 792 71 800| 71 809 71 817 71 825 71 834 71 842 
523 | 71 850 71 858 71 867 71 875 71 883 | 71 892 71 900 71 908 71 917 71 925 
71 933 71941 71950 71 958 71 966 | 71 975 71 983 71991 71999 72 008 


72016 72 024 72032 72041 72 049 | 72 057 72 066 72 074 72 082 72 090 
626 | 72099 72107 72115 72123 72 132| 72140 72 148 72 156 72 165 72 173 
527 | 72181 72189 72198 72 206 72 214 | 72 222 72 230 72 239 72 247 72 255 
528 | 72 263 72 272 72 280 72 288 72 296 | 72 304 72 313 72 321 72329 72 337 
72 346 72 354 72 362 72370 72 378 | 72 387 72395 72 403 72411 72 419 


5380 | 72 428 72436 72 444 72 452 72 460 | 72 469 72477 72 485 72 493 72 501 
53L | 72509 72518 72 526 72 534 72 542 | 72 550 72 558 72 567 72 575 72 583 
582 | 72591 72 599 72 607 72 616 72 624 | 72 632 72 640 72 648 TBS 72 665 
533 | 72673 72681 72689 72 697 72705 | 72713 72722 72730 7 72 746 
534 | 72754 72762 72770 72779 72 787 | 72795 72 803. 72 811 72 819 72 827 


535 | 72 885 72 843 72 852 72 860 72 868 | 72 876 72 884 72 892 72 900 72 908 
536 | 72 916 72 925. 72 933 72 941 72 949 | 72 957 72 965 72 973 72 981 72 989 
537 | 72997 73 006 73 014 73 022 73 030 | 73 038 73 046 73 054 73 062 73 070 
538 | 73 078 73 086 73 094 73 102 73 111 | 73 119 73 127 73 135 73 143 73 151 
73 159 73 167 73.175 73 183 73 191) 73 199 73 207 73 215 73 223 73 231 


73 239 73 247 73 255 73 263 73 272 | 73 280 73 288 73 296 73 304 73 312 
541 | 73 320 73 328 73 336 73 344 73 352 | 73 360 73 368 73 376 73 384 73 392 
542 | 73400 73 408 73 416 73 424 73 482 | 73 440 73 448 73 456 73 464 73 472 
543 | 73 480 73 488 73 496 73 504 73 512] 73 520 73 528 73 536 73 544 73 552 
544 | 73 560 73 568 73 576 73 584 73 592 | 73 600 73 608 73 616 73 624 73 632 


73 640 73 648 73 656 73 664 73 672 | 73 679 73 687 73 695 73 '703 73 711 
546 +173 719 73 727 73 735 73 743 73 751 | 73 759 73 767 73.775 73 783 73 791 
547 | 73 799 73 807 73815 73 823 73 830 | 73 838 73 846 73 854 73 862 73 870 
548 | 73 878 73 886 73 894 73 902 73 910| 73 918 73 926 73 933 73 941 73 949 
549 | 73 957 73 965 73 973 73 981 73 989| 73 997 74005 73 013 74 020 74 028 


74 036 74 044 74 052 74 060 74 068 


74076 74084 74092 74099 74 107 


LOGARITHMS OF 


0 1 2 3 4 


74 036 74 044 74 052 74 060 74 068 


74115 74123 74131 74139 74 147 
74194 74 202 74 210 74 218 74 225 
74 273 74 280 74 288 74 296 74 304 
74 351 74 359 74 367 74 374 74 382 


74 429 74 437 74445 74453 74461 
74 507 74515 74523 74 531 74 539 
74 586 74 593 74 601 74 609 74 617 
74 663 74 671 74 679 74 687 74 695 
74741 74749 74757 74764 74 772 


74 819 74 827 74 834 74 842 74 850 
74 896 74 904 74 912 74920 74 927 
74 974 74981 74 989 74997 75 005 
75 051 75 059 75 066 75 074 75 082 
75 128 75 136 75 143 75 151 75 159 


75 205 75 213 75 220 75 228 75 236 
75 282 75 289 75 297 75 305 75 312 
75 358 75 366 75 374 75 381 75 389 
75 435 75 442 75 450 75 458 75 465 


| 75 511 75519 75 526 75 534 75 542 
75 587 75595 75 603 75610 75 618 


75 664 75 671 75 679 
75 740 75 747 75 755 
75 815 75 823 75 831 
75 891 75 899 75 906 


75 967 75 974 75 982 
76 042 76 050 76 057 
76 118 76 125 76 133 
76 193 76 200 76 208 
76 268 76 275 76 283 


76 343 76 350 76 358 
76 418 76 425 76 433 
76 492 76 500 76 507 76515 76 522 
76 567 76 574 76 582 76 589 76 597 
76 641 76 649 76 656 76 664 76 671 


76 716 76 723 76 730 76 738 76 745 
76 790 76 797 76 805 76 812 76 819 
76 864 76 871 76 879 76 886 76 893 
76 938 76 945 76 953 76 960 76 967 
77 012 77 019 77 026 77 034 77 041 


77 085 77 093 77100 77 107 77 115 
77 159 77 166 77173 77 181 77 188 
77 232 77 240 77 247 77 254 77 262 
77 305 77 313 77 320 77 327 77 335 
77 879 77 386 77 393 77 401 77 408 


77 452 77459 77 466 77 474 77 481 
77 525 77 532 77 539 77 546 77 554 
77 597 77 605 77 612 77 619 77 627 
77 670 77 677 77 685 77 692 77 699 
77 743 77.750 77 757 77 764 77 772 


77 815 77 822 77 830 77 837 77 844 


75 686 75 694 
75 762 75 770 
75 838 75 846 
75 914 75 921 


75 989 75 997 
76 065 76 072 
76 140 76 148 
76 215 76 223 
76 290 76 298 


76 365 76 373 
76 440 76 448 


NUMBERS 291 


5 6 7 8 9 


74 076 74 084 74092 74099 74 107 


74155 74 162 74170 74178 74 186 
74 233 74 241 74 249 74 257 74 265 
74 312 74 320 74 327 74 335 74 348 
74 390 74 398 74 406 74414 74 421 


74 468 74476 74 484 74 492 74 500 
74 547 74 554 74 562 74570 74 578 
74 624 74 632 74 640 74 648 74 656 
74702 74710 74 718 74726 74 733 
74 780 74788 74796 74 803 74 811 


74 858 74 865 74 873 74 881 74 889 
74 935 74 943 74950 74 958 74 966 
75 012 75 020 75 028 75 035 75 043 
75 089 75 097 75 105 75.113 75 120 
75 166 75 174 75182 75 189 75 197 


75 243 75 251 75 259 75 266 75 274 
75 320 75 328 75 335 75 343 75 351 
75 397 75 404 75 412 75 420 75 427 
75 473 75 481 75 488 75 496 75 504 
75 549 75 557 75 565 75 572 75 580 


75 626 75 633 75 641 75 648 75 656° 

75 702 75 709 75 717 75 724 75 732 | 
75 778 75 785 75 793 75 800 75 808 
75 853 75 861 75 868 75 876 75 884 
75 929 75 937 75 944 75 952 75 959 


76 005 76 012 76 020 76 027 76 035 
76 080 76 087 76095 76 103 76 110 
76 155 76 163 76170 76178 76 185 
76 230 76 238 76 245 76 253 76 260 
76 305 76 313 76 320 76 328 76 335 


76 380 76 388 76 395 76 403 76 410 
76 455 76 462 76470 76477 76 485 
76 5380 76 537 76 545 76 552 76 559 
76 604 76 612 76 619 76 626 76 634 
76 678 76 686 76 693 76 701 76 708 


76 753 76 760 76 768 76775 76 782 
76 827 76 834 76 842 76 849 76 856 
76 901 76 908 76 916 76 923 76 930 
76 975 76 982 76 989 76 997 77 004 
77 048 77 056 77 063 77 070 77 078 


77 122 77129 77 137 77 144 77 151 
77 195 77 203 77 210 77 217 77 225 
77 269 77 276 77 283 77 291 77 298 
77 342 77 349 77 357 77 364 77 371 
77 415 77 422 77 430 77437 77 444 


77 488 77495 77 503 77 510 77 517 
77 561 77 568 77 576 77 583 77 590 
77 634 77 641 77 648 77 656 77 663 
77706 77 714 77 721 77 728 77 735 
77.779 77 786 77793 77 801 77 808 


77 851 77 859 77 866 77 873 77 880 


0 


LOGARITHMS OF 


NUMBERS 


77 815 77 822 
77 887 77 895 
77 960 77 967 
78 032 78 039 
78 104 78 111 


78 176 78 183 
78 247 78 254 
78 319 78 326 
78 390 78 398 
78 462 78 469 


78 533 78 540 
78 604 78 611 
78 675 78 682 
78 746 78 753 


‘| 78 817 78 824 


78 888 78 895 
78 958 78 965 
79 029 79 036 
79 099 79 106 
79 169 79 176 


79 239 79 246 
79 309 79 316 
79 379 79 386 
79 449 79 456 
79 518 79 525 


79 588 79 595 
79 657 79 664 
79 727 79 734 
79 796 79 803 
79 865 79 872 


79 934 79 941 
80 003 80 010 
80 072 80 079 
80 140 80 147 
80 209 80 216 


80 277 
80 346 
80 414 
80 482 
80 550 


80 618 
80 686 
80 754. 
80 821 
80 889 


80 956 
81 023 
81 090 
81 158 
81 224 


81 291 


80 284 
80 353 
80 421 
80 489 
80 557 


80 625 
80 693 
80 760 
80 828 
80 895 


80 963 
81 030 
81 097 
81 164 


77 830 
77 902 
77 974 
78 046 
78 118 


78 190 
78 262 
78 333 
78 405 
78 476 


78 547 
78 618 
78 689 
78 760 
78 831 


78 902 
78 972 
79 043 
79 113 
79 183 


79 253 
79 323 
79 393 
79 463 
79 582 


79 602 
79 671 
79 741 
79 810 
79 879 


79 948 
80 017 
80 085 
80 154 
80 223 


80 291 
80 359 
80 428 
80 496 
80 564 


80 632 
80 699 
80 767 
80 835 
80 902 


80 969 
81 037 
81 104 
81171 


81 231 81 238 81 245 
81 298 81305 81311 


77 837 
77 909 
77 981 
78 053 
78 125 


78 197 
78 269 
78 340 
78 412 
78 483 


78 554 
78 625 
78 696 
78 767 
78 838 


78 909 
78 979 
79 050 
79 120 
79 190 


79 260 
79 330 
79 400 
79 470 
79 539 


79 609 
79 678 
79 748 
79 817 
79 886 


79 955 
80 024 
80 092 
80 161 
80 229 


80 298 
80 366 
80 434 
80 502 
80 570 


80 638 
80 706 
80 774: 
80 841 
80 909 


80 976 
81 043 
81 111 
81178 


80 713 
80 781 
80 848 
80 916 


80 983 
81 050 
81 117 
81 184 
81 251 


81 318 


80 645 | 


77 851 
77 924 
77 996 
78 068 
78 140 


78 211 
78 283 
78 355 
78 426 
78 497 


78 569 
78 640 
78 711 
78 781 
78 852 


78 923 
78 993 
79 064 
79 134 
79 204 


79 274 
79 344 
79 414 
79 484 
79 553 


79 623 
79 692 
79 761 
79 831 
79 900 


79 969 
80 037 
80 106 
80 175 
80 243 


80 312 
£0 380 
80 448 
80 516 
80 584: 


80 652 
80 720 
80 787 
80 855 
80 922 


80 990 
81 057 
81 124 
81 191 
81 258 


81 325 


77 859 
77 931 
78 003 
78 075 
78 147 


78 219 
78 290 
78 362 


7 


77 866 
77 938 
78 010 
78 082 
78 154 


78 226 
78 297 
78 369 


3 78 440 


504 
78 576 
78 647 
78 718 


78 789 
78 859 


78 930 
79 000 
79 O71 
79 141 
79 211 


79 281 
79 351 
79 421 
79 491 
79 560 


79 630 
79 699 
79 738 
79 837 
79 906 


79 975 
80 044 
80 113 
80 182 
80 250 


80 318 
80 387 
80 455 
80 523 
80 591 


80 659 
80 726 
80 794 
80 862 
80 929 


80 996 
81 064 
81 131 
81 198 
81 265 


81 331 


78 512 


78 583 
78 654 
78 725 
78 796 
78 866 


78 937 
79 007 
79 078 
79 148 
79 218 


79 288 
79 358 
79 428 
79 498 
79 567 


79 637 
79 706 
79 775 
79 844 
79 913 


79 982 
80 051 
80 120 
80 188 
80 257 


80 325 
80 393 
80 462 
80 530 
80 598 


80 665 
80 733 
80 801 
80 868 
80 936 


81 003 
81 070 
81 137 
81 204 


81 271 81278 81 285 
81 338 81345 81 351 


77 873 
77 945 
78 017 
78 089 
78 161 


78 233 
78 305 
78 376 
78 447 
78 519 


78 590 
78 661 
78 732 
78 803 
78 873 


78 944 
79 014 
79 085 
79 155 
79 225 


79 295 
79 365 
79 435 
79 505 
79 574 


79 644 
79 713 
79 782 
79 851 
79 920 


79 989 
80 058 
80 127 
80 195 
80 264 


80 332 
80 400 
80 468 
80 536 
80 604 


80 672 
80 740 
80 808 
80 875 
80 943 


81 010 
81 077 
81 144 
81 211 


9 


77 880 
77 952 
78 025 
78 097 
78 168 


78 240 
78 312 
78 383 
78 455 
78 526 


78 597 
78 668 
78 739 
78 810 
78 880 


78 951 
79 021 
79 092 
79 162 
79 232 


79 302 
79 372 
79 442 
79 511 
79 581 


79 650 
79 720 
79 789 
79 858 
79 927 


79 996 
80 065 | 
80 134 | 
80 202 
80 271 


80 339 
80 407 
80 475 
80 543 
80 611 


80 679 
80 747 
80 814 
80 882 
80 949 


81 017 
81 084 
81 151 
81 218 


0 


81 291 
81 358 
81 425 
81 491 
81 559 


81 624 
81 690 
81 757 
81 823 
81 889 


81 954 
82 020 


LOGARITHMS OF NUMBERS 


1 2 


81 298 81 305 
81 365 81 371 
81 431 81 438 
81 498 81 505 
81 564 81 571 


81 631 81 637 
81697 81 704 
81763 81770 
81 829 81 836 
81 895 81 902 


81961 81 968 
82 027 82 033 


81311 
81 378 
81 445 
81 511 
81 578 


81 644 
81 710 
81 776 
81 842 
81 908 


81 974 
82 040 


82 086 
82 151 
82 217 


82 282 
82 347 
82 413 
82 478 
82 543 


82 607 
82 672 
82 737 
82 802 
82 866 


82 930 
82 995 
83 059 
83 123 
83 187 


83 251 
83 315 
83 378 83 385 
83 442 83 448 
83 506 83 512 


83 569 83 575 
83 632 83 639 
83 696 83 702 
83 759 83 765 
83 822 83 828 


83 885 83 891 
83 948 83 954 
84011 84017 
84 073 84 080 
84 136 84 142 


84 198 84 205 
84 261 84 267 
84 323 84 330 
84 386 84 392 
84 448 84 454 


84 510 84 516 


82 092 
82 158 
82 223 


82 289 
82 354 
82 419 
82 484 
82 549 


82 614 
82 679 
82 743 
82 808 
82 872 


82 937 
83 001 
83 065 
83 129 
83 193 


83 257 
83 321 


82 099 
82 164 
82 230 


82 295 
82 360 
82 426 
82 491 
82 556 


82 620 
82 685 
82 750 
82 814 
82 879 


82 943 
83 008 83 014 
83 072 83 078 
83 136 83 142 
83 200 83 206 


83 264 83 270 
83 327 83 334 
83 391 83 398 
83 455 83 461 


83.518 83 525 


83 582 83 588 
83 645 83 651 
83 708 83 715 
83 771 83 778 
83 835 83 841 


83 897 83 904 
83 960 83 967 
84 023 84 029 
84 086 34 092 
84 148 84 155 


84 211 84 217 
84 273 84 280 
84 336 84 342 
84 398 84 404 
84 460 84 466 


84 522 84 528 


82 105 
82 171 
82 236 


82 302 
82 367 
82 432 
82 497 
82 562 


82 627 
82.692 
82 756 
82 821 
82 885 


82 950 


83 594 
83 658 
83 721 
83 784 
83 847 


83 910 
83 973 
84 036 
84 098 
84 161 


84 223 
84 286 
84 348 
84 410 
84 473 


84 535 


81 325 
81 391 
81 458 
81 525 
81 591 


81 657 
81 723 
81 790 
81 856 
81 921 


81 987 
82 053 


81 331 
81 398 
81 465 
81 531 
81 598 


81 664 
81 730 
81 796 
81 862 
81 928 


81 994 
82 060 


82 119 
82 184 
82 249 


82 315 
82 380 
82 445 
82 510 
82 575 


82 640 
82 705 
82 769 82 776 
82 834 82 840 
82 898 82 905 


82 963 82 969 
83 027 83 033 
83 091 83 097 
83 155 83 161 
83 219 83 225 


83 283 83 289 
83 347 83 353 
83 410 83 417 
83 474 83 480 
83 537 83 544 


83 601 
83 664 
83 727 
83 790 
83 853 


83 916 
83 979 
84 042 
84 105 
84 167 


84 230 
84 292 
84 354 
84 417 
84 479 


84 541 


82 125 
82 191 
82 256 


82 321 
82 387 
82 452 
82 517 
82 582 


82 646 
82 711 


83 607 
83 670 
83 734 
83 797 
83 860 


83 985 
84 048 
84 111 
84 173 


84 236 
84 298 
84 361 
84 423 
84 485 


84 547 


83 92383 929 


81 338 81 345 
81405 81 411 
81 471 81 478 
81538 81 544 
81 604 81 611 


81 671 81 677 
81 737 81 743 
81 803 81 809 
81 869 81 875 
81935 81 941 


82 000 82 007 
82 066 82 073 
82 132 82 138 
82 197 82 204 
82 263 82 269 


82 328 82 334 
82 393 82 400 
82 458 82 465 
82 523 82 530 
82 588 82 595 


82 653 82.659 
82 718 
82 782 
82 847 
82 911 


82 975 
83 040 
83 104 
83 168 
83 232 


83 296 
83 359 
83 423 
83 487 
83 550 


83 613 
83 677 
83 740 
83 803 
83 866 


82 789 
82 853 
82 918 


82 982 
83 046 
83 110 
83 174 
83 238 


83 302 
83 366 
83 429 
83 493 
83 556 


83 620 
83 683 
83 746 
83 809 
83 872 


83 935 
83 992 83 998 
84 055 84 061 
84 117 84 123 
84 180 84 186 


84 242 84 248 
84 305 84 311 
84 367 84 373 
84 429 84 435 
84 491 84 497 


84 553 84 559 


293 


81 351 
81 418 
81 485 
81 551 
81 617 


81 684 
81 750 
81 816 
81 882 
81 948 


82 014 
82 079 
82 145 
82 210 
82 276 


82 341 
82 406 
82 471 
82 536 
82 601 


82 666 


82 724-82 730 


82 795 
82 860 
82 924 


82 988 
83 052 
83 117 
83 181 
83 245 


83 308 
83 372 
83 436 
83 499 
83 563 


83 626 
83 689 
83 753 
83 816 
83 879 


83 942 
84 004 
84 067 
84 130 
84 192 


84 255 
84 317 
84 379 
84 442 
84 504 


84 566 


1 


ne, Geen gee a 


LOGARITHMS OF 


2 3 


4 


84.510 84516 84522 84528 84 535 
84 572 84578 84584 84590 84 597 
84 634 84 640 84 646 84 652 84 658 


84 696 84 702 
84757 84 763 


84 819 84 825 
84 880 84 887 
84 942 84 948 
85 003 85 009 
85 065 85 071 


85 126 85 132 
85 187 85 193 
85 248 85 254 
85 309 85 315 
85 370 85 37 


85 431 
85 491 
85 552 
85 612 
85 673 


85 733 
85 794 
85 854 
85 914 85 920 
85 974 85 980 


86 034 86 040 


85 437 
85 497 
85 558 
85 618 
85 679 


85 739 
85 800 
85 860 


6 85 382 


84 714 
84 776 


84 837 
84 899 
84 960 
85 022 
85 083 


85 144 
85 205 
85 266 
85 327 
85 388 


85 449 
85 509 
85 570 
85 631 
85 691 


85 751 
85 812 
85 872 
85 932 
85 992 


86 052 


84 708 
84770 


84 831 
84 893 
84 954 
85 016 
85 077 


85 138 
85 199 
85 260 
85 321 


85 443 
85 503 
85 564 
85 625 
85 685 


85 745 
85 806 
85 866 
85 926 
85 986 


86 046 


86 094 
86 153 
86 213 
86 273 


86 332 
86 392 
86 451 
86 510 
86 570 


86 629 
86 688 
86 747 
86 806 
86 864 


86 923 
86 982 
87 040 
87 099 
87 157 


86 100 86 106 
86 159 86 165 
86 219 86 225 
86 279 86 285 


86 338 86 344 
86 398 86 404 
86 457 86 463 
86 516 86 522 
86 576 86 581 


86 635 86 641 
86 694 86 700 
86 753 86 759 
86 812 86 817 
86 870 86 876 


86 929 86 935 
86 988 86 994 
87 046 87 052 
87 105 87 111 
87 163 87 169 


86 112 
86 171 
86 231 
86 291 


86 350 
86 410 
86 469 
86 528 
86 587 


86 646 
86 705 
86 764 
86 823 
86 882 


86 941 
86 999 
87 058 
87 116 
87 175 


87 216 87 221 87 227 87 233 
87 274 87 280 87 286 87 291 
87 332 87 338 87 344 87 349 87 355 
87 390 87 396 87 402 87 408 87 413 
87 448 87 454 87 460 87 466 87 471 


87 506 87 512 87518 87 523 87 529 


84 720 
84 782 


84 844 
84 905 
84 967 
85 028 
85 089 


85 150 
85 211 
85 272 
85 333 
85 394 


85 455 
85 516 
85 576 
85 637 
85 697 


85 757 
85 818 
85 878 
85 938 
85 998 


86 058 
86 118 
86 177 
86 237 
86 297 


86 356 
86 415 
86 475 
86 534 
86 593 


86 652 
86 711 
86 770 
86 829 
86 888 


86 947 
87 005 
87 064 
87 122 
87 181 


87 239 
87 297 


NUMBERS 


5 6 


7 8 


9 


ieee ee Se 


84 541 84 547 
84 603 84 609 
84 665 84 671 
84 726 84 733 
84 788 84 794 


84 850 84 856 
84 911 84 917 
84 973 84 979 
85 034 85 040 
85 095 85 101 


85 156 85 163 
85 217 85 224 
85 278 85 285 
85 339 85 345 
85 400 85 406 


85 467 
85 528 
85 588 
85 649 
85 709 


85 769 
85 830 
85 890 
85 950 
86 010 


86 070 


85 461 
85 522 
85 582 
85 643 
85 703 


85 763 
85 824 
85 884 
85 944 
86 004 


86 064 


84 553 84 559 
84 615 84 621 
84 677 84 683 
84 739 84 745 
84 800 84 807 


84 862 84 868 
84 924 84 930 
84 985 84991 
85 046 85 052 
85 107 85114 


85 169 85 175 
85 230 85 236 
85 291 85 297 
85 352 85 358 
85 412 85 418 


85 473 85 479 
85 534 85 540 
85 594 85 600 
85 655 85 661 
85 715 85 721 


85 775 85 781 
85 836 85 842 
85 896 85 902 
85 956 85 962 
86 016 86 022 


86 076 86 082 


84 566 
84 628 
84 689 
84 751 
84 813 


84 874 
84 936 
84 997 
85 058 
85 120 


85 181 
85 242 
85 303 
85 364 
85 425 


85 485 
85 546 
85 606 
85 667 
85 727 


85 788 
85 848 
85 908 
85 968 
86 028 


86 088 


86 124 
86 183 
86 243 
86 303 


86 362 
86 421 
86 481 
86 540 
86 599 


86 658 
86 717 
86 776 
86 835 
86 894 


86 953 
87 O11 
87 070 
87 128 
87 186 


87 245 
87 303 
87 361 
87 419 


86 130 86 136 
86 189 86 195 
86 249 86 255 
86 308 86 314 


86 368 86 374 
86 427 86 433 
86 487 86 493 
86 546 86 552 
86 605 86 611 


86 664 
86 723 
86 782 
86 841 
86 900 


86 670 
86 729 
86 788 
86 847 
86 906 


86 964 
87 023 


86 958 
87 017 
87 075 87 081 
87 134 87 140 
87 192 87 198 


87 251 87 256 
87 309 87 315 
87 367 87 373 
87 425 87 431 


86 141 86 147 
86 201 86 207 
86 261 86 267 
86 320 86 326 


86 380 86 386 
86 439 86 445 
86 499 86 504 
86 558 86 564 
86 617 86 623 


86 676 86 682 
86 735 86 741 
86 794 86 800 
86 853 85 859 
86 911 86 917 


86 970 86 976 
87 029 87 035 
87 087 87 093 
87 146 87 151 
87 204 87 210 


87 262 87 268 
87 320 87 326 
87 379 87 384 
87 487 87 442 


87 477 87 483 87 489 87 495 87 500 
87 535 87 541 87 547 87 552 87 558 


LOGARITHMS OF NUMBERS 


) 1 2 3 4 


295 


6 7 8 9 


87 506 87 512 87 518 87 523 87 529 
87 564 87 570 87 576 87 581 87 587 
87 622 87 628 87 633 87 639 87 645 
87 679 87 685 87 691 87 697 87 703 
87 737 87 743 87 749 87 754 87 760 


87 795 87 800 87 806 87 812 87818 
87 852 87 858 87 864 87 869 87 875 
87 910 87 915 87 921 87 927 87 933 
87 967 87 973 87 978 87 984 87 990 
88 024 88 030 88 036 88 041 88 047 


88 081 88 087 88 093 88 098 88 104 
88 138 88 144 88 150 88 156 88 161 
88 195 88 201 88 207 88 213 88 218 
88 252 88 258 88 264 88 270 88 275 
88 309 88 315 88321 88 326 88 332 


88 366 88 372 88 377 88 383 88 389 
88 423 88 429 88 434 88 440 88 446 
88 480 88 485 88 491 88 497 88 502 
88 536 88 542 88 547 88 553 88 559 
88 593 88 598 88 604 88610 88 615 


88 649 88 655 88 660 88 666 88 672 
88 705 88 711 88 717 88 722 88 728 
88 762 88 767 88773 88779 88 784 
88 818 88 824 88 829 88 835 88 840 
88 874 88 880 88 885 88 891 88 897 


88 930 88 936 88 941 88947 88 953 
88 986 88 992 88997 89 003 89 009 
89 042 89048 89053 89059 89 064 


89 098 89 104 89109 89115 
89 154 89 159 89 165 89170 


89 209 89 215 89 221 89 226 
89 265 89 271 89 276 89 282 
89 321 89 326 89 332 89 337 
89 376 89 382 89 387 89 393 
89 432 89 437 89 443 89 448 


89 487 89 492 89 498 89 504 


89 120 
89 176 


89 232 
89 287 
89 343 
89 398 
89 454 


89 509 


89 542 
89 597 
89 653 
89 708 


89 763 
89 818 
89 873 
89 927 
89 982 


90 037 
90 091 
90 146 
90 200 
90 255 


90 309 


89 548 89 553 89 559 89 564 
89 603 89 609 89 614 89 620 
89 658 89 664 89 669 89 675 
89 713 89719 89 724 89 730 


89 768 89 774 89779 89 785 
89 823 89 829 89 834 89 840 
89 878 89 883 89 889 89 894 
89 933 89 938 89 944 89 949 
89 988 89993 89998 90 004 


90 042 90 048 90053 90 059 
90 097 90 102 90 108 90 113 
90 151 90 157 90 162 90 168 
90 206 90 211 90 217 90 222 
90 260 90 266 90 271 90 276 


90 314 90320 90 325 90 331 


87 535 
87 593 
87 651 
87 708 
76 766 


87 823 
87 881 
87 938 
87 996 
88 053 


88 110 
88 167 
88 224 
88 281 
88 338 


88 395 
88 451 
88 508 
88 564 
88 621 


88 677 
88 734 
88 790 
88 846 
88 902 


88 958 
89 014 
89 070 


87 541 87 547 87 552 87 558 
87 599 87 604 87 610 87 616 
87 656 87 662 87 668 87 674 
87 714 87 720 87 726 87 731 
87 772 87 777 87 783 87 789 


87 829 87 835 87 841 87 846 
87 887 87 892 87 898 87 904 
87 944 87 950 87 955 87 961 
88 001 88 007 88 013 88 018 
88 058 88 064 88070 88 076 


88 116 83 121 88127 88 133 
88 173 88 178 88 184 88 190 
88 230 88 235 88 241 88 247 
88 287 88 292 88 298 88 304 
88 343 88 349 88 355 88 360 


88 400 88 406 88 412 88 417 
88 457 88 463 88 468 88 474 
88 513 88519 88 525 88 530 
88 570 88 576 88 581 88 587 
88 627 88 632 88 638 88 643 


88 683 88 689 88 694 88 700 
88 739 88 745 88 750 88 756 
88 795 88 801 88 807 88 812 
88 852 88 857 88 863 88 868 
88 908 88 913 88919 88 925 


88 964 88 969 88975 88 931 
89 020 89 025 89 031 89 037 
89 076 89 081 89 087 89 092 


89 126 89 131 89 137 89 143 89.148 
89 182 89 187 89 193 89198 89 204 


89 237 89 243 89 248 89 254 89 260 
89 293 89 298 89 304 89310 89 315 
89 348 89 354 89 360 89 365 89 371 
89 404 89 409 89 415 89 421 89 426 
89 459 89 465 89 470 89 476 89 481 


89 515 89 520 89 526 89 531 89 537 
89 570 89 575 89 581 89 586 89 592 
89 625 89 631 89 636 89 642 89 647 
89 680 89 686 89 691 89 697 89 702 
89 735 89 741 89 746 89 752 89 757 


89 790 89 796 89 801 89 807 89 812 
89 845 89 851 89 856 89 862 89 867 
89 900 89 905 89 911 89 916 89 922 
89 955 89 960 89 966 89 971 89 977 
90 009 90015 90020 90026 90 031 


90 064 90069 90075 90 080 90 086 
90 119 90 124 90129 90135 90 140 
90 173 90179 90 184 90 189 90 195 
90 227 90 233 90 238 90 244 90 249 
90 282 90 287 90 293 90 298 90 304 


90 336 90 342 90 347 90 352 90 358 
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90 309 90314 90 320 90325 90 331 | 90 336 90 342 90 347 90 352 90 358 
90 363 90 369 90 374 90 380 90 385 | 90 390 90 396 90 401 90 407 90 412 
90 417 90 423 90 428 90 434 90 439 | 90 445 90 450 90 455 90 461 90 466 
90 472 90 477 90 482 90 488 90 493 | 90 499 90 504 90 509 90 515 90 520 
90 526 90 531 90 536 90 542 90 547 | 90 553 90 558 90 563 90 569 90 574 


90 580 90585 90 590 90 596 90 601 | 90 607 90 612 90 617 90 623 90 628 
90 634 90 639 90 644 90 650 90 655 | 90 660 90 666 90 671 90 677. 90 682 
90 687 90 693 90 698 90 703 90 709 | 90 714 90 720 90 725 90 730 90 736 
90 741 90 747 90 752 90 757 90 763 | 90 768 90 773 90 779 90 784 90 789 
90 795 90 800 90 806 90 811 90 816 | 90 822 90 827 90 832 90 838 90 843 


90 849 90 854 90 859 90 865 90 870| 90 875 90 881 90 886 90 891 90 897 
90 902 90 907 90 913 90 918 90 924| 90 929 90 934 90 940 90 945 90 950 
90 956 90 961 90 966 90 972 90 977 | 90 982 90 988 90 993 90 998 91 004 
91 009 91 014 91 020 91 025 91 030| 91 036 91 041 91 046 91 052: 91 057 
91 062 91 068 91 073 91 078 91 084| 91 089 91 094 91 100 91 105 91110 


91 116 91121 91126 91 132 91 187 | 91 142 91148 91153 91 158 91 164 
91 169 91174 91 180 91 185 91 190 | 91 196 91 201 91 206 91 212 91 217 
91 222 91 228 91 233 91 238 91 243 | 91 249 91 254 91 259 91 265 91 270 
91 275 91 281 91 286 91 291 91 297 | 91 302 91 307 91 312 91 318 91 323 
91 328 91 334 91339 91344 91350 | 91355 91360 91 365 91 371 91376 


91 381 91 387 91392 91397 91 403 | 91 408 91413 91 418 91 424 91 429 
91 434 91 440 91445 91 450 91 455 | 91 461 91466 91471 91477 91 482 
91 487 91492 91498 91503 91 508 | 91 514 91 519 91 524 91 529 91 535 
91 540 91545 91551 91556 91 561{ 91 566 91572 91 577 91 582 91 587 
91 593 91598 91603 91 609 91 614) 91 619 91 624 91 630 91635 91 640 


91 645 91651 91656 91 661 91 666 | 91 672 91 677 91 682 91 687 91 693 
91 698 91 703 91.709 91714 91719 | 91 724 91730 91735 91 740 91 745 
91751 91756 91761 91 766 91 772 | 91 777 91 782 91 787 91 793 91 798 
91 803 91 808 91 814 91 819 91 824 | 91 829 91 834 91 840 91 845 91 850 
91 855 91 861 91866 91 871 91876 | 91 882 91 887 91 892 91 897 91 903 


91 908 91913 91918 91 924 91 929 | 91 934 91939 91944 91950 91 955 
91 960 91 965 91 971 91 976 91 981 | 91 986 91991 91997 92 002 92 007 
92 012 92018 92 023 92 028 92 033 | 92 038 92 044 92 049 92 054 92 059 
92 065 92070 92075 92 080 92 085 | 92 091 92096 92 101 92 106 92 111 
92 117 92122 92127 92 132 921387 | 92 143 92 148 92 153 92158 92 163 


92 169 92174 92179 92184 92189 | 92195 92 200 92 205 92 210 92 215 
92 221 92 226 92231 92 236 92 241 | 92 247 92 252 92 257 92 262 92 267 
92 273 92278 92 283 92 288 92 293 | 92 298 92 304 92 309 92314 92319 
92 324 92 330 92 335 92340 92 345 | 92 350 92355 92 361 92 366 92 371 
92 376 92381 93 387 92392 92 397 | 92 402 92 407 92 412 92 418 92 423 


92 428 92433 92438 92443 92 449 | 92 454 92459 92 464 92 469 92 474 
92 480 92485 92490 92495 92 500} 92 505 92 511 92 516 92 521 92 526 
92 531 92536 92 542 92 547 92 552 | 92 557 92 562 92 567 92 572 92 578 
92 583 92588 92 593 92 598 92 603 | 92 609 92 614 92 619 92 624 92 629 
92 634 92 639 92 645 92650 92 655 | 92 660 92 665 92 670 92675 92 681 


92 686 92 691 92696 92701 92706 | 92 711 92716 92 722 92 72 

92737 92 '742 92747 92752 92 758 | 92 763 92 768 92773 92 in 92 33 
92 788 92793 92799 92 804 92 809 | 92 814 92 819 92 824 92 829 92 834 
92 840 92 845 92 850 92 855 92 860 | 92 865 92 870 92 875 92 881 92 8386 
92 891 92 896 92901 92906 92911 | 92916 92921 92927 92932 92 937 


92 942 92947 92952 92957 92 962 | 92 967 92973 92978 92 983 


LOGARITHMS OF NUMBERS 


0 1 2 3 4 


92 942 92947 92952 92957 92 962 


92 993 92 998 93 003 93 008 93 013 
93 044 93 049 93 054 93 059 93 064 
93 095 93 100 93 105 93 110 93 115 
93 146 93 151 93 156 93 161 93 166 


93 197 93 202 93 207 93 212 93 217 
93 247 93 252 93 258 93 263 93 268 
93 298 93 303 93 308 93 313 93 318 
93 349 93 354 93 359 93 364 93 369 
93 399 93 404 93 409 93 414 93 420 


93 450 93 455 93 460 93 465 93 470 
93 500 93 505 93510 93 515 93 520 
93 551 93 556 93 561 93 566 93 571 
93 601 93 606 93 611 93 616 93 621 
93 651 93 656 93 661 93 666 93 671 


93 702 93 707 93 712 93 717 93 722 
93 752 93 757 93 762 93 767 93 772 
93 802°93 807_9, 93 817 93 822 
93 852 93 857 93 867 93 872 
93 902 93 907 93 912 93.917 93 922 


93 952 93 957 93 962 93 967 93 972 
94 002 94 007 94012 94017 94 022 
94 052 94057 94 062 94 067 94 072 
94101 94106 94111 94116 94121 
94151 94156 94161 94166 94171 


94 201 94 206 94 211 94 216 94 221 
94 250 94 255 94 260 94 265 94 270 
94 300 94 305 94310 94315 94 320 
94 349 94 354 94359 94 364 94 369 
94 399 94404 94409 94414 94419 


94 448 94453 94458 94 463 94 468 
94 498 94503 94507 94512 94 517 
94 547 94552 94557 94 562 94 567 
94 596 94601 94 606 94611 94 616 
94 645 94650 94655 94 660 94 665 


94 694 94699 94704 94709 94714 
94 743 94748 94753 94758 94 763 
94792 94797 94 802 94 807 94 812 
94 841 94 846 94 851 94 856 94 861 
94 890 94.895 94900 94905 94 910 


94 939 94944 94949 94954 94 959 
94 988 94993 94998 95 002 95 007 
95 036 95 041 95 046 95 051 95 056 
95 085 95 090 95095 95 100 95 105 
95 134 95.139 95 143 95 148 95 153 


95 182 95 187 95 192 95197 95 202 
95 231 95 236 95 240 95 245 95 250 
95 279 95 284 95 289 95 294 95 299 
95 328 95 332 95 337 95 342 95 347 
95 376 95 381 95 386 95 390 95 395 


95 424 95 429 95 434 95 439 95 444 


5 6 7 8 9 


92 967 92973 92978 92983 92988 


93 018 93 024 93 029 93 034 93 039 
93 069 93 075 93 080 93 085 93 090 
93 120 93 125 93 131 93 1386 93 141 
93 171 93 176 93 181 93 186 93 192 


93 222 93 227 93 232 93 237 93 242 
93 273 93 278 93 283 93 288 93 293 
93 323 93 328 93 334 93 339 93 344 
93 374 93 379 93 384 93 389 93 394 
93 425 93 430 93 435 93 440 93 445 


93 475 93 480 93 485 93 490 93 495 
93 526 93 531 93 536 93 541 93 546 
93 576 93 581 93 586 93 591 93 596 
93 626 93 631 93 636 93 641 93 646 
93 676 93 682 93 687 93 692 93 697 


93 727 93 732 93 737 93 742 93 747 
93 777 93 782 93 787 93 792 93 797 
93 827 93 832 93 837 93 842 93 847 
93 877 93 882 93 887 93 892 93 897 
93 927 93 932 93937 93 942 93 947 


93 977 93 982 93 987 93992 93 907 
94 027 94 032 94037 94042 94 047 
94 077 94082 94086 94091 94 096 
94126 94131 94136 94141 94 146 
94176 94181 94186 94191 94 196 


94 226 94 231 94 236 94 240 94 245 
94 275 94 280 94 285 94.290 94 295 
94 325 94 330 94335 94 340 94 345 
94 374 94379 94 384 94 389 94 394 
94 424 94429 94433 94438 94 443 


94 473 94478 94483 94 488 94 493 
94 522 94 527 94 532 94 537 94 542 
94 571 94576 94 581 94 586 94 591 
94 621 94 626 94 630 94 635 94 640 
94 670 94 675 94680 94 685 94 689 


94719 94724 94729 94734 94 738 
94768 94773 94778 94783 94 787 
94 817 94 822 94 827 94 832 94 836 
94 866 94 871 94876 94 880 94 885 
94915 94919 94924 94929 94 934 


94 963 94968 94973 94978 94 983 
95 012 95 017 95 022 95 027 95 032 
95 061 95 066 95 071 95 075 95 080 
95 109 95 114 95119 95 124 95 129 
95 158 95 163 95 168 95173 95 177 


95 207 95 211 95 216 95 221 95 226 
95 255 95 260 95 265 95 270 95 274 
95 303 95 308 95 313 95 318 95 323 
95 352 95 357 95 361 95 366 95 371 
95 400 95 405 95 410 95415 95 419 


95 448 95 453 95 458 95 463 95 468 
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95 424 
95 472 
95 521 
95 569 
95 617 


95 665 
95 713 
95 761 
95 809 
95 856 


95 904 
95 952 
95 999. 
96 047 
96 095 


96 142 
96 190 
96 237 
96 284 
96 332 


96 379 
96 426 
96 473 
96 520 
96 567 


96 614 
96 661 
96 708 
96 755 
96 802 
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2 3 4 5 6 


95 429 95 434 95 439 95 444 | 95 448 95 453 
95 477 95 482 95 487 95 492 | 95 497 95 501 
95 525 95 530 95 535 95 540 | 95 545 95 550 
95 574 95 578 95 583 95 588 | 95 593 95 598 
95 622 95 626 95 631 95 636 | 95 641 95 646 


95 670 95 674 95 679 95 684 | 95 689 95 694 
95 718 95 722 95727 95 732 | 95 737 95 742 
95 766 95 770 95775 95 780 | 95 785 95 789 
95 813 95 818 95 823 95 828 | 95 832 95 837 
95 861 95 866 95 871 95 875 | 95 880 95 885 


95 909 95 914 95918 95 923 | 95 928 95 933 
95 957 95 961 95 966 95 971| 95 976 95 980 
96 004 96 009 96.014 96 019-| 96 023 96 028 
96 052 96057 96 061 96 066 | 96 071 96 076 
96 099 96 104 96109 96 114| 96 118 96 123 


96 147 96 152 96 156 96 161 | 96 166 96 171 
96 194 96 199 96 204 96 209 | 96 213 96 218 
96 242 96 246 96 251 96 256 | 96 261 96 265 
96 289 96 294 96 298 96 303 | 96 308 96 313 
96 336 96 341 96 346 96 350 | 96 355 96 360 


96 384 96 388 96 393 96 398 | 96 402 96 407 
96 431 96 435. 96 440 96 445 | 96 450 96 454 
96 478 96 483 96487 96 492 | 96 497 96 501 
96 525 96 530 96 534 96 539 | 96 544 96 548 
96 572 96 577 96 581 96 586 | 96 591 96 595 


96 619 96 624 96 628 96 633 | 96 638 96 642 
96 666 96 670 96 675 96 680 | 96 685 96 689 
96 713 96 717 96 722 96 727 | 96 731 96 736 
96 759 96 764 96 769 96 774 | 96 778 96 783 
96 806 96 811 96 816 96 820 | 96 825 96 830 


96 848 
96 895 
96 942 
96 988 
97 035 


97 081 
97 128 
97 174 
97 220 
97 267 


97 313 
97 359 
97 405 
97 451 
97 497 


97 543 
97 589 
97 635 
97 681 
97 727 


97 772 


96 853 96 858 96 862 96 867 | 96 872 96 876 
96 900 96 904 96 909 96 914 | 96 918 96 923 
96 946 96 951 96 956 96 960 | 96 965 96 970 
96 993 96 997 97 002 97 007 | 97 011 97 016 
97 039 97 044 97 049 97 053 | 97 058 97 063 


97 086 97 090 97 095 97 100| 97 104 97 109 
97 182 97 1387 97 142 97 146 | 97 151 97 155 
97 179 97 183 97 188 97 192| 97 197 97 202 
97 225 97 230 97 234 97 239 | 97 243 97 248 
97 271 97 276 97 280 97 285 | 97 290 97 294 


97 317 97 322 97 327 97 331 | 97 336 97 340 
97 364 97 368 97 373 97 377 | 97 382 97 387 
97 410 97 414 97 419 97 424 | 97 428 97 433 
97 456 97 460 97 465 97 470 | 97 474 97 479 
97 502 97 506 97 511 97 516 | 97 520 97 525 


nat 


7 8 9 


95 458 95 463 95 468 
95 506 95 511 95 516 
95 554 95 559 95 564 
95 602 95 607 95 612 
95 650 95 655 95 660 


95 698 95 703 95 708 
95 746 95 751 95 756 
95 794 95 799 95 804 
95 842 95 847 95 852 
95 890 95 895 95 899 


95 938 95 942 95 947 
95 985 95 990 95 995 
96 033 96 038 96 042 
96 080 96 085 96 090 
96 128 96 133 96 137 


96 175 96 180 96 185 
96 223 96 227 96 232 
96 270 96 275 96 280 
96 317 96 322 96 327 
96 365 96 369 96 374 


96 412 96 417 96 421 
96 459 96 464 96 468 
96 506 96 511 96 515 
96 553 96 558 96 562 
96 600 96 605 96 609 


96 647 96 652 96 656 
96 694 96 699 96 703 
96 741 96 745 96 750 
96 788 96 792 96 797 
96 834 96 839 96 844 


96 881 96 886 96 890 
96 928 96 932 96 937 
96 974 96 979 96 984 
97 021 97 025 97 030 
97 067 97 072 97 077 


97 114 97118 97 123 
97 160 97 165 97 169 
97 206 97 211 97 216 
97 253 97 257 97 262 
97 299 97 304 97 308 


97 345 97 350 97 354 
97 391 97 396 97 400 
97 437 97 442 97 447 
97 483 97 488 97 493 
97 529 97 534 97 539 


97 548 97 552 97 557 97 562 | 97 566 97 571 
97 594 97 598 97 603 97 607 | 97 612 97 617 
97 640 97 644 97 649 97 653 | 97 658 97 663 
97 685 97 690 97 695 97 699 | 97 704 97 708 
97 731 97 736 97 740 97 745 | 97 749 97 754 


97777 97 782 97 786 97 791 | 97 795 97 800 


97 575 97 580 97 585 
97 621 97 626 97 630 
97 667 97 672 97 676 
97 713 97 717 97 722 
97 759 97 763 97 768 


97 804 97 809 97 813 


NUMBERS 


LOGARITHMS OF 


97 813 

97 859 

132 

3 98177 

8 98 223 

8 259 98 263 98 268 


8 304 98 308 98 313 


082 98 087 
98 349 98 354 98 358 


983 123 98 127 98 


9 93 164 93 168 98 17. 


8 
8 394 
8 43 


93 028 98 032 98 037 98 041 
5 


93 073 98 078 98 


98 114 98 118 


98 15 


97 800 97 804 97 809 


9 


7 845 97 850 97 855 


98 250 98 254 9 
98 430 98 435 9: 


97 795 
97 886 97 


98 023 


; 
; 


236 98 241 98 245. 


055 98 059 98 064 | 98 068 


100 98 105 98 109 


86 97 791 
832 97 836 | 97 841 


7 


98 286 98 290 98295 98 299 9: 


827 98 331 98 336 | 98 340 98 34 
372 98 376 98 381 | 98 385 98 390 9 


72 


417 98 421 98 426 


191 98 195 98 200 | 98 204 98 209 98 214 9321 


964 97 968 97 973 
009 98.014 98019 
146 98 150 98 155 


SSSEE SRE SLVVS 
RGSs8 S888 RERSS 
SESEE RRAAE LVVSE 
Rages 83888 ARESS 
SEESE BERRA RSLS 


S25 SSS88 FE88% 28888 


a lea oe 


So |. 


: 


98 47 
511 93 516 | 98 520 98 52 


9 98 583 


8 489 98 493 
614 98619 93 623 98 628 


5 98 529 98 534 98 538 


98 480 98 484 9. 
5 98 570 98 574 98 57 


oa 


5 
98 655 98 659 98 664 98 668 98 673 


98700 98 704 98709 98 713 98 717 
93 744 98 749 98 753 98 758 98 762 
98 789 93793 98798 98 802 98 807 
98 834 98 838 98 843 98 847 98 851 


98 878 98 883 98 887 98 892 98 896 


466 98 471 
93 56 
601 98 605 | 93610 98 


646 98 650 


| 
| 


740 
54 
74 


7 
8 
8 


695 
29 


SSEE8 88 


99 511 99 515 
99 555 99 559 


RIDA MY 
AIRY 


00 000 00 004 00 009 00 012 00 017 | 00 022 00 026 00 030 00 035 00 039 


aaa 28582 gagez 


TABLE II 
LOGARITHMS 
OF THE 
TRIGONOMETRIC FUNCTIONS 
FOR 
EACH MINUTE 


302 LOGARITHMIC FUNCTIONS 


, 0° 1° 
ie eel A yo ee Ae og el 

log sin logtan log cot log cos log sin logtan log cot log cos 
0 0.00 000 8.24186 8.24192 1.75808 9.99 993 
1 646 373 6.46373 3.53627 0.00 000 8.24903 8.24910 1.75090 9.99 993 
2 6.76476 6.76476 3.23524 0.00 000 8.25609 8.25616 1.74384 9.99 993 
3 6.94085 6.94085 3.05915 0.00 000 8.26 304 8.26312 1.73688 9.99 993 
4 7.06579 7.06579 2.93421 0.00 8.26988 8.26996 1.73004 9.99 992 
5 7.16270 7.16270 2.83730 0.00 000 8.27661 8.27669 1.72331 9.99 992 
6 724188 7.24188 2.75812 0.00 000 8.28 324 8.28332 1.71668 9.99 992 
7 7.30 882 7.30882 2.69118 0.00 000 8.28977 8.28986 1.71014 9.99 992 
8 7.36 682 7.36682 2.63318 0.00 000 8.29 621 8.29629 1.70371 9.99 992 
9 7.41797 7.41797 2.58203 0.00 000 8.30255 8.30263 1.69737 9.99 991 
10 7.46373 7.46373 2.53627 0.00 000 8.30879 8.30888 1.69112 9.99 991 
11 7.50 512 7.50512 2.49488 0.00 000 8.31495 8.31505 1.68495 9.99 991 
12 7.54291 7.54291 2.45709 0.00 000 8.32103 8.32112 1.67888 9.99 990 
13 7.57767 7.57 767 2.42 233 0.00 000 8.32 702 8.32711 1.67289 9.99 990 
14 7.60985 7.60986 2.39014 0.00 000 8.33292 8.33302 1.66698 9.99 990 
15 7.63982 7.63982 2.36018 0.00 000 8.33 875 8.33886 1.66114 9.99 990 
16 7.66 784 7.66785 2.33215 0.00 000 8.34450 8.34461 1.65539 9.99 989 
ire 7.69417 7.69418 2.30582 9.99999 8.35018 8.35029 1.64971 9.99 989 
18 7.71900 7.71900 2.28 100 999 8.35578 8.35590 1.64410 9.99 989 
19 7.74248 7.74248 2.25 752 999 8.36131 8.36143 1.63857 9.99 989 
20 7.76475 7.76476 2.23 524 999 8.36678 8.36689 1.63311 9.99 988 
21 7.78594 7.78595 2.21 405 999 8.37217 8.37229 1.62771 9.99 988 
22 7.80615 7.80615 2.19 385 999 837750 8.37762 1.62238 9.99 988 
23 7.82545 7.82546 2.17 454 999 8.38276 8.38289 1.61711 9.99 987 
24 7.84393 7.84394 2.1 8.38 796 8.38809 1.61191 9.99 987 


o 

ey 

So 

o . 
God Goce eaCD) 9 Saeed ees 
© DDDDOD HOODOO HH 
© OGOGHOO OOHHSO O86 

© 

© 

a) 


a 8. 
Y 8. 
29 7.92 612 7. 998 8.41 307 8.41 321 8679 9.99 985 
30 7.94084 7.94086 2.05914 9.99 998 8.41792 8.41807 1.58193 9.99 985 
31 7.95508 7.95510 2.04490 9.99 998 8.42272 8.42287 1.57713 9.99 985 
82 7.96 887 7.96889 2.03111 9.99 998 8.42 746 8.42762 1.57238 9.99 984 
33 7.98223 7.98225 2.01775 9.99 998 8.43 216 8.43232 1.56768 9.99 984 
34 7.99 520 7.99522 2.00478 9.99 998 8.43 680 8.43696 1.56304 9.99 984 
35 8.00779 8.00781 1.99219 9.99 998 8.44189 8.44156 1.55844 9.99 983 
36 8.02 002 8.02004 1.97996 9.99 998 8.44 594 8.44611 1.55389 9.99 983 
37 8.03 192 8.03194 1.96806 9.99 997 8.45044 8.45061 1.54939 9.99 983 
38 8.04 350 8.04353 1.95647 9.99 997 8.45489 8.45507 1.54493 9.99 982 
39 8.05 478 8.05481 1.94519 9.99 997 8.45980 8.45948 1.54052 9.99 982 
40 8.06 578 8.06581 1.93419 9.99 997 8.46 366 8.46385 1.53615 9.99 982 
41 8.07 650 8.07653 1.92347 9.99 997 8.46 799 8.46817 1.53183 9.99 981 
42 8.08 696 8.08700 1.91 300 9.99 997 8.47 226 8.47245 1.52755 9.99 981 
43 8.09 718 8.09722 1.90278 9.99 997 8.47650 8.47669 1.52331 9.99 981 
44 8.10 717 8.10720 1.89280 9.99 996 8.48 069 8.48089 1.51911 9.99 980 
45 8.11 693 8.11696 1.88304 9.99 996 8.48485 8.48505 1.51495 9.99 980 
46 8.12 647 8.12651 1.87349 9.99 996 8.48 896 8.48917 1.51083 9.99 979 
47 8.13 581 8.13585 1.86415 9.99 996 8.49 304 8.49325 1.50675 9.99 979 
48 8.14495 8.14500 1.85500 9.99996 8.49 708 8.49729 1.50271 9.99979 
49 8.15 391 8.15395 1.84605 9.99 996 8.50108 8.50130 1.49870 9.99978 
50 8.16 268 8.16273 1.83727 9.99995 8.50504 8.50527 1.49473 9.99 978 
51 8.17128 8.17133 1.82867 9.99 995 8.50 897 8.50920 1.49080 9.99 977 
52 8.17971 8.17976 1.82024 9.99 995 8.51 287 8.51310 1.48690 9.99 977 
53 8.18 798 8.18804 1.81196 9.99 995 8.51673 8.51696 1.48304 9.99 977 
54 8.19610 8.19616 1.80384 9.99 995 8.52055 8.52079 1.47921 9.99 976 
55 820407 8.20413 1.79587 9.99 994 852434 8.52459 1.47541 9.99 976 
56 8.21189 8.21195 1.78805 9.99 994 8.52810 8.52835 1.47165 9.99 975 
57 8.21958 8.21964 1.78036 9.99 994 8.53 183 8.53208 1.46792 9.99 975 
58 8.22 713 8.22720 1.77280 9.99 994 8.53 552 8.53578 1.46422 9.99 974 


60 8.24186 8.24192 1.75808 9.99993 8.54 282 8.54308 1.45692 9.99974 


log cos log cot log tan log sin log cos log cot log tan log sin 
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LOGARITHMIC FUNCTIONS 303 


1° 


logtan logcot  logcos log sin logtan logcot log cos 


8.54 282 1.45 692 
45 331 
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log sin logtan logcot log cos log sin logtan log cot 
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log cot 


9.20 216 0.79 784 
9.20 297 0.79 703 
9.20 378 0.79 622 
9.20495 0.79 541 
9.20 540 0.79 460 
9.20 621 0.79 379 
9.20 701 0.79 299 
9.20 782 0.79 218 
9.20 862 0.79 138 
9.20 942 0.79 058 
9.21022 0.78 978 
9.21102 0.78 898 
9.21182 0.78 818 
9.21 261 0.78 739 
9.21 341 0.78 659 
9.21420 0.78 580 
9.21499 0.78 501 
9.21578 0.78 422 
9.21 657 0.78 343 
9.21 736 0.78 264 
9.21 814 0.78 186 
9.21 893 0.78 107 
9.21971 0.78029 
9.22049 0.77 951 
9.22127 0.77 873 
9.22 205 0.77 795 
9.22 283 0.77 717 
9.22 361 0.77 639 
9.22 438 0.77 562 
9.22 516 0.77 484 
9.22 593 0.77 407 
9.22 670 0.77 330 
9.22 747 0.77 253 
9.22 824 0.77176 
9.22901 0.77 099 
9.22977 0.77 023 
9.23 054 0.76 946 
9.23 130 0.76 870 
9.23 206 0.76 794 
9.23 283 0.76 717 
9.23 359 0.76 641 
9.23 435 0.76 565 
9.23510 0.76 490 
9.23 586 0.76 414 
9.23 661 0.76 339 
9.23 737 0.76 263 
9.23 812 0.76 188 
9.23 887 0.76113 
9.23 962 0.76 038 
9.24 037 0.75 963 
9.24112 0.75 888 
9.24186 0.75 814 
9.24 261 0.75 739 
9.24 335 0.75 665 
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log tan log cot 

9.24 632 0.75 368 
9.24 706 0.75 294 
9.24779 0.75 221 
9.24 853 0.75 147 
9.24926 0.75074 
9.25000 0.75 000 
9.25073 0.74 927 
9.25146 0.74 854 
9.25 219 0.74 781 
9.25292 0,74 708 
9.25365 0.74 635 
9.25437 0.74 563 
9.25510 0.74490 
9.25 582 0.74418 
9.25655 0.74 345 
9.25727 0.74 273 
9.25799 0.74 201 
9.25 871 0.74 129 
9.25 943 0.74 057 
9.26015 0.73 985 
9.26086 0.73 914 
9.26158 0.73 842 
9.26 229 0.73 771 
9.26 301 0.73 699 
9.26 372 0.73 628 
9.26 443 0.73 557 
9.26 514. 0.73 486 
9.26 585 0.73 415 
9.26 655 0.73 345 
9.26 726 0.73 274 
9.26 797 0.73 203 
9.26 867 0.73 133 
9.26 937 0.73 063 
9.27008 0.72 992 
9.27078 0.72 922 
9.27148 0.72 852 
9.27 218 0.72 782 
9.27 288 0.72 712 
9.27 357 0.72 643 
9.27427 0.72 573 
9.27496 0.72 504 
9.27 566 0.72 434 
9.27 635 0.72 365 
9.27 704 0.72 296 
9.27 773 0.72 227 
9.27 842 0.72 158 
9.27911 0.72 089 
9.27980 0.72 020 
9.28049 0.71 951 
9.28117 0.71 883 
9.28186 0.71 814 
9.28 254 0.71 746 
9.28 323 0.71 677 
9.28 391 0.71 609 
9.28459 0.71 541 
9.28 527 0.71 473 
9.28 595 0.71 405 
9.28 662 0.71 338 
9.28 730 0.71 270 
9.28 798 0.71 202 
9.28 865 0.71135 
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LOGARITHMIC FUNCTIONS 


17° 
log sin log tan log cot log cos 
9.28060 9.28865 0.71135 9.99195 
9.28125 9.28933 0.71067 9.99 192 
9.28190 9.29000 0.71000 9.99 190 
9.28 254 9.29067 0.70933 9.99 187 
9.28 319 9.29134 0.70866 9.99 185 
9.28 384 9.29201 0.70799 9.99 182 
9.28 448 9.29268 0.70732 9.99 180 
9.28 512 9.29335 0.70665 9.99177 
9.28577 9.29402 0.70598 9.99175 
9.28 641 9.29468 0.70532 9.99172 
9.28705 9.29535 0.70465 9.99 170 
9.28 769 9.29601 0.70399 9.99 167 
9.28 833 9.29668 0.70332 9.99 165 
9.28 896 9.29734 0.70266 9.99 162 
9.28960 9.29800 0.70200 9.99 160 
9.29 024 9.29866 0.70134 9.99 157 
9.29 087 9.29932 0.70068 9.99 155 
9.29150 9.29998 0.70002 9.99 152 
9.29 214 9.30064 0.69936 9.99 150 
9.29 277 9.30130 0.69870 9.99 147 
9.29 340 9.30195 0.69805 9.99 145 
9.29 403 9.30261 0.69739 9.99 142 
9.29 466 9.30326 0.69674 9.99 140 
9.29 529 9.30391 0.69609 9.99 137 
9.29 591 9.30457 0.69543 9.99 135 
9.29 654 9.30522 0.69478 9.99 132 
9.29 716 9.30587 0.69413 9.99 130 
9.29779 9.30652 0.69 348 9.99 127 
9.29 841 9.30717 0.69283 9.99 124 
9.29903 9.30782 0.69218 9.99 122 
9.29966 9.30846 0.69154 9.99 119 
9.30 028 9.30911 0.69089 9.99 117 
9.30090 9.30975 0.69025 9.99 114 
9.30151 9.31040 0.68960 9.99 112 
9.30 213 9.31104 0.68896 9.99 109 
9.30 275 9.31168 0.68832 9.99 106 
9.30 336 9.31233 0.68 767. 9.99 104 
9.30 398 9.31297 0.68703 9.99 101 
9.30459 9.31361 0.68639 9.99 099 
9.30 521 9.381425 0.68575 9.99 096 
9.30 582 9.31489 0.68511 9.99 093 
9.30 643 9.31552 0.68448 9.99 091 
9.30 704 9.31616 0.68 384 9.99 088 
9.30 765 9.31679 0.68 321 7 86 
9.30 826 -9.31 743 0.68 257 9.99 083 
9.30 887 9.31806 0.68194 9.99 080 
9.30947 9.31870 0.68130 9.99 078 
9.31008 9.31933 0.68067 9.99 075 
9.31068 9.31996 0.68004 9.99 072 
9.31129 9.32059 0.67941 9.99070 
9.31189 9.382122 0.67878 9.99 067 
9.31250 9.32185 0.67815 9.99 064 
9.31 310 9.32 248 0.67752 9.99 062 
9.31370 9.32311 0.67689 9.99059 
9.31430 9.32373 0.67627 9.99 056 
9.31490 9.32436 0.67 564 9.99 054 
9.31 549 9.382498 0.67502 9.99 051 
9.31 609 9.32 561 0.67439 9.99 048 
9.31 669 9.32623 0.67377 9.99046 
9.31728 9.32685 0.67315 9.99 043 
9.31788 9.382747 0.67253 9.99 040 
log cos logeot logtan  logsin 
78° 


12° 
logsin logtan logeot log cos 
9.31 788 9.32747 0.67253 9.99040 
9.31 847 9.32810 0.67190 9.99 038 
9.31907 9.32872 0.67128 9.99 035 
9.31966 9.32933 0.67067 9.99 032 
9.32025 9.32995 0.67005 9.99030 
9.32084 9.33057 0.66943 9.99 027 
9.32143 9.33119 0.66881 9.99 024 
9.32 202 9.33180 0.66820 9.99 022 
9.32261 9.33242 0.66758 9.99 019 
9.32 319 9.33303 0.66697 9.99 016 
9.32 378 9.33365 0.66635 9.99013 
9.32437 9.33426 0.66574 9.99 011 
9.32495 9.33487 0.66513 9.99 008 
9.32553 9.33548 0.66452 9.99 005 
9.32 612 9.33609 0.66391 9.99 002 
9.32670 9.33670 0.66330 9.99 000 
9.32 728 9.33731 0.66269 9.98 997 
9.32 786 9.33792 0.66208 9.98 994 
9.32 844 9.33853 0.66147 9.98991 
9.32902 9.33913 0.66087 9.98 989 
9.32960 9.33974 0.66026 9.98 986 
9.33018 9.34034 0.65966 9.98 983 
9.33075 9.34095 0.65905 9.98 980 
9.33133 9.34155 0.65845 9.98978 
9.33190 9.34215 0.65785 9.98975 
9.33 248 9.34276 0.65724 9.98972 
9.33 305 9.34336 0.65664 9.98 969 
9.33 362 9.34396 0.65604 9.98 967 
9.33 420 9.34456 0.65544 9.98 964 
9.33477 9.34516 0.65484 9.98 961 
9.33 534 9.34576 0.65424 9.98958 
9.33 591 9.34635 0.65365 9.98 955 
9.33 647 9.34695 0.65305 9.98 953 
9.33 704 9.384755 0.65245 9.98 950 
9.33 761 9.384814 0.65186 9.98 947 
9.33 818 9.34874 0.65126 9.98 944 
9.33 874 9.34933 0.65067 9.98 941 
9.33 931 9.34992 0.65008 9.98 938 
9.33 987 9.85051 0.64949 9.98 936 
9.34043 9.35111 0.64889 9.98 933 
9.34100 9.35170 0.64830 9.98 930 
9.34156 9.35229 0.64771 9.98 927 
9.34 212 9.35288 0.64712 9.98 924 
9.34 268 9.35347 0.64653 9.98 921 
9.34 324 9.35405 0.64595 9.98 919 
9.34 380 9.35464 0.64536 9.98916 
9.34 436 9.35523 0.64477 9.98913 
9.34491 9.35581 0.64419 9.98910 
9.34 547 9.35640 0.64 360 9.98 907 
9.34602 9.35698 0.64302 9.98 904 
9.34 658 9.35757 0.64243 9.98 901 
9.34 713 9.35815 0.64185 9.98 898 
9.34 769 9.35873 0.64127 9.98 896 
9.34 824 9.35931 0.64069 9.98 893 
9.34 879 9.35989 0.64011 9.98 890 
9.34934 9.36047 0.63953 9.98 887 
9.34989 9.36105 0.63895 9.98 884 
9.35044 9.36163 0.63 837 9.98 881 
9.35099 9.36221 0.63779 9.98 878 
9.35154 9.386279 0.63721 9.98 875 
9.35 209 9.36336 0.63664 9.98 872 
logcos logeot logtan log sin 
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13° 
logsin logtan logecot log cos 
9.35 209 9.36336 0.63664 9.98 872 
9.35 26 9.36 394 0.63606 9.98 869 
9.35 318 9.36452 0.63548 9.98 867 
9.35 373 9.36509 0.63491 9.98 864 
9.35427 9.36566 0.63434 9.98 861 
9.35481 9.36624 0.63376 9.98 858 
9.35 536 9.36681 0.63319 9.98 855 
9.35590 9.36738 0.63 262 9.98 852 
9.35 644 9.386795 0.63205 9.98 849 
9.35698 9.36852 0.63148 9.98 846 
9.35 752 9.36909 0.63091 9.98 843 
9.35 806 9.36966 0.63034 9.98 840 
9.35 860 9.37023 0.62977 9.98 837 
9.35914 9.37080 0.62920 9.98 834 
9.35968 9.37137 0.62863 9.98 831 
9.36022 9.37193 0.62807 9.98 828 
9.36075 9.37250 0.62750 9.98 825 
9.36129 9.37306 0.62694 9.98 822 
9.36182 9.37363 0.62637 9.98 819 
9.36 236 9.37419 0.62581. 9.98 816 
9.36 289 9.37476 0.62524 9.98 813 
9.36 342 9.37532 0.62468 9.98 810 
9.36 395 9.37588 0.62412 9.98 807 
9.36449 9.37644 0.62356 9.98 804 
9.36 502 9.37700 0.62300 9.98 801 
9.36555 9.37756 0.62244 9.98 798 
9.36608 9.37812 0.62188 9.98 795 
9.36 660 9.37868 0.62132 9.98 792 
9.36713 9.37924 0.62076 9.98 789 
9.36 766 9.37980 0.62020 9.98 786 
9.36819 9.38035 0.61965 9.98 783 
9.36 871 9.38091 0.61909 9.98 780 
9.36924 9.38147 0.61 853 9.98 777 
9.36976 9.38202 0.61798 9.98 774 
9.37028 9.38257 0.61743 9.98 771 
9.37081 9.38313 0.61687 9.98 768 
9.37133 9.38368 0.61632 9.98 765 
9.37185 9.38423 0.61577 9.98 762 
9.37 237 9.38479 0.61521 9.98 759 
9.37 289 9.38534 0.61466 9.98 756 
9.37341 9.38589 0.61411 9.98 753 
9.37 393 9.38644 0.61356 9.98 750 
9.37445 9.38699 0.61301 9.98 746 
9.37497 9.38754 0.61246 9.98 743 
9.37 549 9.38808 0.61192 9.98740 
9.37600 9.38863 0.61137 9.98 737 
9.37 652 9.38918 0.61082 9.98 734 
9.37 703 9.38972 0.61028 9.98 731 
9.37755 9.39027 0.60973 9.98 728 
9.37 806 9.39082 0.60918 9.98 725 
9.37 858 9.39136 0.60864 9.98 722 
9.37909 9.39190 0.60810 9.98 719 
9.37960 9.39245 0.60755 9.98 715 
9.38011 9.39299 0.60701 9.98 712 
9.38062 9.39353 0.60647 9.98 709 
9.38113 9.39407 0.60593 9.98 706 
9.38164 9.39461 0.60539 9.98 703 
9.38215 9.39515 0.60485 9.98 700 
9.38266 9.39569 0.60431 9.98 697 
9.38317 9.39623 0.60377 9.98 694 
9.38 368 9.39677 0.60323 9.98 690 
logcos logcot logtan logsin 
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log sin 


3 

38 670 
38 721 
38 771 
3 


3. 

-38 921 
-38 971 
-39 021 
3 


3 
-39 418 
-39 467 
3 
3 


.39 713 
-39 762 


3 
3 
3 
3 
3 
3 
-39 909 
-39 958 
40 006 
4 
4 
40 152 
4 
40 249 
4 
4 


-40 634 
0 682 
0 730 


0 873 
0 921 
0 968 


9.41 300 
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14° 

log tan log cot _log cos 

9.39 677 0.60323 9.98 690 
9.39 731 0.60 269 9.98 687 
9.39 785 0.60215 9.98 684 
9.39 8388 0.60162 9.98 681 
9.39 892 0.60108 9.98 678 
9.39945 0.60055 9.98 675 
9.39999 0.60001 9.98 671 
9.40052 0.59948 9.98 668 
9.40106 0.59 894 9.98 665 
9.40159 0.59841 9.98 662 
9.40 212 0.59788 9.98 659 
9.40 266 0.59 734 9.98 656 
9.40 319 0.59681 9.98 652 
9.40 372 0.59628 9.98 649 
9.40425 0.59575 9.98 646 
9.40478 0.59522 9.98 643 
9.40 531 0.59469 9.98 640 
9.40 584 0.59416 9.98 636 
9.40636 0.59 364 9.98 633 
9.40689 0.59311 9.98 630 
9.40 742 0.59258 9.98 627 
9.40795 0.59 205 9.98 623 
9.40 847 0.59153 9.98 620 
9.40900 0.59100 9.98 617 
9.40952 0.59048 9.98 614 
9.41005 0.58995 9.98 610 
9.41057 0.58943 9.98 607 
9.41109 0.58 891 9.98 604 
9.41161 0.58839 9.98 601 
9.41214 0.58786 9.98 597 
9.41266 0.58734 9.98 594 
9.41 318 0.58682 9.98 591 
9.41 370 0.58630 9.98 588 
9.41422 0.58578 9.98 584 
9.41474 0.58526 9.98 581 
9.41526 0.58474 9.98 578 
9.41578 0.58422 9.98 574 
9.41 629 0.58371 9.98 571 
9.41 681 0.58319 9.98 568 
9.41733 0.58267 9.98 565 
9.41 784 0.58216 9.98 561 
9.41836 0.58164 9.98 558 
9.41 887 0.58113 9.98 555 
9.41939 0.58061 9.98 551 
9.41990 0.58010 9.98 548 
9.42041 0.57959 9.98 545 
9.42093 0.57907 9.98 541 
9.42144 0.57 856 9.98 538 
9.42195 0.57805 9.98 535 
9.42 246 0.57754 9.98 531 
9.42 297 0.57703 9.98 528 
9.42 348 0.57652 9.98 525 
9.42 399 0.57601 9.98 521 
9.42450 0.57550 9.98 518 
9.42501 0.57499 9.98 515 
9.42 552 0.57448 9.98 511 
9.42 603 0.57397 9.98 508 
9.42 653 0.57 347 9.98 505 
9.42 704 0.57296 9.98 501 
9.42755 0.57245 9.98 498 
9.42 805 0.57195 9.98 494 
log cot logtan log sin 
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log sin logtan log cot log cos | log sin logtan log cot log cos 


0.57 195 9.44034 9.45750 0.54250 9.98 284 60 
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98 192 35 
98 189 34 
98 185 33 
-98 181 32 
98 177 31 


98 174 30 
-98 170 29 
.98 166 28 
.98 162 27 
98 159 26 
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54 9 

54 0 9 

54 0 9 

54 0 9 

54 0 9 

.54 729 9.9 4. A 0.5 9:9) 

.54 681 9.98 317 46 220 9.48126 0.51874 9.98 094 9 
.54 633 9.98 313 46 262 9.48171 0.51829 9.98 090 8 
.54 585 9.98 309 46 303 9.48217 0.51783 9.98 087 7 
.54 5387 9.98 306 46 345 9.48262 0.51738 9.98 083 6 
55 3 813 5511 0.54489 9.98 302 46 386 48 307 0.51693 9.98 079 5 
56 3 857 5 559 0.54441 9.98 299 46 428 48 353 0.51647 9.98 075 4 
57 43 901 45 606 0.54 394 9.98 295 46 469 48 398 0.51602 9.98 071 3 
58 9.43946 9.45654 0.54346 9.98 291 9.46511 9.48443 0.51 557 9.98 067 2 
59 9.43990 9.45702 0.54298 9.98 288 9.46552 9.48489 0.51511 9.98 063 1 
9.45 750 9.46 594 9.48534 0.51466 9.98 060 0 
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log tan 


log cos 


log sin 


log sin log tan log cot log cos 


0.48 822 
0.48 779 
0.48 736 
0.48 694 
0.48 651 
-48 608 
8 565 
8 522 
8 480 
8 437 
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4 
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48 394 
4 
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8 139 
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9.53 697 9.97 567 
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’ 19° 20° : 
ie 
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log sin log tan log cot log cos log sin log tan log cot log cos 

0 9.51 264 9.53 697 0.46 303 9.97 567 9.53405 9.56 107 0.43 893 9.97 299 60 

1 9.51301 9.53738 90 46 262 9.97 563 9.53 440 9.56 146 0.43 854 9.97 294 59 

2 9.51 338 9.53779 O 46 221 9:97 558 9.53475 9.56 185 0.43 815 9.97 289 58 

3 9.51 374 9.53820 0 46180 9.97 554 9.53 509 9.56 224 0.43776 9.97 285 57 

4 9.51411 9.53861 0 46139 9.97 550 9.53 544 9.56 264 0.43 736 9.97 280 56 

5 9.51 447 9.53902 0 46098 9.97 545 9.53578 9.56 303 0.43 697 9.97(276 55 

6 9.51484 9.53943 0 46 057 a 9.53613 9.56 342 0.43 658 9.97 271 54 

7 9.51 520 9.53984 90 46016 9.97 536 9.53 647 9.56 381 0.43 619 9.97 266 53 

8 9.51557 9.54025 0 45975 9.97 532 9.53 682 9.56 420 0.43 580 9.97 262 52 

9 9.51593 9.54065 0 45 935 9.97 528 9.53716 9.56459 0O 43 541 9.97 257 51 
10 9.51629 9.54106 0.45 894 9.97 523 9.53 751 9.56498 0.43502 9 97 252 50 
11 9.51666 9.54147 0.45 853 9.97 519 9.53 785 9.66537 0.43 463 9.97 248 49 
12 9.51 702 9.5+ 187 0.45 813 9.97 515 9.53819 9.56576 0 43 424 9.97 243 48 
13 9.51738 9.54228 0.45 772 9.97 510 9.53 854 9.56615 0.43 385 9.97 238 47 
14 9.51774 9.54269 0.45 731 9.97506 ; 9.53 888 9.56654 0 43 346 9.97 234 46 
15 9.51811 9.54309 0.45 691 9.97 501 9.53922 9.56693 0.43 307 9.97 229 45 
16 9.51 847 9.54 350 0.45 650 9.97 497 9.53957 9.56732 0.43 268 9.97 224 44 
17 9.51 883 9.54390 0.45 610 9.97 492 9.53991 9.56771 0.43 229 9.97 220 43 
18 9.51919 9.54431 0.45 569 9.97 488 9.54 025 9.56810 0.43 190 9.97 215 42 
19 9.51955 9.54471 0.45 529 9.97 484 9.54059 9.56849 0.43 151 9.97 210 41 
20 9.51991 9.54512 0.45 488 9.97479 9.54093 9.56887 0.43 113 9.97 206 
21 9.52027 9.54552 0.45 448 9.97475 9.54127 9.56 926 0.43 074 9.97 201 39 
22 9.52 063 9.54593 0.45 407 9.97 470 9.54161 9.56965 0.43 035 9.97 196 38 
23 9.52099 9.54633 0.45 367 9.97 466 9.54195 9.57004 0.42 996 9.97 192 37 
24 9.52135 9.54673 0.45 327 9.97 461 9.54 229 9.57042 0.42 958 9.97 187 36 
25 9.52171 9.54714 0.45 286 9.97 457 9.54263 9.57081 0.42 919 9.97 182 35 
26 9.52207 9.54754 0.45 246 9.97 453 9.54 297 9.57120 0.42 880 9.97 178 34 
27 9.52 242 9.54794 0.45 206 9.97 448 9.54 331 9.57158 0.42 842 9.97173 33 
28 9.52 278 9.54835 0.45 165 9.97 444 9.54 365 9.57197 0.42 803 9.97 168 32 
29 9.52314 9.54875 0.45 125 9.97 439 9.54 399 9.57235 0.42 765 9.97 163 31 
30 9.52 350 9.54915 0.45 085 9.97 435 9.54433 9.57274 0.42 726 9.97 159 80 
31 9.52 385 9.54955 0.45 045 9.97 430 9.54466 9.57312 0.42 688 9.97 154 29 
32 9.52 421 9.54995 0.45 005 9.97 426 9.54500 9.57351 0.42 649 9.97 149 28 
33 9.52456 9.55035 0.44 965 9.97 421 9.54 534. 9.57 389 0.42 611 9.97 145 27 
34 9.52492 9.55075 0.44 925 9.97 417 9.54 567 9.57428 0.42 572 9.97 140 26 
35 9.52 527 9.55115 0.44 885 9.97 412 9.54601 9.57466 0.42 534 9.97 135 25 
36 9.52 563 9.55155 0.44 845 9.97 408 9.54 635 9.57504 0.42 496 9.97 130 24 
37 9.52598 9.55195 0.44 805 9.97 403 9.54 668 9.57 543 0.42 457 9.97 126 23 
38 9.52 634 9.55235 0.44765 9.97 399 9.54702 9.57581 0.42 419 9.97 121 22 
39 9.52 669 9.55275 0.44 725 9.97 394 9.54735 9.57619 0.42 381 9.97 116 21 
40 9.52705 9.55315 0.44 685 9.97 390 9.54769 9.57658 0.42 342 9.97 111 20 
41 9.52 740 9.55355 0.44 645 9.97 385 9.54 802 9.57696 0.42 304 9.97 107 19 
42 9.52775 9.55395 0.44 605 9.97 381 9.54 836 9.57734 0.42266 9.97 102 18 
43 9.52811 9.55434 0.44 566 9.97 376 9.54869 9.57772 0.42 22 9.97 097 17 
44 9.52 846 9.55474 0.44 526 9.97 372 9.54903 9.57810 0.42190 9.97 092 16 
45 9.52881 9.55514 0.44 486 9.97 367 9.54936 9.57849 0.42151 9.97 087 15 
46 9.52916 9.55554 0.44 446 9.97 363 9.54969 9.57887 0.42113 9.97 083 14 
47 9.52951 9.55593 0.44 407 9.97 358 9.55003 9.57925 0.42075 9.97 078 13 
48 9.52986 9.55633 0.44367 9.97 353 9.55036 9.57963 0.42037 9.97 073 12 
49 9.53021 9.55673 0.44327 9.97 349 9.55069 9.58001 0.41999 9.97 068 1L 
50 9.53056 9.55712 0.44 288 9.97 344 9.55102 9.58039 0.41961 9.97 063 
51 9.53 092 9.55752 0.44248 9.97 340 9.55136 9.58077 0.41923 9.97 059 o 
52 9.53126 9.55791 0.44209 9.97 335 9.55169 9.58115 0.41885 9.97 054 8 
53 9.53161 9.55831 0.44169 9.97 331 9.55 202 9.58153 0.41847 9.97 049 7 
54 9.53196 9.55870 0.44130 9.97 326 9.55 235 9.58191 0.41809 9.97 044 6 
55 9.53231 9.55910 0.44 090 9.97 322 9.55 268 9.58229 0.41771 9.97 
56 9.53 266 9.55949 0.44051 9.97 317 9.55 301 9.58 267 0.41 733 9.97 O36 5 
57 9.53 301 9.55989 0.44011 9.97 312 9.55 334 9.58 304 0.41696 9.97 030 3 
58 9.53 336 9.56028 0.43972 9.97 308 9.55 367 9.58 342 0.41658 9.97 025 2 
59 9.53 370 9.56067 0.43933 9.97 303 9.55400 9.58380 0.41620 9.97 020 1 
60 9.53405 9.56107 0.43 893 9.97 299 9.55433 9.58418 0.41582 9.97015 0 

logcos logcot log tan log sin log cos log cot log tan log sin 
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log sin 


9.57 358 


log cos 
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sic 
logtan log cot 
9.58418 0.41 582 
9.58455 0.41 545 
9.58 493 0.41 507 
9.58 531 0.41 469 
9.58 569 0.41 431 
9.58 606 0.41 394 
9.58 644 0.41 356 
9.58 681 0.41 319 
9.58 719 0.41 281 
9.58 757 0.41 243 
9.58 794 0.41 206 
9.58 832 0.41 168 
9.58 869 0.41 131 
9.58 907 0.41 093 
9.58944 0.41 056 
9.58981 0.41019 
9.59019 0.40 981 
9.59 056 0.40 944 
9.59 094 0.40 906 
9.59131 0.40 869 
9.59168 0.40 832 
9.59 205 0.40 795 
9.59 243 0.40 757 
9.59 280 0.40 720 
9.59 317 0.40 683 
9.59 354 0.40 646 
9.59 391 0.40609 
9.59 429 0.40 571 
9.59 466 0.40 534 
9.59 503 0.40 497 
9.59 540 0.40 460 
9.59 577 0.40 423 
9.59 614 0.40 386 
9.59 651 0.40 349 
9.59 688 0.40 312 
9.59 725 0.40 275 
9.59 762 0.40 238 
9.59 799 0.40 201 
9.59 835 0.40 165 
9.59 872 0.40128 
9.59909 0.40 091 
9.59 946 0.40 054 
9.59 983 0.40 017 
9.60019 0.39 981 
9.60 056 0.39 944 
9.60 093 0.39 907 
9.60130 0.39 870 
9.60 166 0.39 834 
9.60 203 0.39 797 
9.60 240 0.39 760 
9.60 276 0.39 724 
9.60 313 0.39 687 
9.60 349 0.39 651 
9.60 386 0.39 614 
9.60 422 0.39 578 
9.60459 0.39 541 
9.60495 0.39 505 
9.60 532 0.39 468 
9.60 568. 0.39 432 
9.60 605 0.39 395 
9.60 641 0.39 359 
log cot logtan 
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-96 986 
-96 981 
pn 976 


6 937 
6 932 
6 927 


6 912 
-96 907 
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9 
96 813 
96 808 
-96 803 
9 


-96 788 


-96 737 


9.96 717 


* Jog sin 
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9.59 188 


log cos 


22° 

logtan _log cot 
9.60 641 0.39 359 
9.60 677 0.39 323 
9.60 714 0.39 286 
9.60 750 0.39 250 
9.60 786 0.39 214 
9.60 823 0.39 177 
9.60 859 0.39 141 
9.60 895 0.39 105 
9.60 931 0.39 069 
9.60 967 0.39 033 
9.61004 0.38 996 
9.61040 0.38 960 
9.61076 0.38 924 
9.61112 0.38 888 
9.61148 0.38 852 
9.61184 0.38 816 
9.61 220 0.38 780 
9.61 256 0.38 744 
9.61 292 0.38 708 
9.61 328 0.38 672 
9.61364 0.38 636 
9.61400 0.38 600 
9.61436 0.38 564 
9.61472 0.38 528 
9.61 508 0.38 492 
9.61 544 0.38 456 
9.61579 0.38 421 
9.61615 0.38 385 
9.61651 0.38 349 
9.61 687 0.38 313 
9.61 722 0.38 278 
9.61 758 0.38 242 
9.61 794 0.38 206 
9.61 830 0.38 170 
9.61 865 0.38 135 
9.61901 0.38 099 
9.61936 0.38 064 
9.61972 0.38 028 
9.62 008 0.37 992 
9.62 043. 0.37 957 
9.62 079 0.37 921 
9.62114 0.37 886 
9.62150 0.37 850 
9.62185 0.37 815 
9.62 221 0.37 779 
9.62 256 0.37 744 
9.62 292 0.37 708 
9.6. 7 0.37 673 

a 0.37 638 
9.62 398 0.37 602 
9.62 483 0.37 567 
9.62 468 0.37 532 
9.62 504 0.37 496 
9.62 539 0.37 461 
9.62 574 0.37 426 
9.62 609 0.37 391 
9.62 645 0.37 355 
9.62 680 0.37 320 
9.62715 0.37 285 
9.62 750 0.37 250 
9.62 785 0.37 215 
log cot log tan 
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9.64 
9.64 
9.64 
9.64 
9.64 
9.64 
9.64 
9.64 
9.64 
9.64 
9.64 
9.64 
9.64 
9.64 
9.64 
9.64 7. 


9.64 756— 0.35 244 
9.64 790 0.85 210 
9.64 824 0.35 176 
9.64858 0.35142 9. 9.66 867 0. 9.95 728 
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9.65 705 


log cos 


log tan log cot 


9.68 818 0.31 182 
9.68 850 0,31 150 
9.68 882 0.31 118 
68914 0.31 086 

8946 0.31 054 


6 
68978 0.31 022 


0.30 958 
9074 0.30 926 
9106 0.30 894 


69 138 0.30 862 
69170 0.30 830 
a 202 0.30 798 
6 


9 234 0.30 766 
9266 0.30 734 


69 298 0.30 702 
69 329 0.30 671 
69 361 0.30 639 
69 393 0.30 607 
69425 0.30 575 
6 
6 


9 
9 
9 
9 
9 
9 
9: 
A) 
9 
9 
9 
9 
9 
9 
9. 
9. 
9. 
9; 
9. 
9. 
9. 
9. 
9. 


9457 0.30 543 
$488 0.30 512 
69 520 0.30 480 
69 552 0.30 448 
69 584 0.30 416 
6 


9615 0.30 385 


-69 805 0.30195 
-69 837 0.30 163 
-69 868 0.30 132 
-69900 0.30100 


0089. 0.29911 
70121 0.29 879 
70152 0.29 848 
70 184 0.29 816 
70215 0.29 785 


-70 247 0.29 753 
-70 278 +=0.29 722 
-70 309 0.29 691 
0341 0.29 659 
372 0.29 628 


404 0.29 596 
ri 0.29 565 
4667 0.29 534 
-70 498 0.29 502 
-70 529 0.29 471 


-70 560 0.29 440 
-70 592 0.29 408 
-70 623 0.29 377 
9.70 654 0.29 346 
9.70 685 0.29 315 


9.70717 0.29 283 
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316 LOGARITHMIC FUNCTIONS 


ee 27° 28° 

{ 

| . 

| log sin logtan log cot log cos logsin logtan log cot log cos 

: 0 9.65705 9.70717 0.29283 9 94 988 9.67161 9.72567 0.27 433 9.94 593 

i 1 9.65 729 9.70748 0.29252 9 94 982 9.67185 9.72598 0.27 402 9.94 587 

{ 2 9.65 754 9.70779 0.29221 9 94 975 9.67 208 9.72628 0.27 372 9.94 580 

\ 3 9.65 779 9.70810 0.29190 9.94 969 9.67 232 9.72659 0.27 341 9.94 573 
4 9.65 804 9.70841 0.29159 9.94 962 9.67 256 9.72689 0.27 311 9.94 567 

4 5 9.65 828 9.70873 0.29127 9.94 956 9.67 280 9.72720 0.27 280 9.94 560 
6 9.65 853 9.70904 0.29096 9.94 949 9.67 303 9.72 750 0.27 250 9.94 553 
7 9.65 878 9.70935 0.29065 9.94 943 9.67 327 9.72780 0.27 220 9.94 546 
8 9.65902 9.70966 0.29034 9.94 936 9.67 350 9.72811 0.27 189 9.94 540 
9 9003 9.94 930 9.67 374 9.72841 0.27 159 9.94 533 


_ 
w 


' K 6 
} 18 9.66148 9.71277 0.28723 9.94 871 9.67 586 73 114 6886 9.94 472 
} 19 9.66173 9.71308 0.28692 9.94 865 9.67 609 73 144 6856 9.94 465 
1 20 9.66197 9.71339 0.28661 9.94 858 9.67 633. 9.73175 0.26825 9.94 458 
y 21 9.66 221 9.71370 0.28 630 9.94 852 9.67 656 9.73205 0.26795 9.94 451 
22 9.66 246 9.71401 0.28599 9.94 845 9.67 680 9.73 235 0.26 765 9.94 445 
23 9.66 270 9.71431 0.28 569 9.94 839. 9.67 703 9.73 265- 0.26 735. 9.94 438 
} 24 9.66 295 9.71462 0.28538 9.94 832 9.67726 9.73295 0.26705 9.94 431 
i} 
25 9.66 319 9.71493 0.28507 9.94 826 9.67750 9.73326 0.26674 9.94424 
) 26 9.66 343 9.71524 0.28476 9.94 819 9.67773 9.73 356 0.26 644 9.94 417 
27 9.66 368 9.71555 0.28445 9.94 813 9.67 796 9.73386 0.26614 9.94 410 
| 28 9.66 392 9.71586 0.28414 9.94 806 9.67 820 9.73416 0.26584 9.94 404 
f .29 9.66416 9.71617 0.28383 9.94799 9.67 843 9.73446 0.26554 9.94 397 
$0 9.66441 9.71648 0.28352 9.94 793 9.67 866 9.73476 0.26524 9.94 390 30 
1 31 9.66 465 9.71679 0.28321 9.94 786 9.67 890 9.73507 0.26493 9.94 383 29 
# 82 9.66 489 9.71709 0.28 291 9.94 780 9.67 913 9.73 537 0.26463 9.94 376 28 
33 9.66513 9.71740 0.28260 9.94 773 9.67 936 9.73 567 0.26433 9.94 369 27 
H 34 9.66 537 9.71771 0.28229 9.94 767 9.67 959 9.73597 0.26403 9.94 362 26 
|} 35 9.66 562 9.71802 0.28198 9.94760 9.67 982 9.73627 0.26373 9.94 355 25 
| 36 9.66 586 9.71833 0.28167 9.94753 9.68 006 9.73 657 0.26 343 9.94 349 24 
37 9.66 610 9.71 863 0.28137 9.94 747 9.68 029 9.73 687 0.26 313 9.94 342 23 
i 38 9.66 634 9.71894 0.28106 9.94740 9.68 052 9.73 717 0.26 283 9.94 335 22 
| 39 9.66 658 9.71925 0.28075 9.94 734 9.68 075 9.73 747 0.26 253 9.94 328 21 


} 40 9.66 682 9.71955 0.28045 9.94 727 9.68 098 9.73 777 0.26 223 9.94 321 20 
y 41 9.66 706 9.71986 0.28014 9.94 720 9.68121 9.73807 0.26193 9.94 314 19 
|} 42 9.66 731 9.72017 0.27983 9.94 714 9.68 144 9.73 837 0.26163 9.94 307 18 
| 43 9.66755 9.72048 0.27952 9.94 707 9.68 167 9.73 867 0.26133 9.94300 Le 
44 9.66779 9.72078 0.27922 9.94 700 9.68190 9.73897 0.26103 9.94 293 16 
) 45 9.66 803 9.72109 0.27891 9.94 694 9.68 213 9.73927 0.26073 9.94 286 
46 9.66 827 9.72140 0.27 860 9.94 687 9.68 237 9.73957 0.26043 9.94 379 ia 
47 9.66 851 9.72170 0.27 830 9.94 680 9.68 260 9.73987 0.26013 9.94 273 13 
48 9.66 875 9.72201 0.27799 9.94 674 9.68 283 9.74017 0.25983 9.94 266 12 
49 9.66 899 9.72231 0.27769 9.94 667 9.68 305 9.74047 0.25953 9.94 259 11 
50 9.66 922 9.72262 0.27738 9.94 660 9.68 328 9.74077 0.25923 9.94 252 
51 9.66946 9.72293 0.27707 9.94 654 9.68 351 9.74107 0.25893 9.94 ae % 
| 52 9.66 970 9.72 323 0.27677 9.94 647 9.68 374 9.74137 0.25 863 9.94 238 8 
53 9.66 994 9.72354 0.27646 9.94 640 9.68 397 9.74166 0.25 834 9.94 231 7 
) 54 9.67018 9.72384 0.27616 9.94 634 9.68 420 9.74196 0.25804 9.94 224 6 
) 55 9.67 042 9.72 415- 0.27585 9.94 627 9.68 443 9.74226 0.25 774 
} : 5 : : 
1 56 9.67 066 9.72445 0.27555 9.94 620 9.68466 9.74256 0.25 i 9.94 310 d 
57 9.67 090 9.72476 0.27524 9.94 614 9.68 489 9.74 286 0.25714 9.94 203 3 
4 58 9.67113 9.72506 0.27494 9.94 607 9.68512 9.74316 0.25684 9.94 196 2 
| 59 9.67137 9.72537 0.27463 9.94 600 9.68 534 9.74345 0.25655 9.94 189 1 
| 
|| 60 9.67161 9.72567 0.27433 9.94 593 9.68 557 9.74375 025625 9.94 182 0 
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9.69 897 9. \ E 9.77 877 
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‘4 $1° 32° : 


ee ee a ee ee 
log sin logtan logcot log cos logsin logtan logeot log cos 

t] 9.71184 9.77877 0.22123 9.93 307 9.72 421 9.79579 0.20421 9.92 842 60 
1 9.71205 9.77906 0.22094 9.93 299 9.72 441 9.79607 0.20393 9.92 834 59 
2 9.71 226 9.77935 0.22065 9.93 291 9.72 461 9.79 635 0.20 365 9.92 826 58 
3 9.71247 9.77963 0.22037 9.93 284 9.72 482 9.79663 0.20337 9.92 818 57 
4 9.71268 9.77992 0.22008 9.93 276 9.72 502 9.79691 0.20309 9.92 810 56 
5 9.71289 9.78020 0.21980 9.93 269 9.72 522 9.79719 0.20281 9.92 803 55 
6 9.71310 9.78049 0.21951 9.93 261 9.72 542 9.79747 0.20253 9.92 795 54 
7 9.71 331 9.78077 0.21923 9.93 253 9.72 562 9.79776 0.20224 9.92 787 53 
8 9.71 352 9.78106 0.21 894 9.93 246 9.72 582 9.79804 0.20196 9.92779 52 
9 9.71 373 9.78135 0.21865 9.93 238 9.72 602 9.79832 0.20168 9.92771 51 

10 9.71 393 8163 0.21 837 3 230 9.72 622 9.79 860 0140 9.92 763 50 

11 9.71 414 8192 0.21 808 


8845 0.21155 9.93 046 9.73 101 9.80 530 9 470 2 571 26 
35 9.71911 9.78874 0.21126 9.93 038 9.73121 9.80558 0.19442 9.92 563 25 
36 9.71 932 9.78902 0.21098 9.93 030 9.73 140 9.80586 0.19414 9.92 555 24 
37 9.71 952 9.789380 0.21070 9.93 022 9.73 160 9.80614 0.19 386 9.92 546 23 
38 9.71973 9.78959 0.21041 9.93 014 9.73 180 9.80 642 0.19358 9.92 538 22 
39 9.71994 9.78987 0.21013 9.93 007 9.73 200 9.80669 0.19331 9.92 530 21 
40 9.72014 9.79015 0.20985 9.92 999 9.73 219 9.80697 0.19303 9.92 522 20 
41 9.72 034 9.79043 0.20957 9.92991 9.73 239 9.80725 0.19275 9.92 514 19 
42 9.72055 9.79072 0.20928 9.92 983 9.73 259 9.80753 0.19 247 9.92 506 18 
43 9.72075 9.79100 0.20900 9.92 976 9.73 278 9.80781 0.19219 9.92 498 17 
44 9.72096 9.79128 0.20872 9.92 968 9.73 298 9.80808 0.19192 9.92 490 16 
45 9.72116 9.79156 0,20 844 9.92 960 9.73 318 9.80836 0.19164 9.92 
46 9.72137 9.79185 0.20815 9.92 952 9.73 337 9.80 864 0.19 136 902 473 i 
47 9.72157 9.79213 0.20787 9.92 944 9.73 357 9.80 892 0.19108 9.92 465 13 
48 9.72177 9.79 241 0.20759 9.92 936 9.73 377 9.80919 0.19081 9.92 457 12 
49 9.72198 9.79269 0.20731 9.92 929 9.73 396 9.80947 0.19053 9.92 449 11 
50 9.72 218 9.79297 0.20703 9.92 921 9.73416 9.80975 0.19025 9. 
51 9.72 238 9.79 326 0.20 674 9.92 913 9.73 485 9.81003 0.18 997 O02 433 8 
52 9.72 259 9.79 354 0.20 646 9.92 905 9.73 455 9.81030 0.18970 9.92 425 8 
53 9.72 279 9.79 382 0.20618 9.92 897 9.73 474 9.81058 0.18942 9.92 416 ue 
54 9.72 299 9.79410 0.20590 9.92 889 9.73 494 9.81086 0.18914 9.92 408 6 
55 9.72 320 9.79438 0.20562 9.92 881 9.73 513 9.81113 0.18 88 
56 9.72 340 9.79466 0.20534 9.92 874 9.73 583 9.81141 0.18 S50 902 392 d 
57 9.72 360 9.79495 0.20505 9.92 866 9.73 552 9.81169 0.18 831 9.92 384 3 
58 9.72 881 9.79523 0.20477 9.92 858 9.73 572 9.81196 0.18 804 9.92 376 2 
59 9.72401 9.79551 0.20449 9.92 850 9.73 591 9.81224 0.18}776 9.92 367 1 
60 9.72421 9.79579 0.20421 9.92 842 9.73611 9.81252 0.18748 9.92 359 0 
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35° 


log sin logtan log cot log cos logsin logtan log cot log cos 


9.75 859 9. i : 
9.75 877 9.84550 0.15450 9.91 328 


9: 0 

9.7 0 

9.7 0 

9.7 0. 

9.7 0 

9.7 ; 0.1 9.8 0.1 9. 

9.76146 9.84952 0.15048 9.91 194 9.77199 9.86551 0.1 2: 

9.76 164 9.84979 0.15021 9.91 185 9.77216 9.86577 0.13423 9.90 639 43 

9.76182 9.85006 0.14994 9.91176 9.77 233 9.86603 0.13397 9.90 630 42 

9.76200 9.85033 0.14967 9.91 167 9.77 250 9.86630 0.13370 9.90 620 41 
20 9.76218 9.85059 0.14941 9.91 158 9.77 268 9.86656 0.13344 9.90611 40 
21 9.76 236 9.85086 0.14914 9.91 149 9.77 285 9.86683 0.13317 9.90 602 39 
22 9.76253 9.85113 0.14887 9.91 141 9.77 302 9.86709 0.13291 9.90 592 38 
23 9.76271 9.85140 0.14860 9.91 132 9.77 319 9.86736 0.13 264 9.90 583 37 
24 9.76289 9.85166 0.14834 9.91123 9.77 336 9.86762 0.13238 9.90 574 36 
25 9.76 307 9.85193 0.14807 9.91 114 9.77 353 9.86789 0.13211 9.90 565 35 
26 9.76 324 9.85220 0.14780 9.91 105 9.77 370 9.86815 0.13185 9.90 555 34 
27 9.76 342 9.85247 0.14753 9.91 096 9.77 387 9.86 842 0.13158 9.90 546 33 
28 9.76 360 9.85273 0.14727 9.91 087 9.77405 9.86868 0.13132 9.90 537 32 
29 9.76 378 9.85300 0.14700 9.91 078 9.77 422 9.86894 0.13106 9.90 527 31 
30 9.76 395 9.85327 0.14673 9.91 069 9.77439 9.86921 0.13079 9.90 518 30 
31 9.76413 9.85354 0.14646 9.91 060 9.77456 9.86947 0.13053 9.90 509 29 
32 9.76431 9.85380 0.14620 9.91 051 9.77 473 9.86974 0.13026 9.90 499 28 
33 9.76448 9.85407 0.14593 9.91 042 9.77490 9.87000 0.13000 9.90 490 27 
34 9.76 466 9.85 434 14.566 9.91 033 9.77507 9.87027 0.12973 9.90 480 26 
35 6484 9.85 460 2947 9.90 471 
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87° ss° , 
log tan log cot log cos log sin log tan log cot log cos 
9.87,711 0.12289 9.90 235 9.78 9384 9.89281 0.10719 9.89 653 60 
9.87 738 0.12 262 9.90 225 9.78950 9.89307 0.10693 9.89 643 59 
9.87 764 0.12 236 9.90 216 9.78 967 9.89 333 0.10667 9.89 633 58 
9.87 790 0.12210 9.90 206 9.78 983 9.89359 0.10641 9.89 624 57 
9.87 817 0.12183 9.90197 9.78999 9.89385 0.10615 9.89 614 56 
9.87 843 0.12157 9.90187 9.79015 9.89411 0.10589 9.89 604 55 
9.87 869 0.12131 9.90178 9.79 031 9.894387 0.10563 9.89 594 54 
9.87 895 0.12105 9.90 168 9.79 047 9.89463 0.10537 9.89 584 53 
9.87922 0.12078 9.90 159 9.79 063 9.89489 0.10511 9.89 574 52 
9.87948 0.12052 9.90149 9.79079 9.89515 0.10485 9.89 564 51 
9.87974 0.12026 9.90139 9.79095 9.89541 0.10459 9.89 554 50 
9.88 000 0.12000 9.90130 9.79111 9.89567 0.10433 9.89 544 49 
9.88 027 0.11973 9.90120 9.79128 9.89593 0.10407 9.89 534 48 
9.88053 0.11947 9.90111 9.79 144 9.89619 0.10381 9.89 524 47 
9.88 079 0.11921 9.90101 9.79160 9.89645 0.10355 9.89 514 46 
9.88105 0.11895 9.90091 9.79176 9.89671 0.10329 9.89 504 45 
9.88131 0.11869 9.90 082 9.79192 9.89697 0.10303 9.89 495 44 
9.88158 0.11 842 9.90 072 9.79 208 9.89723 0.10277 9.89 485 43 
9.88 184 0.11816 9.90 063 9.79 224 9.89749 0.10251 9.89 475 42 
9.88210 0.11790 9.90 053 9.79 240 9.89775 0.10225 9.89 465 41 
9.88 236 0.11764 9.90043 9.79 256 9.89801 0.10199 9.89 455 40 
9.88 262 0.11738 9.90 034 9.79 272 9.89827 0.10173 9.89 445 39 
9.88 289 0.11711 9.90 024 9.79 288 9.89853 0.10147 9.89 435 38 
9.88 315 0.11685 9.90014 9.79 304 9.89879 0.10121 9.89 425 37 
9.88 341 0.11659 9.90005 9.79 319 9.89905 0.10095 9.89 415 36 
9.88 367 0.11633 9.89 995 9.79 335 9.89931 0.10069 9.89 405 35 
9.88 393 0.11607 9.89 985 9.79 351 9.89957 0.10043 9.89 395 34 
9.88420 0.11580 9.89 976 9.79 367 9.89983 0.10017 9.89 385 33 
9.88446 0.11554 9.89 966 9.79 383 9.90009 0.09991 9.89 375 32 
9.88 472 0.11528 9.89 956 9.79 399 9.90035 0.09965 9.89 364 31 | 
9.88 498 0.11502 9.89 947 9:79 415 9.90061 0.09939 9.89 354 30 
9.88 524 0.11476 9.89 937 9.79431 9.90086 0.09914 9.89 344 29 
9.88 550 0.11450 9.89 927 9.79 447 9.90112 0.09 888 9.89 334 283 
9.88 577 0.11423 9.89918 9.79 463 9.90138 0.09 862 9.89 324 27 
9.88 603 0.11397 9.89 908 9.79 478 9.90164 0.09 836 9.89 314 26 
9.88629 0.11371 9.89 898 9.79 494 9.90190 0.09810 9.89304 25 
9.88 655 0.11 345 9.89 888 9.79 510 9.90216 0.09 784 9.89 294 24 
9.88 681 0.11319 9.89 879 9.79 526 9.90 242 0.09.758 9.89 284 23 
9.88 707 0.11293 9.89 869 9.79 542 9.90268 0.09 732 9.89 274 22 
9.88 733 0.11 267 9.89 859 9.79 558 9.90294 0.09706 9.89 264 21 
9.88 759 0.11241 9.89 849 9.79 573 9.90320 0.09680 9.89 254 20 
9.88 786 0.11214 9.89 840 9.79 589 9.90 346 0.09654 9.89 244 19 
9.88 812 0.11188 9.89 830 9.79 605 9.90371 0.09629 9.89 233 18 
9.88 838 0.11162 9.89 820 9.79 621 9.90397 0.09603 9.89 223 17 
9.88 864 0.11136 9.89 810 9.79 636 9.90423 0.09577 9.89 213 16 
9.88 890 0.11110 9.89 801 9.79 652 9.90449 0.09551 9.89 203 15 
9.88916 0.11084 9.89 791 9.79 668 9.90475 0.09525 9.89 193 14 
9.88 942 0.11058 9.89 781 9.79 684 9.90501 0.09499 9.89 183 13 
9.88 968 0.11032 9.89 771 9.79699 9.90527 0.09473 9.89173 12 
9.88994 0.11006 9.89 761 9.79715 9.90553 0.09447 9.89 162 11 
9.89020 0.10980 9.89 752 9.79 731 9.90578 0.09422 9.89 152 10 
9.89 046 0.10954 9.89 742 9.79 746 9.90604 0.09396 9.89 142 9 
9.89 073 0.10927 9.89°732 9.79 762 9.90630 0.09 370 9.89 132 8 
9.89 099 0.10901 9.89 722 9.79 778 9.90656 0.09 344 9.89 122 7 
9.89125 0.10875 9.89 712 9.79 793 9.90682 0.09318 9.89 112 6 
9.89151 0.10849 9.89 702 9.79 809 9.90708 0.09 292 9.89 101 5 
9.89177 0.10 823 9.89 693 9.79 825 9.90734 0.09 266 9.89 091 4 
9.89 203 0.10 797 9.89 683 9.79 840 9.90759 0.09 241 9.89 081 3 
9.89 229 0.10771 9.89 673 9.79 856 9.90785 0.09215 9.89 071 2 
9.89255 0.10745 9.89 663 9.79 872 9.90811 0.09189 9.89 060 1 
9.89 281 0.10719 9.89 653 9.79 887 9.90837 0.09163 9.89 050 0 
log cot log tan log sin log cos log cot log tan log sin 
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LOGARITHMIC FUNCTIONS 


41° 
log sin logtan logeot logcos 
9.81694 9.93916 0.06084 9.87778 
9.81709 9.93942 0.06058 9.87 767 
9.81 723 9.93967 0.06033 9.87 756 
9.81 738 9.93993 0.06007 9.87 745 
9.81752 9.94018 0.05982 9.87 734 
9.81767 9.94044 0.05956 9.87 723 
9.81781 9.94069 0.05931 9.87 712 
9.81796 9.94095 0.05905 9.87 701 
9.81810 9.94120 0.05880 9.87 690 
9.81825 9.94146 0.05854 9.87 679 
9.81 839 9.94171 0.05829 9.87 668 
9.81 854 9.94197 0.05803 9.87 657 
9.81 868 9.94222 0.05778 9.87 646 
9.81 882 9.94248 0.05752 9.87 635 
9.81 897 9.94273 0.05727 9.87 624 
9.81911 9.94299 0.05701 9.87 613 
9.81926 9.94324 0.05676 9.87 601 
9.81940 9.94350 0.05650 9.87 590 
9.81955 9.94375 0.05625 9.87 579 
9.81969 9.94401 0.05599 9.87 568 
9.81983 9.94426 0.05574 9.87 557 
9.81998 9.94452 0.05548 9.87 546 
9.82012 9.94477 0.05523 9.87 535 
9.82026 9.94503 0.05497 9.87 524 
9.82041 9.94528 0.05472 9.87 513 
9.82055 9.94554 0.05446 9.87 501 
9.82069 9.94579 0.05421 9.87 490 
9.82 084 9.94604 0.05396 9.87 479 
9.82098 9.94630 0.05370 9.87 468 
9.82112 9.94655 0.05345 9.87 457 
9.82126 9.94681 0.05319 9.87 446 
9.82141 9.94706 0.05294 9.87 434 
9.82 155 9.94732 0.05268 9.87 423 
9.82169 9.94757 0.05243 9.87 412 
9.82184 9.94783 0.05217 9.87 401 
9.82198 9.94808 0.05192 9.87 390 
9.82 212 9.94 834 0.05166 9.87 378 
9.82 226 9.94859 0.05141 9.87 367 
9.82 240 9.94884 0.05116 9.87 356 
9.82255 9.94910 0.05090 9.87 345 
9.82269 9.94935 0.05065 9.87 334 
9.82 283 9.94961 0.05039 9.87 322 
9.82 297 9.94986 0.05014 9.87 311 
9.82 311 9.95012 0.04988 9.87 300 
9.82 326 9.95037 0.04963 9.87 288 
9.82340 9.95062 0.04938 9.87 277 
9.82 354 9.95088 0.04912 9.87 266 
9.82 368 9.95113 0.04 887 9.87 255 
9.82 382 9.95139 0.04861 9.87 243 
9.82396 9.95164 0.04 836 9.87 232 
9.82410 9.95190 0.04810 9.87 221 
9.82 424 9.95215 0.04785 9.87 209 
9.82 439 9.95240 0.04760 9.87 198 
9.82453 9.95266 0.04 734 9.87 187 
9.82 467 9.95291 0.04709 9.87175 
9.82481 9.95317 0.04683 9.87 164 
9.82495 9.95 342 004658 9.87 153 
9.82 509 9.95368 0.04632 9.87 141 
9.82 523 9.95393 0.04607 987130 
9.82 537 9.95418 0.04582 9.87119 
9.82551 9.95444 0.04556 9.87 107 
log cos log cot logtan logsin 


4ge 


42° 
logsin logtan logeot log cos 
9.82551 9.95444 0.04556 9.87107 
9.82 565 9.95469 0.04531 9.87096 
9.82 579 9.95495 0.04505 9.87 085 
9.82 593 9.95520 0.04480 9.87073 
9.82 607 9.95545 0.04455 9.87 062 
9.82621 9.95571 0.04429 9.87050 
9.82635 9.95596 0.04404 9.87039 
9.82 649 9.95 622 0.04 378 9.87028 
9.82 663 9.95647 0.04353 9.87016 
9.82 677 9.95672 0.04328 9.87 005 
9.82691 9.95698 0.04302 9.86 993 
9.82 705 9.95 723 0.04277 9.86 982 
9.82 719 9.95748 0.04252 9.86970 
9.82 733 9.95774 0.04226 9.86 959 
9.82 747 9.95799 0.04201 9.86 947 
9.82 761 9.95825 0.04175 9.86936 
9.82 775 9.95850 0.04150 9.86 924 
9.82 788 9.95875 0.04125 9.86 913 
9.82 802 9.95901 0.04099 9.86 902 
9.82 816 9.95926 0.04074 9.86 890 
9.82 830 9.95952 01:04 048 9.86 879 
9.82 844 9.95977 0.04023 9.86 867 
9.82 858 9.96002 0.03998 9.86 855 
9.82 872 9.96028 0.03972 9.86 844 
9.82 885 9.96053 0.03 947 9.86 832 
9.82 899 9796078 0.03922 9.86 821 
9.82913 9.96104 0.03 896 9.86 809 
9.82 927 9.96129 0.03 871 9.86 798 
9.82941 9.96155 0.03845 9.8 
9.82955 9.96180 0.03820 9.86 77 
9.82968 9.96205 0.03795 9.86 763 
9.82982 9.96 23I 0.03 769 9.86 752 
9.82996 9.96256 0.03 744 9.86 740 
9.83010 9.96 281 0.03719 9.86 728 
9.83023 9.96307 0.03693 9.86 717 
9.83 037 9.96 332 0.03 668 9.86 705 
9.83 051 9.96 357 0.03 643 9.86 694 
9.83 065 9.96 383 0.03617 9.86 682 
9.83 078 9.96408 0.03 592 9.86670 
9.83 092 9.96433 0.03 567 9.86 659 
9.83106 9.96459 0.03 541 9.86 647 
9.83120 9.96 484 0.03 516 9.86 635 
9.83 133 9.96510 0.03490 9.86 624 
9.83 147 9.96535 0.03465 9.86 612 
9.83161 9.96560 0.03440 9.86 600 
9.83 174 9.96586 0.03414 9.86 589 
9.83 188 9.96611 0.03 389 9.86 577 
9.83 202 9.96636 0.03 364 9.86 565 
9.83 215 9.96662 0.03338 9.86 554 
9.83 229 9.96687 0.03313 9.86 542 
9.83 242 9.96712 0.03 288 9.86 530 
9.83 256 9.96738 0.03 262 9.86518 
.9.83 270 9.96 763 0.03 237 9.86 507 
9.83 283 9.96 788 0.03 212 9.86 495 
9.83 297 9.96814 0.03186 9.86 483 
9.83310 9.96839 0.03161 9.86 472 
9.83 324 9.96 864 0.03136 9.86 460 
9.83 338 9.96 890 0.03110 9.86 448 
9.83 351 9.96915 0.03085 9.86 436 
9.83 365 9.96940 0.03060 9.86 425 
9.83 378 9.96966 0.03034 9.86413 
logcos logcot logtan logsin 
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sin 


0698 9976 
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1219 9925 


sin 


83° 


1736 9848 


328 NATURAL SINES AND COSINES 


sin cos sin cos sin cos sin 
0 1736 9848 1908 9816 2079 9781 2250 
1 1739 9848 1911 9816 2082 9781 2252 
2 1742 9847 1914 9815 2085 9780 2255 9742 2425 9702 58 
3 1745 9847 1917 9815 2088 9780 2258 9742 2428 9701 57 
4 1748 9846 1920 9814 2090 9779 2261 9741 2431 9700 56 
5 1751 9846 1922 9813 2093 9778 2264 9740 2433 9699 55 
6 1754 9845 1925 9813 2096 9778 2267 9740 2436 9699 54 
7 1757 9845 1928 9812 2099 9777 2269 9739 2439 9698 53 
8 1759 9844 1931 9812 2102 9777 2272 9738 2442 9697 52 
9 1762 9843 1934 9811 2105 9776 2275 9738 2445 9697 51 
10 1765 9843 1937 9811 2108 9775 2278 9737 2447 9696 50 
11 1768 9842 1939 9810 2110 9775 2281 9736 2450 9695 49 
12 1771 9842 1942 9810 2113 9774 2284 9736 2453 9694 48 
13 1774 9841 1945 9809 2116 9774 2286 9735 2456 9694 47 


2289 46 
2292 


16 1782 9840 1954 9807 2125 9772 2295 9733 2464 9692 44 
17 1785 9839 1957 9807 2127 9771 2298 9732 2467 9691 43 
18 1788 9839 1959 9806 2130 9770 2300 9732 2470 9690 42 

2303 9689 41 


2306 


2045 9789 
2048 9788 


50 1880 9822 2051 9787 2221 9750 2391 9710 256 
51 1882 9821 2054 9787 2224 9750 2394 9709 3563 9666 fz 
B) HER Rae Beek BO Bese | 
9748 2399 9 
ene Breck 708 2569 9665 i 
56 1897 9818 3068 ove : 
978: 2238 9746 2408 9706 2 
57 1900 9818 2071 9783 2241 9746 2411 9705 3580 9662 3 
58 1902 9817 2073 9783 2244 9745 2414 9704 2583 9661 2 
2076 9782 2: 2416 9704 1 
2079 9781 2419 9703 2588 9659 0 
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9397 3584 9336 3746 9272 3907 9205 4067 9135 60 
8423 9396 3586 9335 3749 9271 3910 9204 4070 9134 59 
3426 9395 3589 9334 3751 9270 3913 9203 4073 9133 58 
9394 3592 9333 3754 9269 3915 9202 4075 9132 57 


4078 9131 


4081 9130 
3437 9391 3600 9330 3762 9265 3923 9198 4083 9128 54 
3439 9390 3603 9328 3765 9264 3926 9197 4086 9127 53 
3442 9389 3605 9327 3768 9263 3929 9196 4089 9126 52 


4091 9125 


10 4094 9124 
11 3450 93286 3614 9324 3776 9260 3937 9192 4097 9122 49 


12 3453 9385 3616 9323 8778 9259 3939 9191 4099 9121 48 
3456 9384 3619 9322 3781 9258 3942 9190 4102 A 47 
119 


15 9118 


16 3464 9381 3627 9319 3789 9254 3950 9187 4110 9116 44 
17 3467 9380 3630 9318 3792 9353 3953 9186 4112 9115 43 
3469 9379 3633 9317 3795 9252 3955 9184 4115 9114 42 


9113 
9112 


3897 9210 
57 3576 9339 3738 9275 3899 9208 4059 9139 
58 3578 9338 3741 9274 3902 9207 4062 9138 4321 9086 


3905 9206 4224 9064 
3907 9205 4226 9063 


3746 9272 


sin 


cos 


cos sin 


67° 65° 
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25° 26° 27° 28° 29° 
sen ry pes A ge a a A a a 

sin cos sin cos sin cos sin cos sin cos 
4226 9063 4384 8988 4540 8910 4695 8829 4848 8746 
4229 9062 4386 8987 4542 8909 4697 8828 4851 8745 
4231 9061 4389 8985 4545 8907 4700 8827 4853 8743 
4234 9059 4392 8984 4548 8906 4702 8825 4856 8742 
4237 9058 4394 8983 4550 8905 4705 8824 4858 8741 
4239 9057 4397 8982 4553 8903 4708 8823 4861 8739 
4242 9056 4399 8980 4555 8902 4710 8821 4863 8738 
4245 9054 4402 8979 4558 8901 4713 8820 4866 8736 
4247 9053 4405 8978 4561 8899 4715 8819 4868 8735 
4250 9052 4407 8976 4563 8898 4718 8817 4871 8733 
4253 9051 4410 8975 4566 8897 4720 8816 4874 8732 
4255 9050 4412 8974 4568 8895 4723 8814 4876 8731 
4258 9048 4415 8973 4571 8894 4726 8813 4879 8729 
4260 9047 4418 8971 4574 8893 4728 8812 4881 8728 
4263 9046 4420 8970 4576 8892 4731 8810 4884 8726 
4266 9045 4423 8969 4579 8890 Re SOE" 4886 8725 
4248 9043 4425 8967 4581 8889 6 4889 8724 
4271 9042 4428 8966 4584 8888 4738 8806 4891 8722 
4274 9041 4431 8965 4586 8886 4741 8805 4894 8721 
4276 9040 4433 8964 4589 8885 4743 8803 4896 8719 
4279 9038 4436 8962 4592 8884 4746 8802 4899 8718 
4281 9037 4439 8961 4594 8882 4749 8801 4901 8716 

84 9036 4441 8960 4597 8881 4751 8799 4904 8715 
4287 9035 4444 8958 4599 8879 4754 8798 4907 8714 
4289 9033 4446 8957 4602 8878 4756 8796 4909 8712 
4292 9032 4449 8956 4605 8877 4759 8795 4912 8711 
4295 9031 4452 8955 4607 8875 4761 8794 4914 8709 
4297 9030 4454 8953 4610 8874 4764 8792 4917 8708 
4300 9028 4457 8952 4612 8873 4766 8791 4919 8706 
4302 9027 4459 8951 4615 8871 4769 8790 4922 8705 
4305 9026 4462 8949 4617 8870 4772 8788 4924 8704 
4308 9025 4465 8948 4620 8869 4774 8787 4927 8702 
4310 9023 4467 8947 4623 8867 4777 8785 4929 8701 
4313 9022 4470 8945 4625 8866 4779 8784 4932 8699 
4316 9021 4472 8944 4628 8865 4782 8783 4934 8698 
4318 9020 4475 8943 4630 8863 4784 8781 4937 8696 
4321 9018 4478 8942 4633 8862 4787 8780 4939 8695 
4323 9017 4480 8940 4636 8861 4789 8778 4942 8694 
4326 9016 4483 8939 4638 8859 4792 8777 4944 8692 
4329 9015 4485 8938 4641 8858 4795 8776 4947 8691 
4331 9013 4488 8936 4643 8857 4797 8774 4950 8689 
4334 9012 4491 8935 4646 8855 4800 8773 4952 8688 
4337 9011 4493 8934 4648 8854 4802 8771 4955 8686 
4339 9010 4496 8932 4651 8853 4805 8770 4957 8685 
4342 9008 4498 8931 4654 8851 4807 8769 4960 8683 
4344 9007 4501 8930 4656 8850 4810 8767 4962 8682 
4347 9006 4504 8928 4659 8849 4812 8766 4965 8681 
4350 9004 4506 8927 4661 8847 4815 8764 4967 8679 
4352 9003 4509 8926 4664 8846 4818 8763 4970 8678 
4355 9002 4511 8925 4666 8844 4820 8762 4972 8676 
4358 9001 4514 8923 4669 8843 4823 8760. 4975 8675 
4360 8999 4517 8922 4672 8842 4825 8759 4977 8673 
4363 8998 4519 8921 4674 8840 4828 8757 4980 8672 
4365 8997 4522 8919 4677 8839 4830 8756 4982 8670 
4368 8996 4524 8918 4679 8838 4833 8755 4985 8669 
4371 8994 4527 8917 4682 8836 4835 8753 4987 8668 
4373 8993 4530 8915 4684 8835 4838 8752 4990 8666 
4376 8992 4532 8914 4687 8834 4840 8750 4992 8665 
4378 8990 4535 8913 4690 8832 4843 8749 4995 8663 
4381 8989 4537 8911 4692 8831 4846 8748 4997 8662 
4384 8988 4540 8910 4695 8829 4848 8746 5000 8660 
cos sin cos sin cos sin cos sin cos sin 

64° 63° 62° 61° 60° 
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35° 36° 37° 38° 39° , 
sin cos sin cos sin cos sin cos sin cos 
5736 8192 5878 8090 6018 7986 6157 7880 6293 7771 60 
5738 8190 5880 8088 6020 7985 6159 7878 6295 7770 59 
5741 8188 5883 8087 6023 7983 6161 7877 6298 7768 58 
5743 8187 5885 8085 6025 7981 6163 7875 6300 7766 57 
5745 8185 5887 8083 6027 7979 6166 7873 6302 7764 56 
5748 8183 5890 8082 6030 7978 6168 7871 6305 7762 55 
5750 8181 5892 8080 6032 7976 6170 7869 6307 7760 54 
5752 8180 5894 8078 6034 7974 6173 7868 6309 7759 53 
5755 8178 5897 8076 6037 7972 6175 7866 6311 7757 52 
5757 8176 5899 8075 6039 7971 6177 7864 6314 7755 51 
5760 8175 5901 8073 6041 7969 6180 7862 6316 7753 50 
5762 8173 5904 8071 6044 7967 6182 7860 6318 7751 49 
5764 8171 5906 8070 6046 7965 6184 7859 6320 7749 48 
5767 8170 5908 8068 6048 7964 6186 7857 6323 7748 47 
5769 8168 5911 8066 6051 7962 6189 7855 6325 7746 46 
5771 8166 5913 8064 6053 7960 6191 7853 6327 7744 45 
5774 8165 5915 8063 6055 7958 6193 7851 6329 7742 44 
5776 8163 5918 8061 6058 7956 6196 7850 6332 7740 43 
5779 8161 5920 8059 6060 7955 6198 7848 6334 7738 42 
5781 8160 5922 8058 6062 7953 6200 7846 6336 7737 41 
5783 8158 5925 8056 6065 7951 6202 7844 6338 7735 40 
5786 8156 5927 8054 6067 7950 6205 7842 6341 7733 39 
5788 8155 5930 8052 6069 7948 6207 7841 6343 7731 38 
5790 8153 5932 8051 6071 7946 6209 7839 6345 7729 37 
5793 8151 5934 8049 6074 7944 6211 7837 6347 7727 36 
5795 8150 5937 8047 6076 7942 6214 7835 6350_7 35 
5798 8148 5939 8045 6078 7941 6216 7833 7724 34 
5800 8146 5941 8044 6081 7939 6218 7832 6354 7722 33 
5802 8145 5944 8042 6083 7937 6221 7830 6356 7720 32 
5805 8143 5946 8040 6085 7935 6223 7828 6359 7718 31 
5807 8141 5948 8039 6088 7934 6225 7826 6261 7716 30 
5809 8139 5951 8037 6090 7932 6227 7824 6363 7714 29 
5812 8138 5953 8035 6092 7930 6230 7822 6365 7713 28 
5814 8136 5955 8033 6095 7928 6232 7821 6368 7711 27 
5816 8134 5958 8032 6097 7926 6234 7819 6370 7709 26 
5819 8133 5960 8030 6099 7925 6237 7817 6372 7707 25 
5821 8131 5962 8028 6101 7923 6239 7815 6374 7705 24 
5824 8129 5965 8026 6104 7921 6241 7813 6376 7703 23 
5826 8128 5967 8025 6106 7919 6243 7812 6379 7701 22 
5828 8126 5969 8023 6108 7918 6246 7810 6381 7700 21 
5831 8124 5972 8021 6111 7916 6248 7808 6383 7698 20 
5833 8123 5974 8020 6113 7914 6250 7806 6385 7696 19 
5835 8121 5976 8018 6115 7912 6252 7804 6388 7694 18 
5838 8119 5979 8016 6118 7910 6255 7802 6390 7692 ile 
5840 8117 5981 8014 6120 7909 6257 7801 6392 7690 16 
5842 8116 5983 8013 6122 7907 6259 7799 6394 7688 15 
5845 8114 5986 8011 6124 7905 6262 7797 6397 7687 14 
5847 8112 5988 8009 6127 7903 6264 7795 6399 7685 13 
5850 8111 5990 8007 6129 7902 6266 7793 6401 7683 12 
5852 8109 5993 8006 6131 7900 6268 7792 6403 7681 11 
5854 8107 5995 8004 6134 7898 6271 7790 6406 7679 10 
5857 8106 5997 8002 6136 7896 6273 7788 6408 7677 9 
5859 8104 6000 8000 6138 7894 6275 7786 6410 7675 8 
5861 8102 6002 7999 6141 7893 6277 7784 6412 7674 ve 
5864 8100 6004 7997 6143 7891 6280 7782 6414 7672 6 
5866 8099 6007 7995 6145 7889 6282 7781 6417 7670 5 
5868 8097 6009 7993 6147 7887 6284 7779 6419 7668 4 
5871 8095 6011 7992 6150 7885 6286 7777 6421 7666 3 
5873 8094 6014 7990 6152 7884 6289 7775 6423 7664 2 
5875 8092 6016 7988 6154 7882 6291 7773 6426 7662 1 
5878 8090 6018 7986 6157 7880 6293 7771 6428 7660 0 
cos sin cos sin cos sin cos sin cos sin 

54° 53° 52° 61° 50° t 
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6561 7547 
7545 
7543 
7541 
7539 


7538 


6814 7319 
6816 7318 
6818 7316 
6820 7314 


sin 


47° 


6947 7193 


cos. sin 


46° 


6947 7193 
6949 7191 
6951 7189 
6953 
6955 


6957 
6959 
6961 
6963 
6965 


6967 
6970 
6972 
6974 
6976 


6978 
6980 
6982 
6984 
6986 


6988 


i 
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0° 1° 2° e 4° 
tan cot tan cot tan cot tan cot tan cot 
finit 0175 57.2900 0349 28.6363 0524 19.0811 0699 14.3007 
boos saa7 7 0177 56.3506 0352 28.3994 0527 18.9755 0702 14.2411 
0006 1718.87 0180 55.4415 0355 28.1664 0530 18.8711 0705 14.1821 
0009 1145.92 0183 54.5613 0358 27.9372 0533 18.7678 0708 14.1235 
0012 859.436 0186 53.7086 0361 27.7117 0536 18.6656 0711 14.0655 
87.549 0189 52.8821 0364 27.4899 0539 18.5645 0714 14.0079 
nists ore OB 0192 52.0807 0367 27.2715 0542 18.4645 0717 13.9507 
0020 491.106 0195 51.3032 0370 27.0566 0544 18.3655 0720 13.8940 
0023 429.718 0198 50.5485 0373 26.8450 0547 18.2677 0723 13.8378 
0026 381.971 0201 49.8157 0375 26.6367 0550 18.1708 0726 13.7821 
29 343.774 0204 49.1039 0378 26.4316 0553 18.0750 0729 13.7267 
0032 312.521 0207 48.4121 0381 26.2296 0556 17.9802 0731 13.6719 
0035 286.478 0209 47.7395 0384 26.0307 0559 17.8863 0734 13.6174 
0038 264.441 0212 47.0853 0387 25.8348 0562 17.7934 0737 13.5634 
0041 245.552 0215 46.4489 0390 25.6418 0565 17.7015 0740 13.5098 
0044 229.182 0218 45.8294 0393 25.4517 0568 17.6106 0743 13.4566 
0047 214.858 0221 45.2261 0396 25.2644 0571 17.5205 0746 13.4039 
0049 202.219 0224 44.6386 0399 25.0798 0574 17.4314 0749 13.3515 
0052 190.984 0227 44.0661 0402 24.8978 0577 17.3482 0752 13.2996 
0055 180.932 0230 43.5081 0405 24.7185 0580 17.2558 0755 13.2480 
0058 171.885 0233 42.9641 0407 24.5418 0582 17.1693 0758 13.1969 
0061 163.700 0236 42.4335 0410 24.3675 0585 17.0837 O761 13.1461 
0064 156.259 0239 41.9158 0413 24.1957 0588 16.9990 0764 13.0958 
0067 149.465 0241 41.4106 0416 24.0263 0591 16.9150 0767 13.0458 
0070 143.237 0244 40.9174 0419 23.8593 0594 16.8319 0769 12.9962 
0073 137.507 0247 40.4358 0422 23.6945 0597 16.7496 0772 12.9469 
0076 132.219 0250 39.9655 0425 23.5321 0600 16.6681 0775 12.8981 
0079 127.321 0253 39.5059 0428 23.3718 0603 16.5874 0778 12.8496 
0081 122.774 0256 39.0568 0431 23.2137 0606 16.5075 0781 12.8014 
0084 118.540 0259 38.6177 0434 23.0577 0609 16.4283 0784 12.7536 
0087 114.589 0262 38.1885 0437 22.9038 0612 16.3499 0787 12.7062 
0090 110.892 0265 37.7686 0440 22.7519 0615 16.2722 0790 12.6591 
0093 107.426 0268 37.3579 0442 22.6020 0617 16.1952 0793 12.6124 
0096 104.171 0271 36.9560 0445 22.4541 0620 16.1190 0796 12.5660 
0099 101.107 0274 36.5627 0448 22.3081 0623 16.0435 0799 12.5199 
0102 98.2179 0276 36.1776 0451 22.1640 0626 15.9687 0802 12.4742 
0105 95.4895 0279 35.8006 0454 22.0217 0629 15.8945 0805 12.4288 
0108 92.9085 0282 35.4313 0457 21.8813 0632 15.8211 0808 12.3838 
0111 90.4633 0285 35.0695 0460 21.7426 0635 15.7483 0810 12.3390 
0113 88.1436 0288 34.7151° 0463 21.6056 0638 15.6762 0813 12.2946 
0116 85.9398 0291 34.3678 0466 21.4704 0641 15.6048 0816 12.2505 
0119 83.8435 0294 34.0273 0469 21.3369 0644 15.5340 0819 12.2067 
0122 81.8470 0297 33.6935 0472 21.2049 0647 15.4638 0822 12.1632 
0125 79.9434 0300 33.3662 0475 21.0747 0650 15.3943 0825 12.1201 
0128 78.1263 . 0303 33.0452 0477 20.9460 0653 15.3254 0828 12.0772 
0131 76.3900 0306 32.7303 0480 20.8188 0655 15.2571 0831 12.0346 
0134 74.7292 0308 32.4213 0483 20.6932 0658 15.1893 0834 11.9923 
0137 73.1390 0311 32,1181 0486 20.5691 0661 15.1222 0837 11.9504 
0140 71.6151 0314 31.8205 0489 20.4465 0664 15.0557 0840 11.9087 
0143 70.1533 0317 31.5284 0492 20.3253 0667 14.9898 0843 11.8673 
0146 68.7501 0320 31.2416 0495 20.2056 0670 14.9244 0846 11.8262 
0148 67.4019 0323 30.9599 0498 20.0872 0673 14.8596 0849 11.7853 
0151 66.1055 0326 30.6833 0501 19.9702 0676 14.7954 0851 11.7448 
0154 64.8580 0329 30.4116 0504 19.8546 0679 14.7317 0854 11.7045 
0157 63.6567 0332 30.1446 0507 19.7403 0682 14.6685 0857 11.6645 
@ 
0160 62.4992 0335 29.8823 0509 19.6273 0685 14.6059 0860 11.6248 
0163 61.3829 0338 29.6245 0512 19.5156 0688 14.5438 0863 11.5853 
0166 60.3058 0340 29.3711 0515 19.4051 0690 14.4823 0866 11.5461 
0169 59.2659 0343 29.1220 0518 19.2959 0693 14.4212 0869 11.5072 
0172 58.2612 0346 28.8771 0521 19.1879 0696 14.3607 0872 11.4685 
0175 57.2900 0349 28.6363 0524 19.0811 0699 14.3007 0875 11.4301 
cot tan cot tan cot tan cot tan cot tan 
89° 88° 87° 86° 85° 
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11.4301 
11.3919 
11.3540 
11.3163 
11.2789 


11.2417 
11.2048 
11.1681 
11.1316 
11.0954 


11.0594 
11.0237 
10.9882 
10.9529 
10.9178 


10.8829 
10.8483 
10.8139 
10.7797 
10.7457 


10.7119 
10.6783 
10.6450 
10.6118 
10.5789 


10.5462 
10.5136 
10.4813 
10.4491 
10.4172 


10.3854 


10.3538 
10.3224 
10.2913 
10.2602 


10.2294 
10.1988 
10.1683 
10.1381 
10.1080 


10.0780 
10.0483 
10.0187 
9.9893 
9.9601 


9.9310 


So RPNORH BNWO 


22 


338 NATURAL TANGENTS AND ‘COTANGENTS 


OCDNOaA PwWNRO 


9 
8 
7 
6 
5 
4 
3 
2 
il 
“07 


NATURAL TANGENTS AND COTANGENTS 339 


OHNOTM PWNEOS 


So FNWORA ANWO 


OCHNOES PONWeS 


20° 21° 22° 23° 24° 
ee ee ee SS ee 

tan cot tan cot tan cot tan cot tan cot 

3640 2.7475 3839 2.6051 4040 2.4751 4245 2.3559 4452 2.2460 
3643 - 2.7450 3842 2.6028 4044 2.4730 4248 2.3539 4456 2.2443 
3646 2.7425 3845 2.6006 4047 2.4709 4252 2.3520 4459 2.2425 
3650 2.7400 3849 2.5983 4050 2.4689 4255 2.3501 4463 2.2408 
3653 2.7376 3852 2.5961 4054 2.4668 4258 2.3483 4466 2.2390 
3656 2.7351 3855 2.5938 4057 2.4648 4262 2.3464 4470 2.2373 
8659 2.7326 3859 2.5916 4061 2.4627 4265 2.3445 4473 2.2355 
3663 2.7302 3862 2.5893 4064 2.4606 4269 2.3426 4477 2.2338 
3666 2.7277 3865 2.5871 4067 2.4586 4272 2.3407 4480 2.2320 
3669 2.7253 3869 2.5848 4071 2.4566 4276 2.3388 4484 2.2303 
3673 2.7228 3872 2.5826 4074 2.4545 4279 2.3369 4487 2.2286 
3676 2.7204 3875 2.5804 4078 2.4525 4283 2.3351 4491 2.2268 
3679 2.7179 3879 2.5782 4081 2.4504 4286 2.3332 4494 2.2251 
3683 2.7155 8882 2.5759 4084 2.4484 4289 2.3313 4498 2.2234 
8686 2.7130 3885 2.5737 4088 2.4464 4293 2.3294 4501 2.2216 
3689 2.7106 3889 2.5715 4091 2.4443 4296 2.3276 4505 2.2199 
3693 2.7082 3892 2.5693 4095 2.4423 4300 2.3257 4508 2.2182 
3696 2.7058 8895 2.5671 4098 2.4403 4303 2.3238 4512 2.2165 
3699 2.7034 3899 2.5649 4101 2.4383 4307 2.3220 4515 2.2148 
3702 2.7009 3902 2.5627 4105 2.4362 4310 2.3201 4519 2.2130 
3706 2.6985 3906 2.5605 4108 2.4342 4314 2.3183 4522 2.2113 
3709 2.6961 3909 2.5533 4111 2.4322 4317 2.3164 4526 2.2096 
3712 2.6937 3912 2.5561 4115 2.4302 4320 2.3146 4529 2.2079 
8716 2.6913 3916 2.5539 4118 2.4282 4324 2.3127 4533 2.2062 
8719 2.6889 3919 2.5517 4122 2.4262 4327 2.3109 4536 2.2045 
3722 2.6865 3922 2.5495 4125 2.4242 4331 2.3090 4540 2.2028 
3726 2.6841 3926 2.5473 4129 2.4222 4334 2.3072 4543 2.2011 
3729 2.6818 3929 2.5452 4132 2.4202 4338 2.3053 4547 2.1994 
3732 2.6794 3932 2.5430 4135 2.4182 4341 2.3035 4550 2.1977 
3736 2.6770 3936 2.5408 4139 2.4162 4345 2.3017 4554 2.1960 
3739 2.6746 3939 2.5386 4142 2.4142 4348 2.2998 4557 2.1943 
3742 | 2.6723 3942 2.5365 4146 2.4122 4352 2.2980 4561 2.1926 
3745 2.6699 3946 2.5343 4149 2.4102 4355 2.2962 4564 2.1909 
3749 2.6675 8949 2.5322 4152 2.4083 4359 2.2944 4568 2.1892 
8752 2.6652 3953 2.5300 4156 2.4063 4362. 2.2925 4571 2.1876 
3755 2.6628 3956 2.5279 4159 2.4043 4365 2.2907 4575 2.1859 
3759 2.6605 3959 2.5257 4163 2.4023 4369 2.2889 4578 2.1842 
3762 2.6581 3963 2.5236 4166 2.4004 4372 2.2871 4582 2.1825 
3765 2.6558 3966 2.5214 4169 2.3984 4376 2.2853 4585 2.1808 
3769 2.6534 3969 2.5193 4173 2.3964 4379 2.2835 4589~ 2.1792 
8772 2.6511 8973 2.5172 4176 2.3945 4383 2.2817 4592 2.1775 
3775 2.6488 3976 2.5150 4180 2.3925 4386 2.2799 4596 2.1758 
3779 2.6464 8979 2.5129 4183 2.3906 4390 2.2781 4599 2.1742 
3782 2.6441 3983 2.5108 4187 2.3886 4393 2.2763 4603 2.1725 
3785 2.6418 3986 2.5086 4190 2.3867 4397 2.2745 4607 2.1708 
3789 2.6395 3990 2.5065 4193 2.3847 4400 2.2727 4610 2.1692 
3792 2.6371 3993 2.5044 4197 2.3828 4404 2.2709 4614 2.1675 
3795 2.6348 3996 2.5023 2.3808 4407 2.2691 4617 2.1659 
3799 2.6325 4000 2.5002 4 2.3789 4411 2.2673 4621 2.1642 
3802 2.6302 4003 2.4981 4207 2.3770 4414 2.2655 4624 2.1625 
8805 2.6279 4006 2.4960 4210 2.3750 4417 2.2637 4628 2.1609 
3809 2.6256 4010 2.4939 4214 2.3731 4421 2.2620 4631 2.1592 
3812 2.6233 4013 2.4918 4217 2.3712 4424 2.2602 4635 2.1576 
3815° 2.6210 4017 2.4897 4221 2.3693 4428 2.2584 4638 2.1560 
3819 2.6187 4020 2.4876 4224 2.3673 4431 2.2566 4642 2.1543 
3822 2.6165 4023 2.4855 4228 2.3654 4485 2.2549 4645 2.1527 
3825 2.6142 4027 2.4834 4231 2.3635 4438 2.2531 4649 2.1510 
3829 2.6119 4030 2.4813 4234 2.3616 4442 2.2513 4652 2.1494 
3832 2.6096 4033 2.4792 4238 2.3597 4445 2.2496 4656 2.1478 
3835 2.6074 4037 2.4772 4241 2.3578 4449 2.2478 4660 2.1461 
3839 2.6051 4040 2.4751 4245 2.3559 4452 2.2460 4663 2.1445 
cot tan cot tan cot tan cot tan cot tan 
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25° 26° 27° 28° 29° 
tan cot tan cot tan cot tan cot tan cot 
4663 2.1445 4877 2.0503 5095 1.9626 5317 1.8807 5543 1.8040 
4667 2.1429 4881 2.0488 5099 1.9612 5321 1.8794 5547 1.8028 
4670 2.1413 4885 2.0473 5103 1.9598 5325 1.8781 5551 1.8016 
4674 2.1396 4888 2.0458 5106 1.9584 5328 1.8768 5555. 1.8003 
4677 2.1380 4892 2.0443 5110 1.9570 5332 1.8755 5558 1.7991 
4681 2.1364 4895 2.0428 5114 1.9556 5336 1.8741 5562 © 1.7979 
4684 2.1348 4899 2.0413 5117 1.9542 5340 1.8728 5566 1.7966 
4688 2.1332 4903 2.0398 5121 1.9528 5343 1.8715 5570 1.7954 
4691 2.1315 4906 2.0383 5125 1.9514 5347 1.8702 5574 1.7942 
4695 2.1299 4910 2.0368 5128 1.9500 5351 1.8689 5577 +=1.7930 
4699 2.1283 4913 2.0353 5132 1.9486 5354 1.8676 5581 1.7917 
4702 2.1267 4917 2.0338 5136 1.9472 5358 1.8663 5585 1.7905 
4706 2.1251 4921 2.0323 5139 1.9458 5362 1.8650 5589 1.7893 
4709 2.1235 4924 2.0308 5143 1.9444 5366 1.8637 5593 * 1.7881 
4713 2.1219 4928 2.0293 5147 1.9430 5369 1.8624 5596 1.7868 
4716 2.1203 4931 2.0278 5150 1.9416 5373 1.8611 5600 1.7856 
4720 2.1187 4935 2.0263 5154 1.9402 5377. 1.8598 5604 1.7844 
4723 2.1171 4939 2.0248 5158 1.9388 5381 1.8585 5608 1.7832 
4727 2.1155 4942 2.0233 5161 1.9375 5384 1.8572 5612 1.7820 
4731 2.1139 4946 2.0219 5165 1.9361 5388 1.8559 5616 1.7808 
4734 2.1123 4950 2.0204 5169. 1.9347 5392 1.8546 5619 1.7796 
4738 2.1107 4953 2.0189 5172 1.9333 5396 1.8533 5623 1.7783 
4741 2.1092 4957 2.0174 5176 1.9319 5399 1.85290 5627 1.7771 
4745 2.1076 4960 2.0160 5180 1.9306 5403 1.8507 5631 1.7759 
4748 2.1060 4964 2.0145 5184 1.9292 5407 1.8495 5635 1.7747 
4752 2.1044 4968 2.0130 5187 1.9278 5411 1.8482 5639 . 1.7735 
4755 2.1028 4971 2.0115 5191 1.9265 5415 1.8469 5642 1.7723 
4759 2.1013 4975 2.0101 5195 1.9251 5418 1.8456 5646 1.7711 
4763 2.0997 4979 2.0086 5198 1.9237 5422 1.8443 5650 1.7699 
4766 2.0981 4982 2.0072 5202 1.9223 5426 1.8430 5654 1.7687 
4770 2.0965 4986 2.0057 5206 1.9210 5430 1.8418 5658 1.7675 
4773 2.0950 4989 2.0042 5209 1.9196 5433 1.8405 5662 1.7663 
4777 2.0934 4993 2.0028 5213 1.9183 5437 1.8392 5665 1.7651 
4780 2.0918 4997 2.0013 5217 1.9169 5441 1.8379 5669 1.7639 
4784 2.0903 5000 1.9999 5220 1.9155 5445 1.8367 5673 1.7627 
4788 2.0887 5004 1.9984 5224 1.9142 5448 1.8354 5677 1.7615 
4791 2.0872 5008 1.9970 5228 1.9128 5452 1.8341 5681 1.7603 
4795 2.0856 5011 1.9955 5232 1.9115 5456 1.8329 5685 1.7591 
4798 2.0840 5015 1.9941 5235 1.9101 5460 1.8316 5688 1.7579 
4802 2.0825 5019 1.9926 5239 1.9088 5464 1.8303 5692 1.7567 
4806 2.0809 5022 1.9912 5243 1.9074 5467 1.8291 5696 1.7556 
4809 2.0794 5026 1.9897 5246 1.9061 5471 1.8278 5700 1.7544 
4813 2.0778 5029 1.9883 5250 1.9047 5475 1.8265 5704 1.7532 
4816 2.0763 5033 1.9868 5254 1.9034 5479 1.8253 5708 1.7520 
4820 2.0748 5037 1.9854 5258 1.9020 5482 1.8240 5712 1.7508 
4823 2.0732 5040 1.9840 5261 1.9007 5486 1.8228 5715 1.7496 
4827 2.0717 5044 1.9825 5265 1.8993 5490 1.8215 5719 1.7485 
4831 2.0701 5048 1.9811 5269 1.8980 5494 1.8202 5723. 1.7473 
4834 2.0686 5051 1.9797 5272 1.8967 5498 1.8190 5727 1.7461 
4838 2.0671 5055 1.9782 5276 1.8953 5501 1.8177 5731 1.7449 
4841 2.0655 5059 1.9768 5280 1.8940 5505 1.8165 5735 1.7437 
4845 2.0640 5062 1.9754 5284 1.8927 5509 .1.8152 5739 1.7426 
4849 2.0625 5066 1.9740 5287 1.8913 5513 1.8140 5743 1.7414 
4852 2.0609 5070 1.9725 5291 1.8900 5517 1.8127 5746 1.7402 
4856 2.0594 5073 1.9711 5295 1.8887 5520 1.8115 5750 1.7391 
4859 2.0579 5077 1.9697 5298 1.8873 5524 1.8103 5754 1.7379 
4863 2.0564 5081 1.9683 5302 1.8860 5528 1.8090 5758 1.7367 
4867 2.0549 5084 1.9669 5306 1.8847 5532 1.8078 5762 1.7355 
4870 2.0533 5088 1.9654 5310 1.8834 5535 1.8065 5766 1.7344 
4874 2.0518 5092 1.9640 5313 1.8820 5539 1.8053 5770 1.7332 
4877 2.0503 5095 1.9626 5317 1.8807 5543 1.8040 5774 1.7321 
cot tan cot tan cot tan cot tan cot tan 
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NATURAL TANGENTS AND COTANGENTS 


1.3072 
1.3064 
1.3056 
1.3048 
1.3040 


1.3032 


1.3024 
1.3017 
1.3009 
1.3001 


1.2993 
1.2985 
1.2977 
1.2970 
1.2962 


1.2954 
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8098 
8103 
8107 
8112 
8117 


8122 
8127 
8132 
8136 
8141 


8146 
8151 
8156 
8161 
8165 


8170 
8175 
8180 
8185 
8190 


8195 
8199 
8204 
8209 
8214 


8219 
8224 
8229 
8234 
8238 


8243 
8248 


1.2349 
1.2342 
1.2334 
1.2327 
1.2320 


1.2312 
1.2305 
1.2298 
1.2290 
1.2283 


1.2276 
1.2268 
1.2261 
1.2254 
1.2247 


1.2239 
1.2232 
1.2225 
1.2218 
1.2210 


1.2203 
1.2196 
1.2189 
1.2181 
1.2174 


1.2167 
1.2160 
1.2153 
1.2145 
1.2138 


1.2131 
1.2124 
1.2117 
1.2109 
1.2102 


1.2095 
1.2088 
1.2081 
1.2074 
1.2066 


1.2059 
1.2052 
1.2045 
1.2038 
1.2031 


1.2024 
1.2017 
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1.0724 


3396 11910 8698 1.1497 9009 1.1100 9331 1.0717 9668 1.0349 59 
8101 11903 8703 1.1490 9015 1.1093 9336 1.0711 9668 1.0343 58 
3406 1.1896 8708 1.1483 9020 1.1087 9341 1.0705 9674 1.0337 57 


1.0699 1.0331 56 


i x 1.0692 B 
8421 1.1875 8724 1.1463 9036 1.1067 9358 1.0686 9691 1.0319 54 
8426 1.1868 8729 1.1456 9041 1.1061 9363 1.0680 9696 1.0313 53 
8431 1.1861 8734 1.1450 9046 1.1054 9369 1.0674 9702 1.0307 52 
1.0668 1.0301 51 


10 8441 1.1847 8744 1.1436 9057 1.1041 1.0661 : 

aly 8446 1.1840 8749 1.1430 9062 1.1035 9385 1.0655 9719 1.0289 49 
12 8451 1.1833 8754 1.1423 9067 1.1028 9391 1.0649 9725 1.0283 48 
13 8456 1.1826 8759 1.1416 9073 1.1022 9396 1.0643 9730 1.0277 47 


1.0637 p 46 


’ 
15 8466 1.1812 8770 1.1403 9083 1. 1.0630 “ 
16 8471 1.1806 8775 1.1396 9089 1.1003 9413 1.0624 9747 1.0259 
17 8476 1.1799 8780 1.1389 9094 1.0996 9418 1.0618 9753 1.0253 43 
18 8481 1.1792 8785 1.1383 9099 1.0990 9424 1.0612 9759 1.0247 42 


1.0606 < 41 
1.0599 


21 8496 1.1771 8801 1.1363 9115 1.0971 9440 1.0593 9776 1.0230 39 
22 8501 1.1764 8806 1.1356 9121 1.0964 9446 1.0587 9781 1.0224 38 
23 8506 1.1757 8811 1.1349 9126 1.0958 9451 eee 9787 1.0218 37 

4 A 36 


: : : 1.0569 
26 8521 1.1736 8827 1.1329 9142 1.0939 9468 1.0562 9804 1.0200 34 
27 8526 1.1729 8832 1.1323 9147 1.0932 9473 1.0556 9810. 1.0194 33 
28 8531 1. eee 8837 1.1316 9153 1.0926 9479 parr 9816 1.0188 32 
1.054 


1.0538 
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Numbers refer to articles.) 


Abseissa, 340 Axioms, 55 
Absolute value, 27 general, 55 
Algebraic expression, 8 geometric, 90 
Angle, 69 
acute, 77 Base, 17 
adjacent, 73 Bearings, 550 
central, 183 Binomial, 23 
complementary, 82 laws for the expansion of a, 378 
inscribed, 275 square of a, 221 
in a segment, 276 theorem, 377 
measurement of, 270 Bisector of an angle, 70 
oblique, 76 : 
obtuse, 78 Circle, 175 
reflex, 79 are of a, 179 
right, 74 center of a, 175 
straight, 72 chord of a, 178 
supplementary, 83 circumference of a, 175 
unit, 71 compute the radius of a, 436, 447 
vertical, 84 concentric, 184 
Antecedents, 290 diameter of a, 177 
Antilogarithm, 576 radius of a, 176 
Approximate values of roots, 395 secant of a, 175 
Area, 426 sector of a, 469 
of a circle, 470 segment of a, 274 
of an equilateral triangle, 443 tangent to a, 177 
lateral, of retangular solid, 480 Circular measure, 551 
of regular pyramid, 491 Coefficient, 16 
of right circular cylinder, 499 Cologarithm, 562 
of right cone, 504 use of, 578 
of right prism, 487 Completing the square, 390 
of a parallelogram, 429 Conclusion, (def. of), 85 
of a rectangle, 428 Concurrent lines, 166 
of a rhombus, 431 Cone, 502 
of a sector of a circle, 472 altitude of a, 502 
of a sphere, 509 axis of a, 502 
of a square, 427 base of a, 502 
total, of a regular pyramid, 492 circular, 502 
of a rectangular solid, 481 lateral surface of a, 502, 504 
of a right circular cylinder, 500 right circular, 502 
of right cone, 505 slant height of a, 502 
of right prism, 488 vertex of a, 502 
of a trapezoid, 432 volume of a, 503 
of a triangle, 430, 443, 445, 446 Consequents, 290 
in terms of its sides, 444, 549 Constant, 265 
of a zone, 510 Construction problems, 203 
Auxiliary lines, 109 solution of, 205 


Converse of a theorem, 122 
345 


_ Axes of reference, 1 
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Codrdinate paper, 1 
Coérdinates, 340 
Corollary, 106 
Cosine curve, 553-2 
Cylinder, 497 
altitude of a, 497 
bases of a, 497 
circular, 497 
lateral area of a, 497, 499 
right, 497 
total area of a, 497, 500 


Determinants, 334 
evaluation of, 336 
solution of equations by, 337, 339 
of the third order, 338 
Discriminant, 400 
Divisibility, test of, 228 
Division, abbreviated, 233 


Element of a conical surface, 501 
of a cylindrical surface, 496 
Elimination, 355 
methods of, 327, 328, 329, 330 
Equal figures, 89 
Equations, conditional, 51 
dependent, 346 
first and second degree, 418 
fractional, 260 
homogeneous, 419 
inconsistent, 347 
independent, 345 
in quadratic form, 396 


involving fractional exponents and 


radicals, 376 
irrational, 397 
linear, 342 
literal, 262 
quadratic, 387 
simple, 48 
simultaneous, 325 
simultaneous quadratic, 418 
solution by square root, 384 


of simultaneous quadratic, 420 


of three unknowns, 332 
use of, 54 
Equivalent figures, 88 
Evolution, 355 
Exponents, 15, 352 
fractional, 359 
laws of, 230, 353 
negative, 47, 357 
summary of, 360 
zero, 46, 357 
Expressions, algebraic, 8 
irrational, 364 


INDEX 


Expressions, mixed, 255 
multiplication and division of, 258 
rational, 363 
relation between, 365 

Extremes, 290 


Factoring, 217 
equations solved by, 234 
Factors, 14, 215 
prime, 216 
Fractions, 243 
addition and subtraction of, 251 
complex, 259 
division of, 251, 252 
improper, 245 
laws of signs of, 247-II 
lowest common denominator of, 252 
lowest terms of, 248 
multiplication of, 249 
powers of, 250 
principles of, 246 
proper, 244 
roots of, 367 
signs of, 247-I 
terms of, 243 
Functions, 267 
changes in the value of, 516, 5380 
in terms of functions of the same 
angle, 519 
inverse trigonometric, 554 
limiting values of, 531 
line representation of, 514 
logarithmic, 579 
natural, 289 
of angles, 289, 513 
of any angle, 528 
of complementary angles, 517 
of the difference of two angles, 535 
of double an angle, 536 
of half an angle, 537 
of 30°, 45°, and 60°, 520 
of (90+ 2)°, (180+ 2)°, (270 + 
x)°, (860 — xz)° and (—z)° in 
terms of the angle z, 533 
short table of, 532, 580 
sum and difference of, 538 
of the sum of two angles, 534 
values of direct and inverse trig- 
onometric, 555 


General quadratic formula, 394 
Geometry, 63 
Graphs, 1, 340 

bar, 4 

broken line, 3 

circle, 5 
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INDEX 


Graphs of trigonometric functions, 553 
smooth curve, 1 
Grouping, symbols of, 35 


Highest common factor, 235, 236 
Hypothesis, 85 


Identity, 50 
Induction, 379 
mathematical, 380 
Infinity, 515 
Integer, 242 
Interpolation, 577 
Involution, 350 
laws of signs of, 351 


Law, of cosines, 542 
of sines, 540 
of tangents, 541 
Least common multiple, 239 
of monomials, 239 
of polynomials, 240 
Line, 65 
of centers, 182 
divided proportionally, 302 
Locus, 167 
Logarithms, 556-561 
base of, 572 
a system of, 563 
characteristic of, 573 
mantissa of, 574 
relation between the common and 
natural systems of, 564 


Means, 290 

Monomial, 22 

Multiple, 237 
common, 238 
least common, 239 


Numbers, absolute value of, 27 
addition of, 9 
cube root of, 385 
division of, 12 
imaginary, 369 
incommensurable, 368 
like, 11 
literal, 6 
multiplication of, 13 
negative, 26 
positive, 26 
quality of, 28 
square root of, 382 
subtraction of, 10 
unlike, 11 


347 


Ordinates, 340 
Origin, 1 


a (pi) value of, 477 
Parallel lines, 114 
Parallelogram, 148 
Parentheses, 20 
Perpendicular, 75 
Point, 64 
Polygons, 91 
classified as to the number of sides, 
147 
equiangular, 92 
equilateral, 93 
regular, 448 
apothem of, 453 
center of, 452 
central angle of, 454 
radius of, 451 
similar, 307 
Polynomial, 25 
addition of, 31 
division of, 44, 45 
square root of, 383 
Power, 349 
Prism, 483 
altitude of, 484 
edge of right, 479 
lateral area of right, 480 
right, 486 
total area of right, 481 
volume of, 485 
Prismatoid, 493 
altitude of, 493 
volume of, 495 
Prismoid, 494 
Products, 214, 218, 219, 220, 223, 225, 226 
Projection, 403, 404 
Proportion, 290 
continued, 290 
Proportional, mean, 290 
fourth, 290 
third, 290 
Pyramid, 489 
definitions of, 489 
regular, 489 
frustrum of, 494-C 
lateral area of, 491 
total area of, 492 
volume of, 490 


Quadrants, 527 
signs of the functions in the four, 529 
Quadratic equations, 387 
formation of, 402 
formula, 393 
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Quadratic equations, graphs of, in two 
unknowns, 421, 422 
nature of roots, 399 
solution of, 388, 391, 394 
simultaneous equations involv- 
ing, 420 
sum and product of roots of, 401 
Quadrilaterals, 148 
Quantities, known, 49 
unknown, 49 


Radian, 551 
relation between degrees and, 552 
Radicals, 362 
addition of, 374 
division of, 375 
multiplication of, 372, 375 
simplified, 373 
subtraction of, 374 
Ratio, 176, 274 
Rectangle, 149 
area of, 428 
Rhomboid, 149 
area of, 429 
Rhombus, 149 
area of, 431 
Roots, 53, 354 
extraneous, 398 
imaginary, 423 
nature of roots of a quadratic equa- 
tion, 399 
number of, 424 
principal, 356 
sum and product of, 401 


Secant of a circle, 180 
Sector of a circle, 469 
Segment, of a circle, 274 
of a line, 317 
of a sphere, 508 
definitions of, 508 
volume of, 512 
Signs, laws of, 29, 34, 37, 43, 229 
Solid, defined, 67 
lateral edge of, 479 
rectangular, 478 
Sphere, 506 
definitions of, 506 
segment of, 508 
surface of, 509 
volume of, 511 


INDEX 


Square, 149 

area of, 427 
Surface, 66 

conical, 501 

cylindrical, 496 
Symmetry, 565-571 


Tangent, 181 
common 
200 
Terms, 21 
Theorem, 85 
remainder or factor, 232 
Trapezium, 148 
Trapezoid, 148 
median of, 148 
Transposition, 57 
Triangle, 94 
acute, 95 
altitude of, 100, 433 
area of, 430, 443, 445, 446 
bisector of angle of, 435 
equiangular, 96 
equilateral, 95 
isosceles, 95 
median of, 101, 434 
oblique, 96 
obtuse, 96 
right, 96 
scalene, 95 


external and internal, 


Unit exponent, 19 


Variable, 266 
limit of, 460 
Variation, 265 
direct, 268 
inverse, 269 
Value of 7, 477 
Volume, of circular cone, 503 
of cylinder, 498 
of prism, 485 
of prismatoid, 495 
of pyramid, 490 
of segment of a sphere of two bases 
512 
of a sphere, 511 


Wedge, 494-e 


Zone, 507 
area of, 510 
definition of, 507 
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